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PREFACE. 



In the Essentials of Geometry, tlie author has endeavored 
to prepare a work suited to the needs of high schools and 
academies. It will also be found to answer as well the 
requirements of colleges and scientific schools. 

In some of its features, the work is similar to the author's 
Revised Plane and Solid Geometry ; but important improve- 
ments have been introduced, which are in line with the 
present requirements of many progressive teachers. 

In a number of propositions, the figure is given, and a 
statement of what is to be proved ; the details of the proof 
being left to the pupil, usually with a hint as to the method 
of demonstration to be employed. 

The propositions and corollaries left in this way for the 
pupil to demonstrate will be found in the following sec- 
tions : — 

Book L, §§ 51, 75, 76, 78, 79, 96, 102, 110, 111, 112, 115, 
117, 136. 

Book II., §§ 158, 160, 165, 170, 172 (Case III.), 174, 178, 
179, 193 (Case III.), 194, and 201. 

Book III., §§ 251, 257, 261, 264, 268, 278, 282, 284, and 
286. 

Book IV., §§ 312 and 316. 
Book v., §§ 346, 347, and 350. 

iii 
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Book VI., §§ 405, 407, 412, 414, 415, 416, 417, 420, 421, 
434, 437, 440, 442, and 444. 

Book VII., §§ 491, 495, 507, 512, 513, 521, 528, 529, and 
530. 

Book VIII., §§ 554, 559, 578, 580, 581, 594, 595, 601, 603, 
608, 613, 614, 625 (Case II.), 630, 631, 635, and 637. 

Book IX., §§ 654, 656, 660, 673, and 679. 

There are also Problems in Construction in which the 
construction or proof is left to the pupil. 

Another important improvement consists in giving figures 
and suggestions for the exercises. In Book I., the pupil 
has a figure for every non-numerical exercise; after that, 
they are only given with the more difficult ones. 

In many of the exercises in construction, the pupil is 
expected to discuss the problem, or point out its limitations. 

In Book I., and also in the first eighteen propositions of 
Book VI., the authority for each statement of a proof is 
given directly after the statement, in smaller type, enclosed 
in brackets. In the remaining portions of the work, the 
formal statement of the authority is omitted ; but the num- 
ber of the section where it is to be found is usually given. 

In a number of cases, however, where the pupil is pre- 
sumed, from practice, to be so familiar with the authority 
as not to require reference to the section where it is to be 
found, there is given merely an interrogation-point. 

In all these cases the pupil should be required to give 
the authority as carefully and accurately as if it were actu- 
ally printed on the page. 

Another improvement consists in marking the parts of 
a demonstration by the words Given, To Prove, and Proof, 
printed in heavy-faced type. 

A similar system is followed in the Constructions, by the 
use of the words Given, Required, Construction, and Proof. 

A minor improvement is the omission of the definite 
article in speaking of geometrical magnitudes ; thus we 
speak of "angle "triangle ABC,'' etc., and not "the 
angle A,'' "the triangle ABC,'' etc. 
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Symbols and abbreviations have been freely used ; a list 
of these will be found on page 4. 

Particular attention has been given to putting the propo- 
sitions in the first part of Book I. in a form adapted to the 
needs of a beginner. 

The pages have been arranged in such a way as to avoid 
the necessity, while reading a proof, of turning the page for 
reference to the figure. 

The Appendix to the Plane Geometry contains proposi- 
tions on Maxima and Minima of Plane Figures, and Sym- 
metrical Figures; also, additional exercises of somewhat 
greater difficulty than those previously given. 

The Appendix to the Solid Geometry contains rigorous 
proofs of the limit statements made in §§ 639, 650, 667, 
and 674. 

The author wishes to acknowledge, with thanks, the 
many suggestions which he has received from teachers in 
all parts of the country, which have added materially to 
the value of the work. 

WEBSTER WELLS. 

Massachusbtts Institutb of Tbchnoloot, 
1899. 



Stereoscopic views of many of the figures in the Solid Geometry 
have been prepared. Full particulai-s may be obtained from the 
publishers. 
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PRELIMINARY DEFINITIONS. 




A mcUerial lady. A geometrical aoUd. 



1. A material body, such as a block of wood, occupies a 
limited or bounded portion of space. 

The boundary which separates such a body from sur- 
rounding space is called the surface of the body. 

2. If the material composing such a body could be con- 
ceived as taken away from it, without altering the form or 
shape of the bounding surface, there would remain a portion 
of space having the same bounding surface as the former 
material body ; this portion of space is called a geometrical 
solid, or simply a solid. 

The surface which bounds it is called a geometrical sur- 
face, or simply a surface; it is also called the surface of the 
solid. 



3. If two geometrical surfaces intersect 
each other, that which is common to both is 
called a geometrical line, or simply a line. 

Thus, if surfaces AB and CD cut each 
other, their common intersection, EF, is a 
line. 
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4. If two geometrical lines intersect >D 
each other, that which is common to both ^v^^^ 

is called a geometrical point, or simply a ^^""^^^^^^^^^^ 
point ^ ^ 

Thus, if lines AB and CD cut each other, their common 
intersection, 0, is a point. 

5. A solid has extension in every direction; but this is not 
true of surfaces and lines. 

A point has extension in no direction, but simply position 
in space, 

6. A surface may be conceived as existing independently 
in space, without reference to the solid whose boundary it 
forms. 

In like manner, we may conceive of lines and points as 
having an independent existence in space. 

7. A straight line, or right line, is a line which has the 
same direction throughout its length ; as AB, 

F a 

^ ^ Xet 

A straight line. A curve. A broken line. 

A curved line, or curve, is a line no portion of which is 
straight; as CD, 

A broken line is a line which is composed of different 
successive straight lines ; as EFGH, 

8. The word " line " will be used hereafter as signifying 
a straight line, 

9. A plane surface, or plane, is a surface such that the 
straight line joining any two of its points m 
lies entirely in the surface. 

Thus, if P and Q are any two points in / p" 
surface MN, and the straight line joining 
P and Q lies entirely in the surface, then MN is a plane. 

10. A curved surface is a surface no portion of which is 
plane. 
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11. We may conceive of a straight line as being of Tin* 
limited extent in regard to length ; and in like manner we 
may conceive of a plane as being of unlimited extent in 
regard to length and breadth. 

12. A geometrical figure is any combination of points, 
lines, surfaces, or solids. 

A plane figure is a figure formed by points and lines all 
lying in the same plane. 

A geometrical figure is called rectilinear^ or right4inedy 
when it is composed of straight lines only. 

13. Geometry treats of the properties, construction, and 
measurement of geometrical figures. 

14. Plane Geometry treats of plane figures only. 

Solid Geometry f also called Geometry of Space, or Geometry 
of Three Dimensions, treats of figures which are not plane. 

15. An Axiom is a truth which is assumed without proof 
as being self-evident. 

A Theorem is a truth which requires demonstration. 
A Problem is a question proposed for solution. 
A Proposition is a general term for a theorem or problem. 
A Postulate assumes the possibility of solving a certain 
problem. 

A Corollary is a secondary theorem, which is an imme- 
diate consequence of the proposition which it follows. 
A Scholium is a remark or note. 

An Hypothesis is a supposition made either in the state- 
ment or the demonstration of a proposition. 

16. Postulates. 

1. We assume that a straight line can be drawn between 
any two points. 

2. We assume that a straight line can be produced (i.e., 
prolonged) indefinitely in either direction. 

17. Axioms. 

We assume the truth of the following: 
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1. Things which are equal to the same thing, or to equals, 
a/re equal to each other, 

2. If the same operation he performed upon equals, the 
results will he equal, 

3. B\it one straight line can he drawn hetween two points. 

4. A straight line is the shortest line hetween two points. 

5. The whole is equal to the sum of all its parts. 

6. The whole is greater than any of its parts. 

Ifi. Since but one straight line can be drawn between two 
points, a straight line is said to be determined by any two of 
its points. 

19. Symbols and Abbreviations. 

The following symbols will be used in the work : 

+, plus. A, triangle. 

— , minus. A, triangles. 

X , multiplied by. J_, perpendicular, is perpen- 

=, equals. dicular to. 

=c=, equivalent, is equivalent Js, perpendiculars. 

to. II , parallel, is parallel to. 

>, is greater than. lis, parallels. 

<, is less than. O, parallelogram. 

therefore. ZI7, parallelograms. 

Z, angle. O, circle. 

A, angles. ©, circles. 

The following abbreviations will also be used : 

Ax., Axiom. Sup., Supplementary. 

Def., Definition. Alt., Alternate. 

Hyp., Hypothesis. Int., Interior. 

Cons., Construction. Ext., Exterior. 

Rt., Eight. Corresp., Corresponding. 

Str., Straight. Rect., Eectangle, rec- 
Adj., Adjacent. . tangular. 
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Book I. 

RECTILINEAR FIGURES. 



DEFINITIONS AND GENERAL PRINCIPLES. 

20. An angle (Z) is the amount of diverg- 
ence of two straight lines which are drawn 
from the same point in different directions. 

The point is called the vertex of the angle, 
and the straight lines are called its sides. 

2L If there is but one angle at a given vertex, it may be 
designated by the letter at that vertex ; but if two or more 
angles have the same vertex, we avoid ambiguity by naming 
also a letter on each side, placing the letter at the vertex 
between the others. 

Thus, we should call the angle of § 20 "angle 0"; but 
if there were other angles having the same vertex, we 
should read it either AOB or BOA, 

Another way of designating an angle is by means of a 
letter placed between its sides; examples of this will be 
found in § 71. 

22. Two geometrical figures are said to be equal when 
one can be applied to the other so that they shall coincide 
throughout. 

To prove two angles equal, we do not consider the lengths 
of their sides. 

5 
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Thus, if angle ABO can be applied to angle DEF in such 
a manner that point B shall fall 
on point E, and sides AB and 
BC on sides DE and EF, respec- 
tively, the angles are equal, even 
if sides AJB and BC are not equal ^ 
in length to sides DE and EF, respectively. 

23. Two angles are said to be adjacent 
when they have the same vertex, and a 
common side between them ; as AOB and 

Boa 0^ 




PERPENDICULAR LINES. 

24. If from a given point in a straight line a line be 
drawn meeting the given line in such a way as to make the 
adjacent angles equal, each of the equal angles is called a 
right angle, and the lines are said to be perpendicular (±) 
to each other. ^ 

Thus, if from point A in straight line CD 
line AB be drawn in such a way as to make 
angles BAC and BAD equal, each of these 
angles is a right angle, and AB and CD are ^ 
perpendicular to each other. 



D 



Prop. I. Theorem. 

25. At a given point in a straight line, a perpendicular to 
the line can he drawn, and hut one. 




Let C be the given point in straight line AB, 
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To prove that a perpendicular can be drawn to AB at C, 
and but one. 

Draw a straight line CD in such a position that angle 
BCD shall be less than angle ACD\ and let line CD be 
turned about point (7 as a pivot towards the position CA. 

Then, angle BCD will constantly increase; and angle 
ACD will constantly diminish, until it becomes less than 
angle BCD] and it is evident that there is one position 
of CD, and only one, in which these angles are equal. 

Let CE be this position ; then by the definition of § 24, 
CE is perpendicular to AB. 

Hence, a perpendicular can be drawn to AB at C, and 
but one. 

26. Cor. All right angles are equal. ^ ^ 
Let ABC QxidDEF be right angles. 

To prove angles ABC and DEF 
equal. a B D E 

Let angle ABC be superposed (i.e., 
placed) upon angle DEF in such a way that point B shall 
fall upon point E, and line AB upon line DE. 

Then, line BC will fall upon line j&i^; for otherwise we 
should have two lines perpendicular to DE at E, which is 
impossible. 

[At a given point in a straight line, but one perpendicular to the 
line can be drawn.] (§ 25) 

Hence, angles ABC and DEF are equal (§ 22). 

DEFINITIONS. 

27. An acute angle is an angle which 
is less than a right angle ; as ABC. 

An obtuse angle is an angle which is 
greater than a right angle ; as DEF. 

Acute and obtuse angles are called 
oblique angles; and intersecting lines 
which are not perpendicular, are said to 
be oblique to each other. 
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28L Two angles are said to be vertical, ^ 

or opposite, when the sides of one are the ^s,,^^ 

prolongations of the sides of the other ; as ^x'^^^^^V^ 

AEC and BED. ^ 

29. An angle is measured by finding how many times it 
contains another angle, adopted arbitrarily as the unit of 
measure. 

The usual unit of measure is the degree, which is the 
ninetieth part of a right angle. 

To express fractional parts of the unit, the degree is 
divided into sixty equal parts called minutes, and the min- 
ute into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are represented by the 
symbols, respectively. 

Thus, 43** 22' 37" represents an angle of 43 degrees, 22 
minutes, and 37 seconds. 

30. K the sum of two angles is a right angle, or 90°, one 
is called the complement of the other; and if their sum is 
two right angles, or 180°, one is called the supplement of the 
other. 

For example, the complement of an angle of 34° is 
90° — 34°, or 56° ; and the supplement of an angle of 34° is 
180° - 34°, or 146°. 

Two angles which are complements of each other are 
called complementary; and two angles which are supple- 
ments of each other are called supplementary. 

3L It is evident that 

1. The complements of equal angles are equal. 

2. The supplements of equal angles are equal. 

EXERCISES. 

1. How many degrees are there in the complement of 47° ? of 83° ? 
of 90°? 

2. How many degrees are there in the supplement of 31° ? of 90° ? 
of 178°? 
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3. How many degrees are there in the complement, and in the 
supplement, of an angle equal to ^-^ of a right angle ? 

4. How many degrees are there in an angle whose supplement is 
equal to f f of its complement ? 

5. Two angles are complementary, and the greater exceeds the 
less by 37°. How many degrees are there in each angle ? 

Prop. II. Theorem. 

32. If two adjacent angles have their exterior sides in the 
same straight line, their sum is equal to two right angles, 

E 




A 6 B 

Let angles ACD and BCD have their sides AC and BC 
in the same straight line. 

To prove the sum of angles ACD and BCD equal to two 
right angles. 

Draw line CE perpendicular to AB at (7. 

[At a given point in a straight line, a perpendicular to the line can 
be drawn.] (§ 26) 

Then, it is evident that the sum of angles ACD and BCD 
is equal to the sum of angles ACE and BCE. 

But since CE is perpendicular to AB, angles ACE and 
BCE are right angles. 

Hence, the sum of angles ACD and BCD is equal to two 
right angles. 

33. Sch. Since angles ACD and BCD are supplementary 
(§ 30), the theorem may be stated as follows : 

If two adjacent angles have their exterior sides in the same 
straight line, they are supplementary. 

Such angles are called supplementary-adjacent. 
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34. Cor. I. The sum of aU the angles on the same side of 
a straight line at a given point is equal to two right angles. 

This is evident from § 32. 

35. Cor. n. The sum of all the angles about a point in 
a plane is equal to four right angles. 

Let AOB, BOC, COD, and DOA be angles about the 
point 0. 

To prove the sura of angles AOB, \ n 

BOO, COD, and DOA equal to four \ 

right angles. E ai 

Produce AO to E, j 

Then, the sum of angles AOB, BOO, I 

and COB is equal to two right angles. 4[> 

[The sum of all the angles on the san\e side of a straight line at 
a given point is equal to two right angles.] (§ 34) 

In like manner, the sum of angles BOD and DOA is 
equal to two right angles. 

Therefore, the sum of angles AOB, BOC, COD, and DOA 
is equal to four right angles. 



Ex. 6. If, in the figure of § 35, angles AOB, BOC, and COD are 
respectively 49°, 88°, and | of a right angle, how many degrees are 
there in angle AOD ? 

36. Sch. The pupil will now observe that a demonstra- 
tion, in Geometry, consists of three parts : 

1. The statement of what is given in the figure, 

2. The statement of what is to be proved. 

3. The proof 

In the remaining propositions of the work, we shall mark 
clearly the three divisions of the demonstration by heavy- 
faced type, and employ the symbols and abbreviations of 
§ 20. 
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Prop. III. Theorem. 

37. If the sum of two adjacent angles is equal to two right 
angles, their exterior sides lie in the same straight line. 




Given the sum of adj. A AOD and BCD equal to two 
rt. A. 

To Prove that AC and EC lie in the same str. line. 

Proof. If AC 9.nd 5C do not lie in the same str. line, let 
CE be in the same str. line with AC. 

Then since ACE is a str. line, Z ECD is the supplement 
of Z ACD, 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

But by hyp., Z ACD 4- Z BCD = two rt. A. 
Whence, Z BCD is the supplement of Z ACD. (§ 30) 
Then since both Z ECD and Z BCD are supplements of 
Z ACD, Z ^;0/> = Z BCD. 

[The supplements of equal A are equal.] (§ 31) 

Hence, EC coincides with BG, and AC and JB(7 lie in the 
same str. line. 

38. Sch. I. It will be observed that the enunciation of 
every theorem consists essentially of two parts ; the Hypoth- 
esis, and the Conclusion. 

Thus, we may enunciate Prop. I as follows : 
Hypothesis. If a point be taken in a given straight line. 
Conclusion. A perpendicular to the line at the given point 
can be drawn, and but one. 
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39. Sch. n. We may enunciate Prop. II as follows : 
Hypothesis. If two adjacent angles have their exterior 

sides in the same straight line, 

Conclusion. Their sum is equal to two right angles. 

Again, we may enunciate Prop. Ill : 

Hypothesis. If the sum of two adjacent angles is equal 
to two right angles. 

Conclusion. Their exterior sides lie in the same straight 
line. 

One proposition is said to be the Converse of another when 
the hypothesis and conclusion of the first are, respectively, 
the conclusion and hypothesis of the second. 

It is evident from the above considerations that Prop. Ill 
is the converse of Prop. II. 

Prop. IV. Theorem. 

40. If two straight lines intersect, the vertical angles are 
equal. 




Given str. lines AB and CD intersecting at 0. 

To Prove ZAOC=ZBOD. 

Proof. Since AAOC and AOD have their ext. sides in 
str. line CD, Z AOC is the supplement of Z AOD. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] ■> (§ 33) 

For the same reason, Z BOD is the supplement of Z AOD, 

.-. ZAOC=ZBOD, 

[The supplements of equal A are equal.] (§ 31) 

In like manner, we may prove 

ZAOD = ZBOa 



RECTILINEAR FIGURES. 13 



1^ 



EXERCISES. 



7. If, in the figure of Prop. IV., Z AOD = 137°,'how many degrees 
are there in BOa^ in^OC? in BOD? ^ ^7**, 'i t, J 

8. Two angles are supplementary, and the greater is seven times 
the less. How many degrees are there in each angle ? 

Prop. V. Theorem. 

41- If a perpendicular be erected at the middle point of a 
straight line, 

I. Any point in the perpendicular is equally distant from ^i"^ 
the extremities of the line, 

II. Any point without the perpendicular is unequally dis- 
tant from the extremities of the line. 




A - 



I. Given line CD ± to line AB at its middle point D, E 
any point in CD, and lines AE and BE, 
To Prove^^,.,^ AE = BE. 

Proof. Sttp^poae figure BDE upon figure ADE by fold- 
ing it over about line DE as an axis. 
Now Z BDE = Z ADE. 

[All rt. A are equal.] (§ 26) 

Then, line BD will fall upon line AD, 
But by hyp., BD = AD, 

Whence, point B will fall on point A 
Then line BE will coincide with line AE, 
[But one str. line can be drawn between two points.] (Ax. 3) 
AE = BE, 



'I 



1. 
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A D B 



II. Given line CD ± to line AB at its middle point i>, 
F any point without CD, and lines AF and BF, 
To Prove AF > BF, 

Proof. Let AF intersect CD at JBJ, and draw line BE, 
Now BE + EF>BF, 

[A str. line is the shortest line between two points.] (Ax. 4) 

But, BE=AE, 

[If a ± be erected at the middle point of a str. line, any point in 
the ± is equally distant from the extremities of the line.] (§ 41, I) 

Substituting for BE its equal AE, we have 

AE + EF> BF, OT AF> BF, 

42. Cor. I. Eveiy point which is equally distant from the 
extremities of a straight line, lies in the perpendicular erected 
at the middle point of the line, 

43. Cor. n. Since a straight line is determined by any 
two of its points (§ 18), it follows from § 42 that 

Two points, each equally distant from the extremities of a 
straight line, determine a perpendicular at its middle point, 

44. Cor. III. When figure BDE is superposed upon figure 
ADE, in the proof of § 41, 1., Z.EBD coincides with Z EAD, 
and Z BED with Z.AED. 

That is, Z EAD = Z EBD, and Z AED = Z BED, 
Then, if lines he drawn to the extremities of a straight line 
from any point in the perpendicidar erected at its middle point, 

1. They make equal angles icith the line. 

2, They make equal angles with the peipendicular. 
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Prop. VI. Theorem. 



46. From a given point without a straight line, a perpen- 
dicular can be drawn to the line, and hut one, 

K 




Given point C without line AB. 

To Prove that a ± can be drawn from C to AB, and but one. 
Proof. Let line HKhQ ± to line FG at H, 
[At a given point in a str. line, a ± to the line can be drawn.] (§ 25) 
Apply line FG to line AB, and move it along until HK 
passes through (7; let point H fall at Z>, and draw line CD. 
Then, CD is ± AB, 

If possible, let CE be another ± from G to AB, 
Produce CD to C, making OD = CD, and draw line EC, 
By cons., ED is ± to OC" at its middle point D. 

, \ Z CED Z C'ED. 
[If lines be drawn l^o the extremities of a str. line fi'om any point in 
the ± erected at its middle point, they make equal A with the ±.] 

(§ 44) 

But by hyp., Z CED is a rt. Z ; then, Z C'ED is a rt. Z. 

Z CiJZ) + Z C'^Z) = two rt. A 
Then line (7^/(7 is a str. line. 

[If the sum of two adj. A is equal to two rt. zi, their ext. sides lie 
in the same str. line.] (§ 37) 

But this is impossible, for, by cons., GDC is a str. line. 
[But one str. line can be drawn between two points.] (Ax. 3) 
Hence, CE cannot be ± AB, and CD is the only _L that 
can be drawn. 
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Prop. VII. Theorem. 

46. The perpendicular is the shortest line that can he draum 
from a point to a straight line. 



J 


c 






B 


B 


\ 

\ 


C 





Given CD the ± from point C to line AB, and CE any- 
other str. line from C to AB, 

To Prove CD < CE. 

Proof. Produce CD to C, making CD = CD, and draw 
line EC\ 

By cons., ED is ± to CC at its middle point D. 
CE=CE, 

[If a ± be erected at the middle point of a str. line, any point m tiie 
± is equally distant from the extremities ol the line. ] (§ 41) 

But CD + DC'<CE + EC. 

[A str. line is the shortest line between two points.] (Ax 4.) 

Substituting for DC and EC their equals CD and CE, 
respectively, we have 

2CD<2CE, 
CD<CE, 

Atl. Sch. The distance of a point from a line is understood 
to mean the length of the perpendicular from the point to 
the line. 



Ex. 9. Find the number of degrees in the angle the sum of whose 
supplement and complement is 196°. 
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Prop. VIII. Theorem. 

48. If two lines he drawn from a point to the extremities of 
a straight line, their sum is greater than the sum of two other 
lines similarly drawn, hut enveloped hy them. 



A 




Oiven lines AB and AC drawn from point A to the 
extremities of line B0\ and DB and DC two other lines 
similarly drawn, but enveloped by AB and AC. 

To Prove AB + AC>DB + DC, 

Proof. Produce BD to meet AC at E. 

Now AB + AE7,> BE. 

[A str. line is the shortest line hetween two points.] (Ax. 4) 

Adding EC to both members of the inequality, 

. BA-\-AC>BE + EC. 
Again, DE-^EC> DC 

Adding BD to both members of the inequality, 

BE + EOBD+DC 
Since BA + AC is greater than BE + EC, which is itself 
greater than BD + DC, it follows that 

AB + AODB + DC. 

EXERCISES. 

10. The straight line which bisects an angle 
bisects also its vertical angle. 

(If O^r bisects ZAOCy ZAOE = ZCOE; 
and these A are equal to ABOF and DOF^ 
respectively.) 
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11. The' bisectors of a pair of vertical angles lie in the same 
straight line. 

(Fig. of Ex. 10. To prove EOF a str. line. Z COE = Z. DOF, for 
they are the halves of equal A ; but Z DOE + A COE =2 rt. zl, and 
therefore A DOE +ZD0F=2 rt. A,) 

12. The bisectors of two supplementary ad- 
jacent angles are perpendicular to each other. 

(We have ZACD + /.BCD = 2 rt. ^ ; and \ / 

ADCE and DCF are the halves of A A CD and 
BCD, respectively.) 

13. If the bisectors of two adjacent angles are perpendicular, the 
angles are supplementary. 

(Fig. of Ex. 12. Sum of A DCE and DCF = 1 rt. Z, and ADCE 
and DCF are the halves of A ACD and BCD, respectively.) 

14. A line drawn through the vertex of an angle ^ 
perpendicular to its bisector makes equal angles with 
the sides of the given angle. 

(A AOD and BOE are complements of AAOC 
and BOCy respectively.) 

Prop. IX. Theorem. 

49. If oblique lines be drawn from a point to a straight 
line, 

I. Two oblique lines cutting off equal distances from the 
foot of the perpendicular from the point to the line are equal. 

II. Of two oblique lines cutting off unequal distances from 
the foot of the perpendicular from the point to the line, the 
more remote is the greater, 

C 





I. Given CD the ± from point to line AB-, and CE and 
CF oblique lines from C to AB, cutting oil equal distances 
from the foot of CD. 
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To Prove CE=CR 
Proof. By hyp., CD is ± to EF at its middle point D. 
.'. OE=OF. 

[If a J- be erected at the middle point of a str. line, any point in 
the _L is equally distant from the extremities of the line.] (§ 41) 




II. Oiven CD the _L from point C to line AB; *and CE 
and CF oblique lines from C to ABy cutting off unequal 
distances from the foot of CD ; CF being the more remote. 

To Prove CF>CE. 

Proof. Produce CD to C\ making CD = CD, and draw 
lines C'E and CF. 

By cons., AD is ± to (7(7 at its middle point X>. 

.-. CF= OF, and CE = C'E. 

[If a J- be erected at the middle point of a str. line, any point in 
the ± is equally distant from the extremities of the line.] (§ 41) 

But CF+FO>CE-^EO. 

[If two lines be drawn from a point to the extremities of a str. line, 
their sum is .> the sum of two other lines similarly drawn, but en- 
veloped by them.] (§ 48) 

Substituting for FO and EC' their equals CF and CE, 
. respectively, we have 

2CF>2CE. 
.-. CF>CE. 



Note. The theorem holds equally if oblique line CE is on the 
opposite side of perpendicular CD from CF, 
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Prop. X. Theorem. 

SO. (Converse of Prop. IX., I.) If oblique lines be drawn 
from a point to a straight line, two equal oblique lines cut off 
equal distances from the foot of the perpendicular from the 
point to the line. 






Given CD the ± from point to line AB, and CE and 
CF equil oblique lines from G to AB, 
To Prove DE = DF, 

Proof. We know that DE is either >, equal to, or < 
DF, 

If we suppose DE > DF, CE would be > CF. 

[If oblique lines be drawn from a point to a str. line, of two oblique 
lines cutting off unequal distances from the foot of the ± from the 
point to the line, the more remote is the greater.] (§ 49) 

But this is contrary to the hypothesis that CE = CF. 
Hence, DE cannot be > DF. 

In like manner, if we suppose DE < DF, CE would be 
< CF, which is contrary to the hypothesis that CE = CF. 
Hence, DE cannot be < DF. 

Then, if DE can be neither > DF, nor < DF, we must 
have DE=DF. 



Note. The method of proof exemplified in Prop. X is known as 
the Indirect Method," or the " Beductio ad Absnrdum.''^ 

The truth of a proposition is demonstrated by making every pos- 
sible supposition in regard to the matter, and showing that, in all 
cases except the one which we wish to prove, the supposition leads to 
something which is contrary to the hypothesis. 
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51. Cor. (Converse of Prop. IX, II.) If two unequal 
oblique lines be drawn from a point to a straight line, the 
greater cuts off the greater distance from 
the foot of the perpendicular from the 
point to the line. 

Given CD the ± from point C to line 
AB ; and GE and CF unequal oblique 
lines from O to AB, (7i^ being > CE. 

To Prove DF>DE. 

(Prove by Beductio ad Absurdum; by § 49, 1, DE cannot 
equal DF, and by § 49, II, it cannot be > DF.') 

PARALLEL LINES. 

52. Def. Two straight lines are said to be parallel (II) 

when they lie in the same plane, and ^ ^ 

cannot meet however far they may be 

produced; as AB and CD. ^ ^ 

53. Ax. We assume that but one straight line can be 
drawn through a given point parallel to a given straight line. 

^ Prop. XI. Theobem. 

54. Two perpendiculars to the same straight line are 
parallel. 



-D 



Given lines AB and CD ± to line AC. 
To Prove AB II CD. 

Proof. If AB and CD are not II, they will meet in some 
point if sufficiently produced (§ 52). 

We should then have two Js from this point to AC, which 
is impossible. 

[From a given point without a str. line, but one ± can be drawn to 
the line.] (§ 46) 

Therefore, AB and CD cannot meet, and are II. 
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Prop. XII. Theorem. 

55. Two straight lines parallel to the same straight line are 
parallel to each other, 

A B 



E F 

Given lines AB and CD II to line EF. 
To Prove AB 11 CD. 

Proof. If AB and OD are not 11, they will meet in some 
point if sufficiently produced. (§ 52) 

We should then have two lines drawn through this point 
II to EFy which is impossible. 

[But one str. line can be drawn through a given point II to a given 
str. line.] (§ 63) 

Therefore, AB and CD cannot meet, and are II. 

Prop. XIII. Theorem. 

56. A straight line perpendicular to one of two parallels is 
perpendicular to the other. 



"E 
-D 



Given lines AB and CD II, and line AC ± AB, 

To Prove ACl. CD. 

Proof. If CD is not ± AC, let line CE'he ± AC, 

Then since AB and CE are ± AC, CE II AJB. 

[Two Js to the same str. line are II.] (§ 54) 

But by hyp., CD II AB, 

Then, CE must coincide with CD. 

[But one str. line can be drawn through a given point II to a given 
str. line.] (§ 53) 
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But by cons., AC ± CE. 

Then since CE coincides with CD, we have AC ± CD. 

TRIANGLES. 

DEFINITIONS. 

57. A triangle (A) is a portion of a plane bounded by 
three straight lines ; as ABC. 

The bounding lines, AB, BC, and CA, 
are called the sides of the triangle, and 
their points of intersection. A, B, and (7, 
the vertices. 

The angles of the triangle are the 
angles CAB, ABC, and BCA, included between the adjacent 
sides. 

An exterior angle of a triangle is 
the angle at any vertex between any 
side of the triangle and the adjacent 
side produced ; as ACD. 

58. A triangle is called scalene when no two of its sides 
are equal ; isosceles when two of its sides are equal ; equi- 
lateral when all its sides are equal ; and equiangvJar when 
all its angles are equal. 








Scalene. laoacelea. Eqailaieral. 

59. A right triangle is a triangle which has a right 
angle; as ABC, which has a right 
angle at (7. 

The side AB opposite the right angle 
is called the hypotenuse, and the other 
sides, AC and BC, the legs. 
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60. If any side of a triangle be taken and called the 
base, the corresponding altitude is the perpendicular drawn 
from the opposite vertex to the base, produced if necessary. 

In general, either side may be taken as the base ; but in 
an isosceles triangle, unless otherwise specified, the side 
which is not one of the equal sides is taken as the base. 

^ When any side has been taken as the 

K base, the opposite angle is called the ver- 
tical angle, and its vertex is called the 

^ vertex of the triangle, 
(j^ Thus, in triangle ABC, BC is the base, 
AD the altitude, and BAG the vertical 
angle. 

61. Since a straight line is the shortest line between two 
points (Ax. 4), it follows that 

Any side of a triangle is less than the sum of the other 
two sides. 




^Pbop. XIV. Theorem. 

62. Any side of a triangle is greater than the difference of 
Hie other two sides. 




Oiven AB, any side of A ABO-, and side BO > side AO. 
To Prove AB>BO- AO, 

Proof. Weh2LYe AB-\- AO > BO, 

[A str. line is the shortest line between two pomts.] (Ax. 4) 

Subtracting AO from both members of the inequality, 
AB>BC-AO. 



RECTILINEAR FIGURES. 26 

Prop. XV. Theorem. 

63. Two triangles are equal when two sides and the in- 
duded angle of one are 'equal respectively to two sides and the 
included angle of the other. 




A. ,B D JE 

Given, in A ABO and DEF, 

AB = DE, AC=DF, and ^^ = Z2>. 

To Prove A ABC = A DEF. 

Proof. Superpose A ABC upon A DEF in such a way 
that Z A shall coincide with its equal Z D ; side AB falling 
on side DE, and side AC on side DF, 

Then since AB = DE and AC=DFy point B will fall on 
point E, and point C on point F. 

Whence, side BC will coincide with side EF. 

[But one str. line can be drawn between two points.] (Ax. 3) 

Therefore, the A coincide throughout, and are equal. 

64. Cor. Since ABC and DEF coincide throughout, we 
have ZB = ZE, ZC=ZF, and BC^EF. 

65. Sch. I. In equal figures, lines or angles which are 
similarly placed are called homologous. 

Thus, in the figure of Prop. XV, ZA is homologous to 
Z D ; AB is homologous to DE ; etc. 

66. Sch. n. It follows from § 65 that 

In equal figures, the homologous parts are equal. 

67. Sch. IIL In equal triangles, the equal angles lie 
opposite the equal sides. 
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Prop. XVI. Theorem:. 

6& Two triangles are equal when a side and two adjacent 
angles of one are equal respectively to a side and two adjacent 
angles of the other. 

C V 




A B D JE ■ 

Given, in A ABC and DEF, 

AB = DE, ZA = ZD, and ZB=ZE. 
To Prove A ABO = A DEF. 

Proof. Superpose A ABO upon A DEF in such a way 
that side AB shall coincide with its equal DE; point A 
falling on point Z>, and point B on point E. 

Then since ZA = ZD, side AC will fall on side DF, and 
point O will fall somewhere on DF. 

And since ZB = ZE, side BO will fall on side EF, and 
point O will fall somewhere on EF. 

Then point 0, falling at the same time on DF and EF, 
must fall at their intersection, F. 

Therefore, the A coincide throughout, and are equal. 

EXERCISES. 

15. If, in the figure of Prop. XV., AB=EF, BC=DE, and 
jLB — /.E^ which angle of triangle DEF is equal to. A ? which angle 
is equal to C? [ ti i \, ^ ( - ^ . 

16. If, in the figure of Prop. XVI., AC = DF, ZA = ZF, and 
ZC= ZD, which side of triangle DEF is equal to AB ? which side 
isequalto Ci- ' \ C • ' 

17. If OD and OE are the bisectors of two complementary- 
adjacent angles, AOS and BOG, how many degrees are there ia 
ZDOE? 
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Prop. XVII. Theorem. 



69. Two triangles are equal ivJien the tJir^e sides of one are ' 
equal respectively to the three sides of the other. 




Given, in A ABC 3i.nd DEF, 

AR= DJEy B0= EF, and CA = FD, 

To Prove A ABC = A DEF. 

Proof. Place A DEF in the position ABF; side DE 
coinciding with its equal AB, and vertex F falling at F, on 
the opposite side of AB from C, 

Draw line CF'. 

By hyp,, AG=AF' and BC = BF'. 
Whence, ^fi is ± to CF' at its middle point. 

[Two points, each equally distant from the extremities of a str. line, 
determine a JL at its middle point. ] (§ 43) 

ZBAC=ZBAF'. 

[If lines be drawn to the extremities of a str. line from any point 
in the ± erected at its middle point, they make equal A with the ±.] 

(§ 44) 

Then since sides AB and AC and Z BAC of A ABC are 
equal, respectively, to sides AB and AF' and Z BAF' of 
AABF\ 

AABC=^AABF\ 

[Two Ik are equal when two sides and the included Z of one are 
equal respectively to two sides and the included Z. of the other.] 

(§63) 

That is, A ABC = A DEF. 



t 



28 



PLANE GEOMETRY.— BOOK L 



Pbop. XVIII. Theorem. 

70. Two right triangles are equal wJien the hypotenuse and 
an adjacent angle of one are equal respectively to the hypote- 
nuse and an adjacent angle of the other. 





Given, in rt. A ABC and DEF, 

hypotenuse AB = hypotenuse DE, and ZA=: ZD. 
To Prove A ABC = A DEF. \ ^ 

Proof. Superpose A ABC upon A DEF in such a way 
that hypotenuse AB shall coincide with its equal DE; poiat 
A falling on point Z>, and point B on point E, 

Then since Z ^ = Z Z), side AC will fall on side DF. 

Therefore, side BC will fall on side EF, 

[From a given point without a str. line, but one ± can be drawn to 
the line.] (§46) 

Therefore, the A coincide throughout, and are equaL 

71. Def . If two straight lines, AB 
and CD, are cut by a line EF, called 
a transversal, the angles are named 
as follows : 

c, d, e, and / are called interior 
angles, and a, b, g, and h exterior 
angles. 

c and /, or d and e, are called alter- 
nate-interior angles. 

a and h, or b and g, are called alternate-exterior angles. 

a and e, b and /, c and g, or d and h, are called corre- 
ponding angles. 
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Prop. XIX. Theorem. 

72. If two parallels are cut by a transversal, the aUemate- 
interior angles are eqwjil. 




Oiven lis AB and CD cut by transversal EF at points Q 
and respectively. 

To Prove Z AGH^ Z QHB and Z BGH=/. CHG. 

Proof. Through K, the middle point of GH, draw line 
XriJf ± then^ LMl. CD. 

[A str. line ± to one of two lis is ± to the other.] (§ 66) 

Now in rt. A GKL and HKM, by cons., 

hypotenuse GK = hypotenuse ^iT. 
? Also, Z 6?/ir2/ = Z HKM. 

[If two str. lines intersect, the vertical A are equal.] (§ 40) 

. -. A GKL = A HKM. 
[Two rt. are equal when the hypotenuse and an adj. Z of one are 
^ equal respectively to the hypotenuse and an adj. Z of the other.] (§ 70) • 

.-. AKGL^AKHM. 
^ [In equal figures, the homologous parts are equal.] (§ 66) 

i. Again, Z KGL is the supplement of Z BGH, and Z KHM 
the supplement of Z CHG. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Then since Z KGL = Z JT^f, we have 
^ ZBGH=:Z.CHG. 

[The supplements of equal are equal.] (§ 31) 
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V 

Prop. XX. Theorem. 

73. (Converse of Prop. XIX.) If two straight lines are 
cut by a transversal, and the alternate-interior angles are equal, 
the two lines are parallel. 

/E 




Oiven lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

ZAGH=ZGHD. 

To Prove AB II CD. 

Proof. If CD is not II AB, draw line KL through H II AB. 
Then since lis AB and KL are cut by transversal UF, 

ZAGH = ZGHL. 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 
But by hyp., Z AGH = Z GJID. 

Z GHL = Z GHD. 

[Thmgs which are equal to the same thing are equal to each other.] 

(Ax. 1) 

But this is impossible unless KL coincides with CD. 
CDWAB. 

In like manner, it may be proved that if AB and CD are 
cnt by EF, and Z BGH= Z CJIG, then AB II CD. 



Ex. 18. If, in the figure of Prop. XIX., ZAGH=6S'', how many 
degrees are there in BGH? in GHB ? in DIIF? 
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A 

Prop. XXI. Theorem. 

74. If two parallels are cut by a transversal, the correspmdr 
ing angles are equal. 




Given lis AB and CD cut by transversal EF at points O 
and H, respectively. 

To Prove Z AGE = Z PHG. 

Proof. We have ZBGH=/.CHff. 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 

But, ZBGH^ZAGE. 

[If two str. lines intersect, tho vertical^^ are equal.] (§ 40) 

.-. Z AGE =i Z OHG. 

[Things which are equal td the same thing are equal to each 
other.] (Ax. 1) 

In like manner, we may prove 

Z AGH=Z CHFy Z BGE^Z DHG, and Z BGH^Z DHK 

75. Cor. I. If two parallels are cut by a transversal, the 
alternate-exterior angles are equal. 
(Fig. of Prop. XXI.) 

Given lis AB and CD cut by transversal EF at points O 
and H, respectively. 

To Prove Z AGE = Z DHF. 

. (Z BGH= Z CHG, and the theorem follows by § 40.) 
What other two qxt. A in the figure are equal ? 
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76. Cor. n. If two parallels are cut by a transversal, the 
sum of the interior angles on the same side of the transversal 
is equal to two right angles. 

(Fig. of Prop. XXI.) 

Given h AB and CD cut by transversal EF at points G 
and H, respectively. 

To Prove Z AGH + Z CHG = two rt. A 

(By § 32, Z AGH + Z AGE = two rt. A-, the theorem 
follows by § 74.) 

What other two int. A in the figure have their sum equal 
to two rt. A ? 

/4'bop. XXII. Theorem. 

77. (Converse of Prop. XXI.) If two straight lines are 
cut by a transversal, and the corresponding angles are equal, 
the two lines are parallel. 

/E 




Given lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

ZAGE = ZCHG. 

To Prove AB II CD. 

Proof. We have ZAGE = ZBGH. 

[If two str. lines intersect, the vertical A are equal.] (§ 40) 

.-. ZBGH=ZCHG 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 
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.-. AB II CD. 

[If two str. lines are cut by a transversal, and the alt. int. A are 
equal, the two lines are !!.] (§ 73) 

In like manner, it may be proved that if 
Z AGH=Z CHF, or Z BGE=ZDHG, or Z BGH=Z DHF, 
then AB II CD. 

78. Cor. I. (Converse of § 75.) If two straight lines 
are cut by a transversal^ and the alternate-exterior angles are 
equal, the two line^ are parallel, 

(Fig. of Prop. XXII.) 

Given lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

Z AGE = Z DHF. 
To Prove AB II CD. 

(Z AGE = Z BGH, and Z DHF = Z CHG] and the theo- 
rem follows by § 73.) 

What other two ext. A are there in the figure such that, 
if they are equal, AB II (7i>? 

79. Cor. n. (Converse of § 76.) If two straight lines 
are cut by a transversal, and the sum of the interior angles on 
the same side of the transversal is equal to two right angles, 
the two lines are parallel. 

(Fig. of Prop. XXII.) 

Given lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

Z AGR-h Z CHG = two rt. A 

To Prove AB II CD. 

(Z CHG is the supplement of Z AGH, and also of Z GHD ; 
then A AGH and GHD are equal by § 31, 2, and the theo- 
rem follows by § 73.) 

What other two int. A are there in the figure such that, if 
their sijm equals two rt. A, AB II CD ? 
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Prop. XXIII. Theorem. 
80. Two parallel lines are everywhere equally distant, 
A E F B 



C Q ' H D 

Given lis AB and CD, E and F any two points on AB, 
and EG and FH lines ± CD, 

To Prove EG = FH (§ 47). 

Proof. Draw line FG. 

We have EG±AB, 

[A str. line J_ to one of two lis is JL to the other.] (§ 56) 

Then, in rt. A EFG and FGH, 

FG = FG, 

And since lis AB and CD are cut by FG, 

ZEFG = ZFGH, 

[If two lis are cut hy a transversal, the alt. int. A are equal.] (§ 72) 

.-. AEFG = AFGR, 

[Two rt. A are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 70) 

.-. EG = FR, 

[In equal figures, the homologous parts are equal.] (§ 66) 

Prop. XXIV. Theorem. 

81. Two angles 'whose sides are parallel^ each to each, are 
equal if both pairs of parallel sides extend in the same direc- 
tion, or in opposite directions, from their vertices. 

Note. The sides extend in the same direction if they are on the 
same side of a straight line joining the vertices, and in opposite direc- 
tions if they are on opposite sides of this line. 
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Given lines AB and BC \\ to lines DH and KF, respec- 
tively, intersecting at E. 

I. To Prove that A ABC and DEF, whose sides AB and 
DE, and also BC and EF, extend in the same direction 
from their vertices, are equal. 

Proof. Let BC and DH intersect at G. 
Since lis AB and DE are cut by BC, 
ZABC=ZI)GC 
[If two lis are cut by a transversal, the corresp. A are equal.] 

(§ 74) 

In like manner, since lis BC and EF are cut by DE, 
ZDOC = ZDEF, 

ZABC = ZDEF (1) 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

II. To Prove that A ABC and IIEK, whose sides AB 
and EH, and also BC and EK, extend in opposite directions 
from their vertices, are equal. 

Proof. From(l), ZABC = ZDEF. 

But, ZDEF=ZHEK 

[If two str. lines intersect, the vertical A are equal.] (§ 40) 

.-. Z ABC = Z HEK 

[Things which are equal to the same thing, are equal to each other.] 

(Ax. 1) 
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82. Cor. Two angles whose sides are parallel, each to each^ 
are supplementary if one pair of parallel 
sides extend in the same direction, and 
the other pair in opposite directions, from 
their vertices. 

Given lines AB and BC || to lines 
DH and KF, respectively, intersecting 
at ^. 

To Prove that A ABC and DEK, 
whose sides AB and DE extend in the same direction, and 
BC and EK in opposite directions, from their vertices, are 
. supplementary. 

Proof. We have Z ABC = Z DER 

[Two A whose sides are ||, each to each, are equal if both pairs of |1 
sides extend in the same direction from their vertices. ] (§ 81) 

But Z DEF is the supplement of Z DEK ' 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Then its equal, Z ABC, is the supplement of Z DEK, 



Prop. XXV. Theorem. 

83. 'Two angles whose sides are perpendicular, ecich to each, 
are either equal or supplementary. 





Given lines AB and BC l.to lines DE and FQ, respec- 
tively, intersecting at E. 

To Prove Z ABC equal to Z DEF, and supplementary to 
Z DEG, 
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Proof. Draw line ER± DE, and line EK± EF. 
Then since EH and AB are ± DE, 
EH II AB, 

[Two _Ls to the same str. line are II.] (§ 54) 

In like manner, since EK and BC are ± EF, 
EKW BO, 
ZHEK=ZABa 
[Two whose sides are ||, each to each, are equal if both pairs of |j 
sides extend in the same direction from their vertices.] (§81) 

But since, by cons., A DEH and FEK are rt. Ay each of 
the A DEF and HEK is the complement of Z FEH. 
' ZDEF=ZHEK 
[The complements of e^ual A are equal.] (§ 81) 

ZABC=ZDEF. 

[Things which are equal to the same thing are equal to each otherj 

(Ax. 1) 

Again, Z DEF is the supplement of Z DEG. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Then, its equal, Z ABC is the supplement of Z DEG, 

Note. The angles are equal if they are both acute or both obtuse ; 
and supplementary if one is acute and the other obtuse. 

EXERCISES. 

19. If, in the figure of Prop. XXIV., ZABC=^9°, how many 
degrees are there in each of the angles formed about the point E ? 

20. The line passing through the vertex of an angle perpendicular 
to its bisector bisects the supplementary adjacent an^de. 

(Fig. of Ex. 12. Let CE bisect ZACJ), and suppose CFLCE; 
sum of AACD and BCD = ^ rt. A; then sum of ADCE and 
i BCD = 1 rt Z ; but sum of A DOE and DCFis also Irt, Z; whence 
the theorem follows.) 

21. Any side of a triangle is less than the half -sum of the sides of 
the triangle. 

(Fig. of Prop. XIV. We have ^< jBC+ CA; then add AB to 
both members of the inequality.) 
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Prop. XXVI. Theorem. 

84. Tlie mm of the angles of any triangle is equal to two 
right angles. 




A CD 



Given A ABC. 

To Prove Z A + Z B-\- ZC= two vt A. 

Proof. Produce AO to D, and draw line CE II AB. 

Then, Z BCD + Z BCE + Z ACB = two rt. A, (1) 

[The sum of all the A on the sauie side of a str. line at a given 
point is equal to two rt. A. ] (§ 34) 

Now since lis AB and CE are cut by AD, 

ZECD = ZA. 
[If two lis are cut hy a transversal, the corresp. A are equal.] (§ 74) 
And since lis AB and CE are cut by BC, 

ZBCE=ZB, 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 
Substituting in (1), we have 

ZA + ZB + Z ACB = two rt. A. 

85. Cor. I. It follows from the above demonstration that 
ZBCD = ZECD + ZBCE = ZA + ZB, hence 

1. An exterior angle of a triangle is equal to the sum of the 
two opposite interior angles, 

2. An exterior angle of a triangle is greater than either of 
the opposite interior angles, 

. 86. Cor. n. If two triangles have two angles of one equal 
respectively to two angles of the other, the third angle of the 
first is equal to the third angle of the second. 
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87. Cor. m. A triangle cannot have two right angles, nor 
two obtuse angles, 

88. Cor. IV. The mm of the acute angles of a right tri- 
angle is equal to one right angle, 

89. Cor. V. Two right triangles are equal when a leg and 
an acute angle of one are equal respectively to a leg and the 
homologous acute angle of the other. 

The theorem follows by §§ 86 and 68. 



Prop. XXVII. Theorem. 



90. Two right triangles are equal when the hypotenuse and 
a leg of one are equal respectively to the hypotenuse and a leg 
of the other. 





A CD 
Given, in rt. A ABC and DEF, 

hypotenuse AB = hypotenuse DE, and BC = EF, 
To Prove A ABC = A DEF, 

Proof. Superpose A ABC upon ADEF in such a way 
that side BC shall coincide with its equal EF, point B 
falling on point E, and point C on point F. 
We have ZC=ZF. 

[All rt. A are equal.] (§ 26) 

Then, side AC will fall on side DF. 

But the equal oblique lines AB and BE cut off upon DF 
equal distances from the foot of ± EF. 

[If oblique lines be drawn from a point to a str. line, two equal 
oblique lines cut off equal distances from the foot of the ± from the 
point to the line.] (§ 50) 

Therefore, point A falls on point X>. 

Hence, the A coincide throughout, and are equal. 
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Prop. XXVIII. Theobem. 

91. If two triangles have two sides of (Sne equal respectively 
to two sides of the other, hut the included angle of the first 
greater than the included aiigle of the second, the third side 
of the first is greater than the third side of the second. 





E 

"a 

Given, in A ABC and DEF, 

AB=^DE, AC=DF, and /LBAO^D. 
To Prove BC>EF. 

Proof. Place ADEF in the position ABQ; side DE 
coinciding with its equal AB, and vertex F falling at (?. 

Draw line AH bisecting Z GAC, and meeting BC at H; 
also, draw line GH. 

In A AGH and ACH, AH= AH. 

Also, by hyp., AG = AO. 

And by cons., Z GAH = Z CAH. 

.-. AAGH=AAOH. 

[Two A are equal when two sides ancjl the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 63) 

GH=: CH. 

[In equal figures, the homologous parts are equal.] (§ 66) 

But, BH+GH>BG. 

[A str. line is the shortest line between two points.] (Ax. 4) 

Substituting for GH its equal CH, we have 

BH-\-CH>BG, or BC>EF. 
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/ Prop. XXIX. Theorem. 

92. (Converse of Prop. XXVIII.) If two triangles have 
two sides of one equal respectively to two sides of the othei', 
but the third side of the first greater than the third side of the • 
second, the included angle of the first is greater than the 
included angle of the second. 




F 



Given, in A ABC and DEF, 

AB=^DE, AC=DF,SindBC>EF. 
To Prove ZA>ZD. 

Proof. We know that ZAis either < , equal to, ov > ZD. 

If we suppose ZA = ZD, A ABC would equal A DEF. 

[Two A are equal when two sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] (§ 63) 

Then, BO would equal EF. 

[In equal figures, the homologous parts are equal.] (§ 66) 

Again, if we suppose ZA<ZD, BC would be < EF. 

[If two ^ have two sides of one equal respectively to two sides of 
the other, but the included Z of the first > the included Z of the 
second, the third side of the first is > the third side of the second.] 

(§ 91) 

^ But each of these conclusions is contrary to the hypothe- 
sis that BC is > EF. 

Then^ hi ZA can be neither equal to Z D, nor <ZDf 

ZA>ZD. 
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Prop. XXX. Theorem. 

93. In an isosceles triangle, the angles opposite the equal 
sides are equal 




Given AC and BC the equal sides of isosceles A ABC 
To Prove ZA=:ZB. 
Proof. Draw line CD ± AB, 
In rt. A ACD and BCD, 

CD=CD. 

And by hyp., AC = BC. 

A ACD = A BCD, 
[Two rt. /li are equal when the hypotenuse and a leg of one are 
equal respectively to the hypotenuse and a leg of the other.] (§ 90) 

.-. ZA = ZB. 

[In equal figures, the homologous parts are equal.] (§ 66) 

94. Cor. I. From equal A ACD and BCD, we have 

^Z> = BD, and Z ACD = Z BCD ; hence, 

1. The perpendicular from the vertex to the base of an 
isosceles triangle bisects the base, 

2. The perpendicular from the vertex to the base of an 
isosceles triangle bisects the vertical angle. 

95. Cor. n. An equilateral triangle is also equiangular. 

Prop. XXXI. Theorem. 

96. (Converse of Prop. XXX.) If two angles of a triangle 
are equal, the sides opposite are equal. 
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(Fig. of Prop. XXX.) 

Given, in A ABC, ZA = ZB. 

To Prove AC=:Ba ^ ^"^"^^ 

(Prove A ACD = A BCD by § 89.) ^ 



97. Cor. equiangular triangle is also eqicilaterdl, 

EXERCISES. 

22. The angles ^ and JB of a triangle ABC are 57° and 98° respec- 
tively ; how many degrees are there in the exterior angle at C ? . >^ * 

23. How many degrees are there in each angle of an equiangular 
triangle ? 

Prop. XXXII. Theorem. 

98. If two sides of a triangle are unequal^ the angles oppo- 
site are unequal, and the greater angle lies opposite the greater 
side. 

A 



B C 

Given, in A ABC, AC > AB. 
To Prove ZABO ZC 

Proof. Take AD = AB, and draw line BD. 
Then, in isosceles A ABD, 

ZABD = ZADB. 
[In an isosceles A, the A opposite the equal sides are equal.] (§ 93) 
Now since Z ADB is an ext. Z of A BDC, 

Z ADB >ZC 
[An ext. ^ of a A is > either of the opposite int. zl.] (§ 85) 

Therefore, its equal, Z ABD, is > Z (7. 
Then, since Z ABC is > Z ABD, and Z ABD >ZC, 

ZABOZC, 
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4 

Prop. XXXIII. Theorem. 

99. (Converse of Prop. XXXII.) If two angles of a trv- 
angle are unequal, the sides opposite are unequaly and the 
greater side lies opposite the greater angle. 

A 




Given, in A ABC, Z ABC > Z C. 
To Prove AC>AB. 

Proof. Draw line BD, making Z CBD = Z (7, and meet- 
ing AC at D. 

Then, in A BCD, BD = CD, 

[If two id of a A are equal, the sides opposite are equal.] (§ 96) 
But, AD-\-BD>AB. 

[A str. line is the shortest line between two points.] (Ax. 4) 

Substituting for BD its equal CD, we have 

AD-\-CD> AB, or AC> AB. 

Prop. XXXIV. Theorem. 

100. If straight lines he drawn from a point within a 
triangle to the extremities of any side, the angle included by 
them is greater than the angle included by the other two sides. 

A 






Given D, any point within A ABC, and lines BD and CD. 
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To Prove ZBDC>ZA. 

Proof. Produce BD to meet AC at E. 
Then, since Z BDC is an ext. Z of A CDE, 

ZBDOZDEC, 
[An ext. Z of a A is > either of the opposite int. AJ] (§ 85) 

In like manner, since Z DEC is an ext. Z of A ABE, 

ZDEOZA. 
Then, since Z BDC is > Z DEC, and Z DEC >ZA, 

ZBDC>ZA. 

Prop. XXXV. Theorem. 

101. Any point in the bisector of an angle is equally distant 
from the sides of the angle. 




Given P, any point in bisector BD of Z ABC, and lines 
PAf and PN± to AB and BC, respectively. 

To Prove PM = PN, 

Proof. In rt: A BPM and BPN, 

BP=BP. 

And by hyp., Z PBM= Z PBN, 

ABPM=ABPN. 

[Two rt. A are equal when the hypotenuse and an adj. Z of one s 
equal respectively to the hypotenuse and an adj. ^ of the other.] 

(f 

PM^PN. 

[In equal figures, the homologous parts a ( 
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Prop. XXXVI. Theorem. 

102. (Converse of Prop. XXXV.) Every point which ta 

within an angle, and equally distant from its sideSy lies in the 
bisector of the angle. 




Oiven point P within Z ABC, equally distant from sides 
AB and BC, and line BP, 

To Prove Z PBM= Z. PBN, 

(Prove ABPM=ABPN, by § 90; the theorem then 
follows by § 66.) 

EXERCISES. 

24. The angle at the vertex of an isosceles triangle ABC is equal 
to five-thirds the sura of the equal angles B and C. How many degrees 
are there in each angle ? C\ . ■ 

25. If from a point in a straight line AB lines OC and OD be 
drawn on opposite sides of AB, making Z.AOC ^ /.BODy prove 
that OC and OD lie in the same straight line. 

(Fig. of Prop. IV. We have Z^OX) + Z JBOZ) = 2 it. A, and by 
hyp., /.BOD= /.AOC) 



26. If the bisectors of two adjacent angles make 
au angle of 45° with each other, the angles are com- 
plementary. 

(Given OD and 0£^the bisectors of AAOB and 
JBOC, respectively, and /LDOE—^h^\ to prove q 




AAOB and BOC complementary.) 

27. Prove Prop. XXX. by drawing CD to bisect Z^CB. (§ 63.) 

28. Prove Prop. XXX. by drawing CD to the middle point of AB, 

29. Prove Prop. XXXI. by drawing CD to bisect Z A CB, (§ 68.) 
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QUADBILATERALS. 

• DEFINITIONS. 
103. A quadrilateral is a portion of a plane bounded by 



four straight lines ; as ABCD, 

The bounding lines are called the sides 

of the quadrilateral, and their points of 

intersection the vertices. 

The angles of the quadrilateral are the 

angles included between the adjacent 

sides. 




A diagonal is a straight line joining two opposite vertices ; 
as^G 

104. A Trapezium is a quadrilateral no two of whose sides 
are parallel. 

A Trapezoid is a quadrilateral two, and only two, of 
whose sides are parallel. 

A Parallelogram (O) is a quadrilateral whose opposite 
sides are parallel. 

O ZZ7 

Trapeeium, Trapteoid. Paralielogram. 

The ha^s of a trapezoid are its parallel sides ; the alti- 
tude is the perpendicular distance between them. 

If either pair of parallel sides of a parallelogram be 
taken and called the bases, the altitude corresponding to 
these bases is the perpendicular distance between them. 

105. A Rhomboid is a parallelogram whose angles are 
not right angles, and whose adjacent sides are unequal. 

A Rhombus is a parallelogram whose angles are not right 
angles, and whose adjacent sides are equal. 

A Rectangle is a parallelogram whose angles are right 
angles. 
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A Square is a rectangle whose sides are equal. 




Rhomboid. Rhombtts. Rectangle, Square, 

^ Prop. XXXVII. Theorem. 
106. Iti any parallelogram^ 
. I. The opposite sides are equal, 
II. Hie opposite angles are equal. 




Given O ABCD. 

I. To Prove AB = CD and BC = AD. 

Proof. Draw diagonal AC, 

In A ABC and ACD, AC = AC, 

Again, since lis BC and AD are cut by AC, 

ZBCA = ZCAD, 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 
In like manner, since lis AB and CD are cut by AC, 

^BAC=ZACD. 

AABC = AACD, 

[Two A are equal when a side and two adj. A of one are equal 
respectively to a side and two adj. of the other.] (§ 68) 

AB = CD and BC=AD, 

[In equal figures, the homologous parts are equal.] (§ 66) 

II. ToTroYe ZBAD = ZBCD 2Lnd ZB=- ZD, 
Proof. We have AB II CD, and ADWCB, and AB and 

CD, and also AD and CB, extend in opposite directions 
from A and (7. 
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.-. ZBAD = ZBCD. 
[Two ^ whose sides are ||, each to each, are equal if both pairs of 
II sides extend in opposite directions from their vertices.] (§ 81) 

In like manner, ZB = ZD, 

107. Cor. L Parallel lines included between parallel lines 
are equal, 

108. Cor. n. A diagonal of a parallelogram divides it 
into two equal triangles. 

Prop. XXXVIII. Theorem. 

109. (Converse of Prop. XXXVII, I.) If the opposite sides 
of a quadrUateroL are equals the figure is a parallelogram. 




Given, in quadrilateral ABOD, 

AB=CD and 50 = AD. 

To Prove ABCD a O. 

Proof. Draw diagonal AO, 

In A ABC and AOD, AC = AC, 

And by hyp., AB=CD and BC = AD, 

AABC=AACD^ 

[Two A are equal when the three sides of one are equal respec- 
tively to the three sides of the other.] (§ 69) 

Z BCA = Z CAD sad ZBAC=ZACD, 

[In equal figures, the homologous parts are equal.] (§ 66) 

Since Z BCA = Z CAD, BC II AD, 

[If two str. lines are cut by a transversal, and the alt. int. A are 
equal, the two lines are I|.] (§ 73) 

In like manner, since Z BAC = Z ACD, AB 11 CD. 
Then by def ABCD is a O. 
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Ez. 30. If one angle of a parallelogram is 119°, how many degrees 

are there in each of the others ? n . • / • '/ . ^ \ ^ t '■ ^ 

Prop. XXXIX. Theorem. 

110. If two sides of a quadrilateral are equal and parallel^ 
the figure is a parallelogram. 




Given, in quadrilateral ABCD, BC equal and II to AD. 
To Prove ABCD a O. 

(Prove AABC=AACD, by §63; then, the other two 
sides of the quadrilateral are equal, and the theorem follows 
by § 109.) 

Prop. XL. Theorem. 
HI. Tlie diagonals of a parallelogram bisect each other. 




Given diagonals AG and BD of O ABOD intersecting 
at J57. 

To Prove AE = EC and BE = ED, 

(Prove A AED = A BEC, by § 68.) 

Note. The point E is called the centre of the parallelogram. 

Prop. XLI. Theorem. 

112. (Converse of Prop. XL.) If the diagonals of a 
quadrilateral bisect each other, the figure is a parallelogram. 
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(Fig. of Prop. XL.) 

Oiven AG and BD, the diagonals of quadrilateral ABCDy 
bisecting each other at E. 
To Prove ABCD a O. 

(Prove A AED = A BEC, by § 63; then AJ) = BC', in 
like manner, AB= CD, and the theorem follows by § 109.) 

Prop. XLII. Theorem. 

113. Two parallelograms are equal when two adjacent sides 
and the included angle of one are equal respectively to two 
adjacent sides and the included angle of the other. 




Given, in m ABCD and EFGH, 

AB = EF,AD = EH, BJidZA = ZE, 

To Prove O ABCD = O EFGIL 

Proof. Superpose EJ ABCD upon CJ EFGH in such a 
way that Z A shall coincide with its equal Z E ; side AB 
falling on side EF, and side AD on side EH. 

Then since AB = EF and AD = EH, point B will fall on 
point F, and point D on point H 

Now since BC II AD and FG II EH, side BC will fall on 
side FGf and point (7 will fall somewhere on FG, 

[But one str. line can be drawn through a given point II to a given 
str. line.] (§ 53) 

In like manner, side DC will fall on side HG, and point 
C will fall somewhere on HG. 

Then point (7, falling at the same time on FG and HG, 
must fall at their intersection G. 

Hence, the UJ coincide throughout, and are equal. 
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114. Cor. Two rectangles are equal if tJie boM and aUi- 
tude of one are equal respectively to the base and altitude of 
the other. 

Prop. XLIII. Theorem. 

115. The diagonals of a rectangle are equal. 




Given AC and BD the diagonals of rect. ABCD. 

To Prove AC=BD. 

(Prove rt. A ABD = rt. A ACD, by § 63.) 

116. Cor. The diagonals of a square are equal. 

Prop. XLIV. Theorem. 

117. The diagonals of a rhombus bisect each other at right 



angles. 




{AC and BD bisect each other at rt. -4 by § 43.) 
EXERCISES. 

31. The bisector of the vertical angle of an Isosceles triangle 
bisects the base at right angles. 

(Fig. of Prop. XXX. In equal ^ ACD and BCD, we have 
ZADC=ZBDG; then CD±AB by §24.) 

32. The line joining the vertex of an isosceles triangle to the 
middle point of the base, is perpendicular to the base, and bisects the 
vertical angle. 

(Fig. of Prop. XXX. Prove CD±ABBa in Ex. 31.) 

33. If one angle of a paraUelogram is a right angle, the figure is a 
rectangle. 
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POLYGONS. 

DEFINITIONS. 

118. A polygon is a portion of a plane bounded by three 
or more straight lines ; as ABODE. 

The bounding lines are called the 
sides of the polygon, and their sum is 
called the perimeter. 

The angles of the polygon are the 
angles EAB, ABO, etc., included be- 
tween the adjacent sides ; and their vertices are called the 
vertices of the polygon. 

A diagonal of a polygon is a straight line joining any two 
vertices which are not consecutive ; as AC. 

119. Polygons are classified with reference to the number 
of their sides, as follows : 




No. OF 

SiDKS. 


Dbsignation. 


No. OF 

Sn>B8. 


Dbsionation. 


3 


Triangle. 


8 


Octagon. 




Quadrilateral. 


9 


Enneagon. 


6 


Pentagon. 


10 


Decagon. 


6 


Hexagon. 


11 


Hendecagon. 


7 


Heptagon. 


12 


Dodecagon. 



120. An equilateral polygon is a polygon all of whose 
sides are equal. 

An equiangular polygon is a polygon all of whose angles 
are equal. 

121. A polygon is called convex when 
no side, if produced, will enter the surface 
enclosed by the perimeter ; as ABCDE. 

It is evident that, in such a case, each 
angle of the polygon is less than two 
right angles. 
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All polygons considered hereafter will be understood to 
be convex, unless the contrary is stated. 

A polygon is called concave when at least two of its sides^ 
if produced, will enter the surface enclosed 
by the perimeter ; as FGHIK, 

It is evident that, in such a case, at least 
one angle of the polygon is greater than 
two right angles. 

Thus, in polygon FGHIK, the interior angle OHI is 
greater than two right angles. 

Such an angle is called re-entrant 

122. Two polygons are said to be mutually equilateral 
when the sides of one are 
equal respectively to the 
sides of the other, when 
taken in the same order. 

Thus, polygons ABCD 
and A'B'C'D' are mutually equilateral if 

AB = A'B', BO = B'O, CD = CD', and DA = D'A'. 

Two polygons are said to be mutually equiangular when 
the angles of one are equal 
respectively to the angles of 
the other when taken in the F 
same order. 

Thus, polygons EFGH and E 
E'F'G'H' are mutually equiangular if 

ZE=ZE', ZF=Zr, ZG = ZG', and ZH=ZH\ 

123. In polygons which are mutually equilateral or 
mutually equiangular, sides or angles which are similarly 
placed are called homologous. 

In mutually equiangular polygons, the sides included 
between equal angles are homologous. 

124. If two triangles are mutually equilateral, they are 
also mutually equiangular (§ 69). 
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But with this exception, two polygons may be mutually 
equilateral without being mutually equiangular, or mutually 
equiangular without being mutually equilateral. 

If two polygons are both mutually equilateral and mutually 
equiangular, they are equal. 

For they can evidently be applied one to the other so as 
to coincide throughout. 

125. Two polygons are equal when they are composed of the 
same number of triangles^ equal each to each, and similarly 
placed. 

For they can evidently be applied one to the other so as 
to coincide throughout. 

Prop. XLV. Theorem. 

126. The sum of the angles of any polygon is equal to two 
right angles taken as many times, less two, as the polygon has 
sides. 



Oiven a polygon of n sides. 

To Prove the sum of its A equal to w — 2 times two rt. A. 

Proof. The polygon may be divided into n — 2 A by 
drawing diagonals from one of its vertices. 

The sum of the A of the polygon is equal to the sum of 
the A of the A. 

But the sum of the A of each A is two rt. A. 

[The sum of the A of any A is equal to two rt. A,"] (§ 84) 

Hence, the isum of the A of the polygon is n — 2 times 
two rt. A. 
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127. Cor. I. Tlie sum of the angles of any polygon is equal 
to twice as many right angles as tlie polygon has sides, less 
four right angles. 

For if R represents a rt. Z, and n the number of sides of 
a polygon, the sum of its A is (ii — 2) x 2 12, or 2 nR — 4 U. 

128. Cor. n. The sum of the angles of a quadrilateral is 
equal to four right angles; of a x>entagon, six right angles; of 
a hexagon, eiglU right angles; etc, 

i 

Prop. XLVI. Theorem. 

129. If the sides of any polygon be produced so as to make 
an exterior angle at each vertex, the sum of these exterior 
angles is equal to four right angles. 




Oiven a polygon of n sides with its sides produced so as 
to make an ext. Z at each vertex. 

To Prove the sum of these ext. A equal to 4 rt. A 

Proof. The sum of the ext. and int. A at any one vertex 

is two rt. A, 

[If two adj. ^ have their ext. sides in the same str. line, their sum 
is equal to two rt. ^4.] (§ 82) 

Hence, the sum of all the ext. and int. A is 2 nit, A. 
But the sum of the int. A alone is 2 n rt. ^ — 4 rt. A 

[The sum of the A of any polygon is equal to twice as many rt. A 
as the polygon has sides, less 4 rt. z^.] (§ 127) 

Whence, the sum of the ext. ^4 is 4 rt. A 
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EXERCISES. 



3^. How many degrees are th^e in each angle of an equiangilar 
hexagon ? of an equian^lar octagon ? of an equiangular decagon ? 
of an equiangular dodecagon ? ^ ♦ )l>i'^ j^L^s^^ /S~ 

35. How many degrees are ^ there in the exterior angle at eact 
vertex of an equiangular pentagon ? ^ ^ O 

36. If two angles of a quadrilateral are supplementary, the other ^' 
two^ngles are supplementary. 

37. If, in a triangle ABG^ AA—AB^ a line par- 
allel to AB makes equal angles with sides AC and 
BC, 

(To prove A CD^ = Z CED.) 



38. If the equal sides of an isosceles triangle be 
produced, the exterior angles made with the base 
are equal. (§31,2.) 

39. If the perpendicular from the yertex to thtf base of a triajigleiAy 
bisects the base, the triangle is isosceles. 'V^^*,^ . . ^. * \ ^ 




(Fig. of Prop. XXX. it^ACD and BCD are (fequal by § 63.) ^> 

aC 

40. The bisectors of the equal angles of an isosceles 
triangle form, with the base, another isosceles triangle. 

41. If from any point in the base of an isosceles tri- 
angle perpendiculars to the equal sides be drawn, they 
make equal angles with the base. 

{AADE = ABDFy bv 5 31, 1.) < a 

42. If th^ angles adjacent to one base of a 
trapezoid are equal, those adjacent to the other 
base are also equal. 

(Given /.A = ZZ> ; to prove Zj5 = AC.) . _ 

43. Either exterior angle at the base of ^n Isos- 
celes triangle is equal to the sum of a right angle 
and one-half the vertical angle. 

{/.DAE is an ext. Z of A AGD.) ^ 

E 
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44. The straight lines bisecting the equal angles >sC 
of an isosceles triangle, and terminating in the oppo- / \d 
site sides, are equal. 

(A ABD = /\ABE.) 

45. Two isosceles triangles are equal when the base and vertical 
angle of one are equal respectively to the base and vertical angle of 
the other. 

(Each of the remaining A of one A is equal to each of the remain- 
ing A of the other. ) 

46. If two parallels are cut by a transversal, 
the bisectors of the four interior angles form a 
rectangle. H 

(EHW FG, by § 73 ; in like manner, EF II GH; q 
then use Exs. 12 and 33.) 

D-. 

47. Prove Prop. XXVI. by drawing through 
B a line parallel to AC. 

(Sum of at 5 = 2 rt. A.) 

. ^ a i.^ 

MISCELLANEOUS THEOREMS. 

Prop. XLVII. Theorem. "N 

130. Tlie line joining the middle points of two sides of a 
triangle is parallel to the third side, and equal to one-haif 
of it. 





Oiven line DE joining middle points of sides AB and 
AC, respectively, of A ABC. 

To Prove DE II EC, and DE = ^BC 

Proof. Draw line BF II AC, meeting ED produced at F. 
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In A ADE and BDF, 

Z ADE = Z BDF. 
[If two str. lines intersect, the vertical A are equal.] ' (§ 40) 
Also, since lis AC and BF are cut by AB, 

Z ^ = Z DBF. 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 
And by hyp., AD = BD. 

. A ADE = A BDF, 
[Two are equal when a side and two adj. A of one are equal re- 
spectively to a side and two adj. A of the other.] (§ 68) 

. DE = DF a.nd AE = BF, 
[In equal figures, the homologous parts are equal.] (§ 66) 

Then since, by hyp., AE = EC, BF is equal and II to CE. 
Whence, BCEF is a O. 

[If two sides of a quadrilateral are equal and ||, the figure is a O.] 

(§ no) 

DEWBC. 
Again, since DE = DF, 

DE^^FE = ^BC. 
[In any O, the opposite sides are equal.] (§ 106) 

131. Ctoii The line which bisects one side of a triangle, 
and is parallel to another side, bisects also 
the third side. 

Given, in A ABC, D the middle point 
of side AB, and line DE II BC, 

To Prove that DE bisects AC, 

Proof. A line joining Z) to the middle B" 
point of AC will be II BC 

[The line joining the middle points of two sides of a A is || to the 
.thhxlside.] (§130) 

Then this line will coincide with DE, 

[But one str. line can be drawn through a given point II to a given 
Btr. line.] (§ 53) 

Therefore, DE bisects AC. 
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Prop. XLVIII. Theorem. 



132. Tlie line joining the middle points of the non-parallel 
sides of a trapezoid is parallel to the bases, and equal to one- ^ 
half their sum, 





Oiven line EF joining middle points of non-II sides AB 
and CD, respectively, of trapezoid ABCD. 

To Prove EF II to AD and EC, and EF=\{AD -f BC), 

Proof. If EF is not II to AD and BC, draw line EK 
II to AD and BC, meeting CD at K\ and draw line BD in- 
tersecting EF at G, and EK at H, 

In A ABD, EH is II AD and bisects AB ; then it bisects 
BD. 

[The line which bisects one side of a A, and is |I to another side, 
bisects also the third side.] (§ 131) 

In like manner, in ABCD, HK is II BC and bisects BD\ 
then it bisects CD, 

But this is impossible unless EK coincides with EF. 
[But one str. line can be drawn between two points.] (Ax. 3) 
Hence, EF is II to AD and BC. 

Again, since EQ coincides with EH, and EH bisects AB 

B,ndBD, EG = ^AD. (1) 

[The line joining the middle points of two sides of a A is equal to 
one-half the third side.] (§ 130) 

In like manner, since GF bisects BD and CD, 

GF=iBC. (2) 

Adding (1) and (2), 

EG+GF=:^AD + ^Ba 
Or, EF=i(AD+BC). 
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133. Cor. The line which is parallel to the bases of a trap- 
ezoid, and bisects one of the non-parallel sides, bisects the other 
also. 

Prop. XLIX. Theorem. 

134. The bisectors of the angles of a triangle intersect at 
a common point. 




Oiven lines AD, BE, and OF bisecting A A, B, and 0, 
respectively, of A ABC, 

To Prove that AD, BE, and CF intersect at a common 
point. 

Proof. Let AD and BE intersect at 0. 
Since O is in bisector AD, it is equally distant from sides 
AB and AG, 

[Any point in the bisector of an Z is equally distant from the sides 
of the Z.] . (§ 101) 

In like manner, since is in bisector BE, it is equally 
distant from sides AB and BO, 

Then O is equally distant from sides AO and BO, and 
therefore lies in bisector OF, 

[Every point which is within an Z, and equally distant from its 
sides, lies in the bisector of the Z.,"] (§ 102) 

Hence, AD, BE, and OF intersect at the common point 0. 

135l Ck)r. The point of intersection of the bisectors of 
the angles of a triangle is equally distant from the sides of 
the triangle. 
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Prop. L. Theobem. 



136. The perpendiculars erected at the middle points of the 
sides of a triangle intersect at a common point, 

C 



Oiven DG, EH, and FK the Js erected at middle points Z>, 
E, and F, of sides BC, OA, and AB, respectively, of A ABC. 

To Prove that DG, EH, and FK intersect at a common 
point. 

(Let DG and EH intersect at ; by § 41, is equally 
distant from B and (7; it is also equally distant from A 
and (7; the theorem follows by § 42.) 

137. Cor. TJie point of intersection of the^ perpendiculars 
erected at the middle points of the sides of a triangle, is equally 
distant from the vertices of the triangle. 



48. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

(Fig. of Prop. XLIII. ABD and ACD are equal, and therefore 
Z BAD—/LADC ; also, these A are supplementary.) 




EXERCISES. 



(Given AB = AD, and AC bisecting Z BAD; to 
prove BC = CD.) 



49. If two adjacent sides of a quadrilateral are 
equal, and the diagonal bisects their included angle, 
the other two sides are equal. 




50. The bisectors of the interior angles of a 
parallelogram form a rectangle. 



(By Ex. 46, each Z of EFQH is a rt. Z.) 
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Pbop. LL*^ HEOBEM. 

138. The perpendiculars from the vertices of a triangle to 
the opposite sides intersect at a common point. 



Given AD, BE, and CF the Js from the vertices of A ABC 
to the opposite sides. 

To Prove that AD, BE, and CF intersect at a common 
point. 

Proof. Through A, B, and C, draw lines HK, KG, and 
OH II to BC, CA, and AB, respectively, forming A GHK 
Then AD, being ± BO, is also ± HK 
[A star, line ± to one of two I|s is ± to the other.] (§ 56) 

Now since, by cons., ABCHeuid. ACBKaxe UJ, 

AH= BC and AK= BO. 
[In any O, the opposite sides are equal.] (§ 106) 

.-. AH=AK 

[Things which are equal to the same thing, are equal to each other.] 

(Ax. 1) 

Then AD is ± HKat the middle point of HK 
In like manner, BE and CF are ± to KG and GH, respec- 
tively, at their middle points. 

Then, AD, BE, and CF being ± to the sides of A GHK 
at their middled points, intersect at a common point. 

[The ± erected at the middle points of the sides of a A intersect 
at a common point] (§ 1^) 
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139. Def. A median of a triangle is a line drawn from 
any vertex to the middle point of the opposite side. 

A 

Prop. LIT. Theorem. 

140. TJie medians of a trianr/le intersect at a common point, 
ichich lies two-thirds the way from each vertex to the middle 
point of the opposite side. 



C 




A F B 



Given AD, BE, and CF the medians of A ABC. 

To Prove that AD, BE, and CF intersect at a common 
point, which lies two-thirds the way from each vertex to the 
middle point of the opposite side. 

Proof. Let AD and BE intersect at 0. 

Let G and H be the middle points of OA and OB, respec- 
tively, and draw lines ED, OH, EG, and DH. 

Since ED bisects AC and BC, 

EDW ^JBand =^^jB. 

[The line joining the middle points of two sides of a A is II to the 
third side, and equal to one-half of it.] (§ 130) 

In like manner, since GH bisects OA and OB, 

GH II AB and = | AB. 

Then ED and GH are equal and II. 

[Things which are equal to the same thing, are equal to each other.] 

(Ax.1) 

[Two str. lines || to the same str. line are || to each other.] (§ 56) 
Therefore, EDHG is a O. 

[If two sides of a quadrilateral are equal and jj, the figure is a O.] 

(§ 110) 
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Then OD and EH bisect each other at 0. 

[The diagonals of a O bisect each other.] (§ 111) 

But by hyp., Q is the middle point of OA, and H of OB, 
.-. AG=OG= OD, and BR= 0H= OE, 

That is, AD and BE intersect at a point which lies 
two-thirds the way from A to 2), and iij^m B to ^. 

In like manner, AD and CF intersect at a point which 
lies two-thirds the way from A to D, and from to -F. 

Hence, AD, BE, and CF intersect at the common point 
O, which lies two-thirds the way from each vertex to the 
middle point of the opposite side. 

LOCI. 

141. Def . If a series of points, all of which satisfy a 
certain condition, lie in a certain line, and every point in 
this line satisfies the given condition, the line is said to be 
the locus of the points. 

For example, every point which satisfies the condition of 
being equally distant from the extremities of a straight line, 
lies in the perpendicular erected at the middle point of the 
line (§ 42). 

Also, every point in the perpendicular erected at the 
middle point of a line satisfies the condition of being 
equally distant from the extremities of the line (§ 41). 

Hence, the perpendicular erected at the middle point of a 
straight line is the Locos of points which are equally distant 
from the extremities of the line. 

Again, every point which satisfies the condition of being 
within an angle, and equally distant from its sides, lies in 
the bisector of the angle (§ 102). 

Also, every' point in the bisector of an angle satisfies the 
condition of being equally distant from its sides (§ 101). 

Hence, the bisector of an angle is the locus of points which 
are within the angle, and equally distant from its sides. 
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EXERCISES. 

^^•'51. Two straight lines are parallel if any two points of either 
are equally distant from the other. 
(Prove by lieditctio ad A h m rdum.) 

52. What is the locus of points at a given distance from a given 
straight line ? (Ex.61.) 

53. What is the locus of points equally distant from a pair of 
intersecting straight lines .? ^ f;^^.^ ^ jJC\^ 

54. What is the locus of points equally distant from a pair of 
parallel straiglit lines ? '■ ^ ^ ■ n. v « *^ *■ 

55. The bisectors of the interior angles of a 
trapezoid form a quadrilateral, two of whose 
angles are right angles. (Ex. 40.) 




56. If the angles at the base of a trapezoid 
are equal, the non -parallel sides are also equal. 

(Given ZA = ZD; to prove AB = CD. Draw 
BE \\ CD.) 

57. If the non-parallel sides of a trapezoid are equal, the angles 
which they make with the bases arn equal. 

(Fig. of Ex. 56. Given AB = CZ>,^to prove ZA=:ZD,Sind also 
ZABC=ZC. Draw BE \\ CD.) 

* 58. The perpendiculars from the extremities of /\ 

the base of an isosceles triangle to the opposite sides 

are equal. ^^L^^_l^ 

59. If the perpendiculars from the extremities of liie base t>f a 
triangle to the opposite sides are equal, the triangle is isosceles. 
(Converse of Ex. 58. Prove A ACD = A BCE.) 

^ 60. The angle between the bisectors of the equal 
angles of an isosceles triangle is equal to the exte- 
rior angle at the base of the triangle. 

(Z ADB = 180° - (ZBAD -f Z ABD).) 

61. If a line joining two parallels be bisected, 
any line drawn througli the point of bisection 
and included between the parallels will be bisected 
at the point. 

(To prove that QH is bisected at 0.) 
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62. If through a point midway between two 
parallels two transversals be drawn, they inter- 
cept equal portions of the parallels. 

(Draw 0K± AB, and produce KO to meet CD 
at L, Then A OGK = A OIIL.) 

■ 63. If perpendiculars BE and DF be drawn 
from vertices B and i> of parallelogram ABCD 
to the diagonal AC, prove jB^ = Di^. (§ 70.) 



64. The lines joining the middle points of the 
sides of a triangle divide it into four equal trian- 
gles. (§ 130.) 



^ 65. If from any point in the base of an isosceles 
triangle parallels to the equal sides be drawn, the 
perimeter of the parallelogram formed is equal to the 
sum of the equal sides of the triangle. (§ 96.) 
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66. The bisector of the exterior angle at the ver- 
tex of an isosceles triangle is parallel to the base. 
(§ B5, 1.) 



Cf 



67. The medians drawn from the extremities of 
the base of an isosceles triangle are equal. 



68. If from the vertex of one of the equal angles 
of ah isosceles triangle a perpendicular be drawn to 
the opposite side, it makes with the base an angle 
equal to one-half the vertical angle of the triangle. 

(To prove Z BAD = i Z C) 



69. If the exterior angles at the vertices A 
and .B of triangle J ^(7 are bisected by lines 
which meet at i>, prove 

jLADB = W-\C, 
ADB = 180*' - BAD + Z ABD),) 






79. State and prove the converse of Prop. XLIV. (§ 41, 1.) 
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^/60. State and prove the converse of Ex.66, p. 67. (§ 96.) 

.A 

81. The bisectors of the exterior angles at two 
vertices of a triangle, and the bisector of the inte- 
rior angle at the third vertex meet at a common 
point. 

(Prove as in § 134.) 

82. ABCD is a trapezoid whose parallel sides 
^2> and EC arq perpendicular to CD, HE is 
the middle point of AB^ prove J^C= ED, (§ 41 , 1.) 

(Draw J&JF'll AD,) 

83. The middle point of the hypotenuse of a 
right triangle is equally distant from the vertices 
of the triangle. 

(To prove AD = ^2)= CD. Draw DJS: || ^C.) 





84. The bisectors of the angles of a rectangle B] 
fonh a square. 

(By Ex. 50, EFQHis a rectangle. Now prove 
AF=BHzxidLAE = BE,) A 

y^B5, If 2> is the middle point of side BC ot 
triangle and BE and CFsLre perpendiculars 

from B and G to AD^ produced if necessary, prove 
BE= CF. 

86. The angle at the vertex of isosceles triangle 
ABC is equal to twice the sum of the equal angles 
B and C, If CD be drawn perpendicular to ^C, 
meeting BA produced at D, prove triangle ACD 
equilateral. 

(Prove each ^ of A ACD equal to 60*^.) 

87. If angle B of triangle ABC \a greater than angle C, and BD 
be drawn to making AD = AB, prove 

ZADB = i(B+ (7), and^CB2) = i(5-C). 
(Fig. of Prop. XXXII.) 

88. How many sides are there in the polygon the sum of whose 
interior angles exceeds the sum of its exterior angles by 540^ ? 
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89. The sam of the lines drawn from any point 
within a triangle to the vertices is greater than the 
lialf-sum of the three sides. 

(Apply § 61 to each of the AABD, ACD, and 
BOD.) 

U 90. The sum of the lines drawn from any point within a triangle 
the vertices is less than the sum of the three sides. (§ 48.) 
(Fig. of Ex. 89.) 

91. If D, E, and F are points on the sides AB, 
BCi and CAj respectively, of equilateral triangle 
ABC, such that AD = BE = CF, prove DEF an 
equilateral triangle. 

(Prove ^ADF, BDE, and C^F equal.) 

92. If E, F, (r, and H are points on the 
sides ABf BC, CD, and DA, respectively, of 
parallelogram ABCD, such that AE = CG and 
BF = DH, prove EFGH a parallelogram. 




93. If E, F, G, and H are points on sides A B, 
BC, CD, and DA, respectively, of square ABCD, 
such that AE = BF = CG = DH, prove EFGH a 
square. 

(First prove EFGH equilateral. Then prove 
ZFEH=90''.) 

94. If on the diagonal BD of square ABCD a 
distance BE be taken equal to AB, and EFhe drawn 
perpendicular to BD, meeting AD at F, prove that 
AF = EF=ED. 

/95. Prove the theorem of § 127 by drawing lines 
item any point within the polygon to the vertices, 

96. If CD is the perpendicular from the ver- 
tex of the right angle to the hypotenuse of right 
triangle ABC, and CE the bisector of angle C, 
meeting AB at E, prove ZDCE equal to one-half 
the difference of angles A and B, 

(To prove Z DCE =i(ZA'-ZB),) 

97. State and prove the converse of Ex. 70, p. 68. 
(Fig. of Prop. XLIV. Prove the sides all equal.) 
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98. State and prove the converse of Ex. 75, p. 68. 
(Fig. of Ex. 78. Prove ACF and BDE equal.) 

99. D is any point in base BG of isosceles 
triangle ABC, The side AC is produced from C to 

so that CE = CDj and DE is drawn meeting AB 
at F. Prove Z AFE = 3 Z AEF. 
(Z AFE is an ext. Z of A BFD.) 

^ 100. If ABC and ABD are two triangles 
^-^^n the same base and on the same side of it, 
such that AC = BD and AD = BC, and AD 
and BC mtersect at O, prove triangle OAB 
isosceles. 

101. If D is the middle point of side AC ot equi- 
lateral triangle ABC, and DE be drawn perpen- 
dicular to BC, prove EC = J BC 

(Draw DF to the middle point ot BC.) g 




F E 




102. If in parallelogram ABCD, E and F 
are the middle points of sides BC and AD, re- 
spectively, prove that lines AE and Cif trisect 
diagonal BD. A 

(By § 131, ^JS: bisects BH, and Ci?' bisects DG.) 

103. If CD is the perpendicular from C to the 
hypotenuse of right triangle ABC, and E is the 
middle point of AB, prove ZDCE equal to 
the difference of angles A and B. (Ex. 83.) 

J.04. If one acute angle of a right triangle is double the other, the 
hypotenuse is double the shorter leg. 

Fig. of Ex. 86. Draw CA to middle point of BD.) 




105. If AC ,\)e drawn from the vertex of the right angle to the 
hypotenuse of right triangle BCD so as to make Z ACD = ZD, it 
bisects the hypotenuse. 

(Fig. of E3L 74. Prove A ABC isosceles.) 

106. If 2> is the middle point of side BC of 
triangle ABC, prove AD>i{AB + AC - BC). 
(§62.) 



Note. For additional exercises on Book I., see p. 220. 
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THE CIRCLE. 

DEFINITIONS. 

142. A circle (O) is a portion of a plane bounded by a 

curve called a circumference, all points 
of which are equally distant from a 
point within, called the centre; as 
ABGD, 

An arc is any portion of the circum- 
ference ; as AB, 

A radius is a straight line drawn 
from the centre to the circumference ; 
as OA, 

A diameter is a straight line drawn through the centre, 
having its extremities in the circumference ; as AG, 

143. It follows from the definition of § 142 that 
All radii of a circle are equal. 

Also, all its diameters are equal, since each is the sum of 
two radii. 

144. Two circles are equal when their radii are eqyM. 

For they can evidently be applied one to the other so that 
their circumferences shall coincide throughout. 

145. Conversely, the radii of equal circles are equal, 

146. A semi-circumference is an arc equal to one-half the 
circumference. 

A quadrant is an arc equal to one-fourth the circumference. 

Concentric circles are circles having the same centre. 
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147. A chord is a straight line joining the extremities of 
an arc ; as AB, 

The arc is said to be subtended by its 
chord. 

Every chord subtends two arcs; thus 
chord AB subtends arcs AMB and 
ACDB. 

When the arc subtended by a chord is 
spoken of, that arc which is less than a 
semi-circumference is understood, unless the contrary is 
specified. 

A segment of a circle is the portion included between an 
arc and its chord ; as AMBN. 

A semicircle is a segment equal to one-half the circle. 

A sector of a circle is the portion included between an arc 
and the radii drawn to its extremities ; as OCD, 

148. A central angle is an angle whose vertex is at the 
centre, and whose sides are radii; as AOC. 

An inscribed angle is an angle whose ver- ^ 
tex is on the circumference, and whose 
sides are chords; as ABC. / / \ \ 

An angle is said to be inscribed in a I / \ ) 
segment when its vertex is on the arc of \ \A / 

the segment, and its sides pass through the yx) 
extremities of the subtending chord. 

Thus, angle B is inscribed in segment ABC. 

149. A straight line is said to be tangent to, or touchy a 
circle when it has but one point in com- 
mon with the circumference ; as AB, 

In such a case, the circle is said to 
be tangent to the straight line. 

The common point is called the 
poiivt of contact, or point of tangency. 

A secant is a straight line which 
intersects the circumference in two points ; as CD. 
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150. Two circles are said to be tangent to each other when 
they are both tangent to the same straight line at the same 
point. 

They are said to be tangent internally or externally accord- 
ing as one circle lies entirely within or entirely without the 
other. 

A common tangent to two circles is a straight line which 
is tangent to both of them. 

15L A polygon is said to be inscribed 
in a circle when all its vertices lie on the 
circumference ; as ABCD, 

In such a case, the circle is said to be 
circumscribed about the polygon. 

A polygon is said to be inscriptible 
when it can be inscribed in a circle. 

A polygon is said to be circumscribed 
about a circle when all its sides are tan- 
gent to the circle ; as EFOH, 

In such a case, the circle is said to bo 
inscribed in the polygon. 

Prop. I. Theorem. 
152. Every diameter bisects the circle and its circumference. 



B 




D 

Oiven AC a diameter of O ABCD, 

To Prove that AC bisects the O, and its circumference. 
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Proof. Superpose segment ABC upon segment ADC, by 
folding it over about AC as an axis. 

Then, arc ABC will coincide with arc ADC*, for other- 
wise there would be points of the circumference unequally 
distant from the centre. 

Hence, segments ABC and ADC coincide throughout, 
and are equal. 

Therefore, AC bisects the O, and its circumference. 

y\ Prop. II. Theorem. 

153., A straight line cannot intersect a circumference at 
more than two points. 



A. 

/ \ \ 

M~i. B 

Oiven the centre of a 0, and MN any str. line. 

To Prove that MN cannot intersect the circumference 
at more than two points. 

Proof. If possible, let MN intersect the circumference 
at three points. A, B, and (7; draw radii OA, OB, and 0(7. 

Then, OA=^OB= OC (§ 143) 

We should then have three equal str. lines drawn from 
a point to a str.^ine. 

But this is impossible; for it follows from § 49 that not 
more than two equal str. lines can be drawn from a point to 
a str. line. 

Hence, MN cannot intersect the circumference at more 
than two points. 



XSz. 1. What is the locus of points at a given distance from a given 
point? 



76 PLANE GEOMETRY.— BOOK JL ^ 

Prop. III. Theobem. 

154. In equal circles, or in the same cirdey equal central 
angles intercept equal arcs on the circumference. 




Given ACB and A'C'B' equal central A of equal ® AJIfB 

and A'M'B\ respectively. 
To Prove arc AB = arc A'B'. 

Proof. Superpose sector ABC upon sector ABO in such 

a way that Z C shall coincide with its equal Z (7. 

Now, AC = A'C and BC = B'C. (§145) 

Whence, point A will fall at A', and point jB at B\ 
Then, arc will coincide with arc A'B' ; for all points 

of either are equally distant from the centre. 

arc AB = arc A'B'. 

Prop. IV. Theorem. 

155. (Converse of Prop. III.) In equal circles, or in the 
same circle, equal arcs are intercepted by equal central angles. 




Given ACB and A' OB' central A of equal d) AMB and 
A'M'B', respectively, and arc AB = arc A'B'. 
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To Prove 



Proof. Since the (D are equal, we may superpose QAMB 
upon O AM^B in such a way that point A shall fall at A\ 
and centre C 2it O. 

Then since arc AB = arc A'B', point B will fall at B'. 

Whence, radii AC and BC will coincide with radii A'O 
and 5' (7, respectively. (Ax. 3) 

Hence, Z C will coincide with Z (7. 



156. Sch. In equal circles, or in the same drde, 

1. The greater of two central angles intercepts the greater 
arc on the circumference, 

2. The greater of two arcs is interested by the greater cen- 
tral angle. y 



1S7. In equal circles^ or in the same circle, equal chords 
subtend equal arcs. 




Prop. V. Theorem. 




Given, in equal (D AMB and A'M'B', 

chord AB = chord A'B', 



To Prove arc AB = arc A'B'. 

Proof. Draw radii AC, BC, AO, and B'O, 
Then in A ABC and ABO, by hyp., 

AB = AB\ 
Also, AC = AC and BC = B'O. 

AABC=AAB'a. 

.-. Z(7=Z(7'. 

BSC AB = SL£C AB\ 



(§ 154) 



(?) 
(?) 
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Prop. VI. Theorem. 

158. (Converse of Prop. V.) In equal circles, or in (he 
same circle^ equal arcs are subtended by equal chords. 
(Fig. of Prop. V.) 

Given, in equal (D AMB and A'M'B', arc AB = arc A'B^ ; 
and chords AB and A'B', 

To Prove chord AB = chord A'B. 
(Prove AABC = AA'B'C, by § 63.) 



Ez. 2. If two circumferences intersect each other, the distance 
between their centres is greater than the difference of their radiL 

(§62.) 

Prop. VII. Theorem. 

159. In equal circles, or in the same circle, the greater of 
two arcs is subtended by the greater cJiord; ea/ch arc being less 
than a semircircumference. 





Given, in equal © AMB and A'M'B\ arc AB > arc A'B\ 
each arc being < a semi-circumference, and chords AB and 
A'B'. 

To Prove chord AB > chord A'B', 
Proof. Draw radii AC, BC, A'C, and B'C. 
Then in A ABC and A'B'C, 

AC = A'C and BO = B'O, (?) 
And since, by hyp., arc AB > arc A'B', we have 

Z.OZ.C'. (§166,2) 
chord AB > chord A'B. (§ 91) 



X 
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/) . Pbop. y^lll. Theorem. « r , 

160. (Converse of Prop, v II.) In equal drdes^ or in the 
same circle, the greater of two chords subtends the greater arc; 
each arc being less than a semi-circumference, 

(Fig. of Prop. VII.) 

(Z O Z (7, by § 92 ; the theorem follows by § 156, 1.) 

16L ScL If each arc is greater than a semi-circumfer- 
ence, the greater arc is subtended by the less chord j and 
conversely the greater chord subtends the less arc. 

)^ Prop. IX. Theorem. 

162. The diameter perpendiciUar to a chord bisects the 
chord and Us subtended arcs. 




Given, in OABD, diameter CD ± chord AB, 
To Prove that CD bisects chord AB, and arcs ACB and 
ADB. 

Proof. Let be the centre of the O, and draw radii OA 
and OB. 

Then, OA=OB. (?) 

Hence, A OAB is isosceles. 

Therefore, CD bisects AB, and Z AOB, (§ 94) 

Then since ZAOC= Z BOC, we have 

arc ^(7= arc 5(7. (§154) 
Again, Z AOD = /IBOD, (§ 31, 2) 

arc ^Z> = arc -BZ>. (?) 
Hence, CD bisects AB, and arcs ACB and ADR 
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163. Cor. The perpendicular erected at the middle paint 
of a chord parses through the centre of the circle, and bieects 
the area subtended by the chord. 



EXERCISES. 



3. The diameter which bisects a chord is perpendicular to it and 
bisects its subtended arcs. (§ 43. ) 

(Fig. of Prop. IX. Given diameter CD bisecting chord AB,) 



4. The straight line which bisects a chord and 
its sabtended arc is perpendicular to the chord. a, 
(By § 168, chord AC = chord BC.) t 

>■ 




Prop. X. Theorem. 

164. In the same cirde, or in equxd circles, equal chords are 

equally distant from the centre. 




Given AB and CD equal chords of O ABOf whose centre 
is 0, and lines OE and OF ± to AB and CD, respectively. 
To Prove OE=OF. (§47) 

Proof. Draw radii OA and 0(7. 
Then in rt. A CAE and OCF, 

OA=OC (?) 
Now, E is the middle point of AB, and F of CD, (§ 162) 
.-. AE=CF, 

being halves of equal chords AB and CD, respectively. 

AOAE = AOCF. (?) 
OE=OF. (?) 
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Pbo^XI. Theorem. '^CX.Av^ ^ 

165. (Converse of Prop. X.) In the same cirde, or in equal 
circles, chords equally distant from the centre are equal, 

(Fig. of Prop. X.) 

Given O the centre of O ABC, and AB and CD chords 
equally distant from 0. 

To Prove chord AB = chord CD, 

(Rt. A OAE = rt. A OCF, and ^ = CF-y E is the middle^ 
point of AB, ^jid^Fot CD^^ JU^^S^-jB U-C^X- C cLo 

166. In the same circle, or in equal circles, the less of two 
chords is al the greater distance from the centre. 



^ 

Given, in OABC, chord AB < chord CD, and Js OF and 
OO drawn from centre to AB and CD, respectively. 
To Prove OF>OG. 
Proof. Since chord AB < chord CD, we have 

arc ^5 < arc CD, (§ 160) 

Lay off arc CE = arc AB, and draw line CE, 

chord CE = chord AB. (§ 158) 

Draw line 0H± CE, intersecting CD at K 

0H= OF. (§ 164) 

But, OH>OK. 

And, OK>OG. (?) 

Whence, OH, or its equal OF, is > OG. 
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Pbop. XIII. Theorem. 



Y 



167. (Converse of Prop. XII.) In the same cirde, or in 
equal cirdeSf if two chords are unequally distant from the 
centre, the more remote is the less. 




Given the centre of QABC, and chord AB more re- 
mote from than chord (7Z>. 

To Prove chord AB < chord CD. 

Proof. Draw lines OG and 0H± to AB and CD respec- 
tively, and on OG lay oif 0K= OH. 
Through if draw chord EF± OK. 

chord EF= chord CD. (§ 165) 

Now, chord AB II chord EF. (§ 54) 

Then it is evident that arc AB is < arc EF, for it is only 
a portion of arc EF. 

.'. chord AB < chord EF. (§ 159) 

chord ^5 < chord CD. 

168. Cor. A diameter of a circle is greater than any 
other chord; for a chord which passes through the centre is 
greater than any chord which does not. (§ 167) 

EXERCISES. 



5. The diameter which bisects an arc bisects its 
chord at right angles. 



6. The perpendiculars to the sides of an inscribed quadrilateral 
at their middle points meet in a common point. (§ 163.) 
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Prop. XIV. Theorem. 



169. A straight line perpendicular to a radius of a circle 
ai its extremity is tangent to the circle. 




ADC B 

Given line AB± to radius OC of OEC at C. 
To Prove AB tangent to the O. 

Proof. Let D be any point of AB except C, and draw 
line OD. 

OD > oa (?) 

Therefore, point D lies without the O. 
Then, every point of AB except C lies without the O, 
and AB is tangent to the O. ' (§ 149) 

Prop. XV. Theorem. - 

170. (Converse of Prop. XTV.) A tangent to a circle is 
perpendicular to the radius drawn to the point of contact. 




A C B 

Given line AB tangent to O EC at (7, and radius OC. 
To Prove OC±AB. 

(OC is the shortest line that can be drawn from to AB.) 

171. Cor. A line perpendicular to a tangent at its point 
of contact passes through the centre of the circle. 
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Prop. XVI. Theorem. 



172. T\oo parallels intercept equal arcs an a circumference. 
Case I. WIi£n one line is a tangent and the ether a secant. 

E 




Given AB a tangent to O CED at E, and CD a secant il 
AB, intersecting the circumference at C and D. 
To Prove arc CE = arc DE. 

Proof. Draw diameter EF. 

.\EFLAB. 
.-. EF±CD. 
.-. arc CE = arc DE. 



(§ 170) 

(?) 
(§ 162) 



Case n. When both lines are secants. 




Oiven, in O ABC, AB and CD II secants, intersecting the 
circumference at A and B, and C and D, respectively. 

To Prove arc AC = arc BD, 

Proof. Draw tangent EF II AB, touching the O at G. 

EF II CD. (?) 

Now, arc = arc BG, 

and SixcCG = 2^G DG. (§172, Case I) 
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Subtracting, we have 

arc AG — arc CG = arc BG — arc BG. 
arc AC = arc BD, 

Case in. TTAen hoth lines are tangents. 



Given, in OEGF, AB and (7Z> II tangents, touching the O ' / 
at E and jF, respectively. c, c f 

To Prove q.vc EGF = b.vc EHR ^ ^ \ f 

(Draw secant (?^r II ^5.) ^ 

173. Cor. The straigJU line joining the points of contact 
of two parallel tangents is a diameter. 

Prop. XVII. Theorem. 

174. The tangents to a circle from an oxitside point are 
equal. 



^ — 

(Rt. A OAB = rt. A OAC, by § 90 ; then AB = AC) 

175. Cor. From equal A OAB and OAC, 

Z O^B = Z OAC and ZAOB = Z AOC 

Then, th£ line joining the centre of a circle to the point of 
intersection of two tangents makes equal angles with the tan- 
gents, and also with the radii drawn to the points of contact. 
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Prop. XVIII. Theorem. 

176. Tlirough three points, not in the mme straight line, 

a circumference can be drawn, and but one. 




Oiven points A, B, and C, not in the same straight lin^. 

To Prove that a circumference can be drawn through A, 
B, and C, and but one. 

Proof. Draw lines AB and BC, and lines Di^^and EG JL to 
AB and BC, respectively, at their middle points, meeting at O. 

Then is equally distant from A, B, and C. (§ 137) 

Hence, a (jircumference described with as a centre and 
OA as a radius will pass through A, B, and (7. 

Again, the centre of any circumference drawn through A, 
B, and C must be in each of the Js DF and EG. (§ 42) 

Then as DF and EG intersect in but one point, only one 
circumference can be drawn through A, B, and (7. 

177. Cor. Two circumferences can intersect in but two 
ijoints; for if they had three common points, they would 
have the same centre, and coincide throughout. 

Prop. XIX. Theorem. 

178. * If two circumferences intersect, the straight line joining 
Hieir centres bisects tJieir common chord at right angles. 
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Given and 0' the centres of two (D, whose circumfer- 
ences intersect at A and B, and lines 00' and AB. 
To Prove that 00' bisects AB at rt. A 
(The proposition follows by § 43.) 

Prop. XX. Theorem. 

179. If two circles are tangent to each other, the straight 
line joining their centres passes through their point of cojitact. 




Oiven O and 0' the centres of two (D, which are tangent 
to line AB at A. 

To Prove that str. line joining and 0' passes through A. 

(Draw radii OA and OA] since these lines are J^ABy 
OAO* is a str. line by § 37 ; the proposition follows by Ax. 3.) 



EXERCISES. 

7. The straight line which bisects the arcs sub- 
tended by a chord bisects the chord at right angles. 



8. The tangents to a circle at the extremities of a diameter are 
paraUeL q 

9. If two circles are concentric, any two chords 
of the greater which are tangent to the less are c 
equal. (§ 165.) 

10. The straight line drawn from the centre of a circle to the i)oint 
ci intersection of two tangents bisects at right angles the chord joining 
their points of contact. (§ 174.) 
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' . f ON MEASURE»IENTAi j*^^ 

180. The ra^io of a magnitude to another of the same 
kind is the quotient of the first divided by the second. 

Thus, if a and b are quantities of the same kind, the ratio 

of a to 6 is ^; it may also be expressed a : 6. 

A magnitude is measured by finding its ratio to another 
magnitude of the same kind, called the U7iit of measure. 

The quotient, if it can be obtained exactly as an integer 
or fraction, is called the numerical measure of the magnitude. 

181. Two magnitudes of the same kind are said to be 
commensurable when a unit of measure, called a common 
measure, is contained an integral number of times in each. 

Thus, two lines whose lengths are 2\ and 3| inches are commensa- 
rable ; for the common measure ^ inch is contained an integral num- 
ber of times in each ; i.e., 55 times in the first line, and 76 times in 
the second. 

Two magnitudes of the same kind are said to be incommen- 
surable when no magnitude of the same kind can be found 
which is contained an integral number of times in each. 

For example, let AB and CD be two lines such that 

CD 

As V2 can only be obtained approximately, no line, however 
small, can be found which is contained an integral number of 
times in each line, and AB and CD are incommensurable. 

182. A magnitude which is incommensurable with respect 
to the unit has, strictly speaking, no numerical measure 

(§ 180) ; still if CD is the unit of measure, and ^ = V2, 
we shall speak of V2 as the numerical measure of ,AB. 

183. It is evident from the above that the ratio of two 
magnitudes of the same kind, whether commensurable or 
incommensurable, is equal to the ratio of their numerical 
measures when referred to a common unit. 
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THE METHOD OF LIMITS. 



184. A variable qvxxntity, or simply a variable, is a quan- 
tity which may assume, under the conditions imposed upon 
it, an indefinitely great number of different values. 

185. A constant is a quantity which remains unchanged 
throughout the same discussion. 

186. A limit of a variable is a constant quantity, the dif- 
ference between which and the variable may be made less 
than any assigned quantity, however small, but cannot be 
made equal to zero. 

In other words, a limit of a variable is a fixed quantity 
to which the variable approaches indefinitely near, but 
never actually reaches. 

187. Suppose, for example, that a point moves from A 
towards B under the condition that it ^ C D E B 

shall move, during successive equal in- i 1 1 — i— i 

tervals of time, first from A to C, half-way between A and 
B ; then to D, half-way between C and B ; then to E, half- 
way between D and B ; and so on indefinitely. 

In this case, the distance between the moving point and 
B can be made less than any assigned distance, however 
small, but cannot be made equal to 0. 

Hence, the distance from A to the moving point is a 
variable which approaches the constant distance AB as a 
limit. 

Again, the distance from the moving point to 5 is a 
variable which approaches the limit 0. 
/ As another illustration, consider the series 



where each teim after the first is one-half the preceding. 

In this casse, by taking terms enough, the last term may 
be made less than any assigned number, however small, but 
cannot be made actually equal to 0. 



> T> iV? 
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Then, the last term of the series is a variable which ap- 
proaches the limit when the number of terms is indefi- 
nitely increased. 

Again, the sum of the first two terms is 1^ ; 

the sum of the first three terms is 1|; 
the sum of the first four terms is 1 J ; etc. 

In this case, by taking terms enough, the sum of the 
terms may be made to diifer from 2 by less than any as- 
signed number, however small, but cannot be made actually 
equal to 2. 

Then, the sum of the terms of the series is a variable 
which approa(?lies the limit 2 when the number of terms 
is indefinitely increased. 

188. The Theorem of Limits. If two variables are always 
equalf and each approaches a limit, the limits are equal. 

AM C B 

1 I \ I 

A' M' B' 

I \ I ' 

Oiven AM and A'M' two variables, which are always 
equal, and approach the limits AB and A^B^, respectively. 
To Prove AB = A'B'. 

Proof. If possible, let AB be > A'B'] and lay off, on 
AB,AO=A'B'. 

Then, variable A3f may have values > AC, while vari- 
able A'3f' is restricted to values < AC-, which is con- 
trary to the hypothesis that the variables are always equal. 

Hence, AB cannot be > A'B', 

In like manner, it may be proved that AB cannot be 
<A'B', 

Therefore, since AB can be neither nor < A^B', we 
have 

AB = A'B'. 
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MEASUREMENT OF ANGLES. 

Prop. XXI. Theorem. 

189. In the same circle^ or in equal circles, two central 
angles are in the same ratio as their intercepted arcs. 

Case L When the arcs are commensurable (§ 181). 




Given, in OABO, AOB and BOG central A intercepting 
commensurable arcs AB and BC, respectively. 

To Prove Z^^arc^. 

Z.BOC SivcBC 

Proof. Since, by hyp., arcs AB and BO are commensur- 
able, let arc AD be a common measure of arcs AB and BO-, 
and suppose it to be contained 4 times in arc AB, and 3 
times in arc BO. 

arc AB _ 4 ^ ^ ry. 
arc 5(7 3* . ^ ^ 

Drawing radii to the several points of division of arc AO, 
Z AOB will be divided into 4 A, and Z BOG into 3 A, all 
of which A are equal. (§ 155) 

Z AOB 4 



ZBOG 3 

From (1) and (2), we have 

ZAOB ^ diTcAB 
ZBOG arc^c" 



(2) 
(?) 
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Case n. When the arcs are incommensurable (§ 181). 

_B 




Given, in O ABC,AOB and BOO central A intercepting 
incommensurable arcs AB and BC, respectively. 

To Prove ZAOB^^rcAB^ 
ZBOC arc 5(7 

Proof. Let arc AB be divided into any number of equal 
arcs, and let one of these arcs be applied to- arc BC as a 
unit of measure. 

Since arcs AB and BC are incommensurable, a certain 
number of the equal arcs will extend from B to Oy leaving 
a remainder C'C less than one of the equal arcs. 

Draw radius OC. 

Then, since by const., arcs AB and BC are commensurable, 

ZAOB 2iTcAB /ft 1QQ noo^T\ 
ZBOC'^I^- (§ 189, Case I.) 

Now let the number of subdivisions of arc AB be indefi- 
nitely increased. 

Then the unit of measure will be indefinitely diminished ; 
and the remainder CC, being always less than the unit, will 
approach the limit 0. 

Then Z BOC will approach the limit Z BOC, 
and arc BC will approach the limit arc BC 

Hence, will approach the limit 4^^, 

' Z50(7' ZBOC' 

and ^YcAB approach the limit 



SiioBC arc^C 
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are variables which are always 




equal, and approach the limits 



By the Theorem of Limits, these limits are equal. (§ 188) 



190. Sch. The usual unit of measure for arcs is the 
degree, which is the ninetieth part of a quadrant (§ 146). 

The degree of arc is divided into sixty equal parts, called 
minutes, and the minute into sixty equal parts, called 
seconds. 

If the sum of two arcs is a quadrant, or 90°, one is called 
the complement of the other ; if their sum is a semi-circum- 
ference, or 180°, one is called the supplement of the other. 

191. Cor. L By § 154, equal central A, in the same O, 
intercept equal arcs on the circumference. 

Hence, if the angular magnitude about the centre of a O 
be divided into four equal each Z will intercept an arc 
equal to one-fourth of the circumference. 

That is, a right central angle intercepts a quadrant on the 
circumference, (§ 35) 

192. Cor. n. By § 189, a central Z of n degrees bears 
the same ratio to a rt. central Z that its intercepted arc 
bears to a quadrant. 

But a central Z of w degrees is ^ of a rt. central Z. 

Hence, its intercepted arc is ^ of a quadrant, or an arc of 
n degrees. 

The above principle is usually expressed as follows : 

A central angle is measured by its intercepted arc. 

This means simply that the number of angular degrees in 

a central angle is equal to the number of degrees of arc in 

its intercepted arc. 



Z^O^ ^ arc AB 
ZBOO 2iTcBC' 
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Prop. XXII. Theobem. 

193. An inscribed angle is measured by on^MLf its inter- 
cepted arc. 

Case L When one side of the angle is a diameter. 

A 




C 



Given AC a diameter, and AB a chord, of OABG. 
To Prove that Z BAC is measured by ^ arc BG. 
Proof. Draw radius OB-, then, OA = OB. (?) 
Then A OAB is isosceles, and Z B = ZA. (?) 
But since BOC is an ext. Z of A OAB^ 

ZBOC = ZA-^ZB. (§ 86,1) 

ZB0C=2ZA, or ZA^iZBOC. 
But, Z BOC is measured by arc BO. (§ 192) 

Wlience, Z ^ is measured by arc BC. 

Case n. TTAen the centre is within the angle. 



A 




2> 

Given AB and AC chords of O ABC, and the oentre of 
the O within Z ^.4C. 
To Prove that Z is measured by Jarc J5(7. 
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Proof. Draw diameter AD, 
Then, Z BAD is measured by \ arc BB^ 
and Z CAD is measured by \ arc CD. (§ 193, Case I) 

.-. Z BAD + Z O^D is measured by \ arc BB-\-\ arc GD. 
Z BAC is measured by ^ arc BC, 
Case in. TF/ien the centre is without the angle, 

A 




(The proof is left to the pupil.) 

194. Cor. I. Angles inscribed in the 
same segment are equal. 

Given A, B, and (7 inscribed in seg- 
ment ADE of O ABC. 

To Prove ZA=/1B = ZC, 
(The proposition follows by § 193.) 

195. Cor. II. An angle inscribed in a 
semicircle is a right angle. 

Given BC a diameter, and AB and AC b 
chords, of O ABD, 

To Prove Z BAC a rt. Z. 

Proof. ABAC is measured by | of 
180°, or 90^ (§ 193) 

196. Cor. in. The opposite angles of 
an inscribed quadrilateral are supplement- 
ary. 

For their sum is measured by ^ of 360°, 
or 180^ (?) 
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Prop. XXIII. Theorem. 

197. The angle between a tangent and a chord is measured 
by one-half its intercepted arc. 




D 



Given AE a tangent to O BCD at By and BC a chorcL 
To Prove that Z ABO is measured by ^ arc BO. 
Proof. Draw diameter BD ; then, BD ± AE. (?) 
Now a rt. Z is measured by one-half a semi-circumference. 

Z ABB is measured by ^ arc BOD. 
Also, Z OBD is measured by \ arc OD. (§ 193) 
Z ABB - Z OBD is measured by ^ arc BOD arc OD. 

.'. Z ABO is measured by ^ arc BO. 
Similarly, Z EBO is measured by ^ arc BDG. 

Prop. XXIV. Theorem. 

198. The angle between two chords, intersecting within tks 
circum ference, is measured by one-half the sum of its inter- 
cepted arc, and the arc intercepted by its vertical angle. 




Given, in OABC, chords AB and OD intersecting within 
the circumference at E. 
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To Prove that 

Z AEC is measured by ^ (arc AG + arc BD). 
. Proof. Draw chord BG, 

Then, since AEG is an ext. Z of A BGE, 

ZAEG = ZB-{-ZG. (?) 
But, Z 2? is measured by ^ arc AG, 
and Z (7 is measured by ^ arc BD, (?) 

Z A£^(7 is measured by -J- (arc AG+ arc J5I>). 

Pbop. XXV. Theorem. 

199. The angle between two secants, intersecting without 
the circumference, is measured by one-half the difference of 
the intercepted arcs. 




Oiven, in O ABG, secants AIE and GE intersecting with- 
out the circumference at E, and intersecting the circumfer- 
ence at A and B, and G and D, respectrvely. 

To Prove that Z is measured by \ (arc ^O — arc BD), 
Proof. Draw chord JBO. 
• Then since ABG is an ext. Z of A BGE, 

ZABG=ZE + ZG, (?) 
ZE = ZABG-ZG, 
But, Z ABG is measured by ^ arc AG, 
and Z is measured by ^ arc^^D. (?) 

Z ^ is measured by ^ (arc AG — arc BD), 
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200. Cor. (Converse of § 196.) If ike 
opposite angles of a quadrilateral are supple- 
mentary, the quadrilateral can he inscribed in 
a cirde. 

Given, in quadrilateral ABCD, Z.A sup. ^ 
to Z C, and ZB to ZD; also, a circumfer- 
ence drawn through A, B, and C, (§ 176) 

To Prove that D lies on the circumference. 

Proof. Since ZD is sup. to Z B, it is measured by ^ arc 
ABC, (§ 193) 

Then, D must lie on the circumference; for if it were 
within the (D, ZD would be measured by -J- an arc > ABC', 
and if it were without the O, Z D would be measured by 
i an arc < ABC (§§ 198, 199) 

Pkop. XXVI. Theorem. 

201. The angle between a secant and a tangent^ or two 
tangents, is measured by one-half the difference of the inter- 
cepted arcs. 





Fig. S. 



1. Given AE a tangent to BDC at B, and EC a secant 
intersecting the circumference at C and D, (Fig. 1.) 

To Prove that ZE is measured by -} (arc BFC— arc j52>). 

(We have ZE=ZABC-ZC) 

2. (In Pig. 2, Z = Z ABD - Z BDE ; then use § 197,) 
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202. Cor. Since a circumference is an arc of 360**; we 
liave 

^ (arc BFD - arc BGD) 

= \ (360° - arc BGD - arc BQD) 

= 1 (360°-2arc-B(?Z>) 

= 180° - arc BOD. 
Then, Z ^ is measured by 180° — arc BQD. 
Hence, the angle between two tangents is measured by the 
supplement of the smaller of the two intercepted arcs. 

EXERCISES. 

11. If, in figure of § 197, arc BG = 107°, how many degrees are 
there in angles ABG and EBC? 

12. If, in figure of § 198, arc ^0= 74°, and ZAEC = 6l°, how 
many degrees are there in arc BD ? 

13. If, in figure of § 199, arc -40 = 117°, and ZC= 14°, how many 
degrees are there in angle E? 

14. If, in figure of § 199, -40 is a quadrant, and ZE = 39°, how 
many degrees are there in arc BD ? 

15. If, in Fig. 1 of § 201, qxqBFG = 197°, and arc GD = 76°, how 
many degrees are there in angle E ? 

16. If, in Fig. 1 of § 201, ZE = 53°, and arc BD is one-fifth of the 
circumference, how many degrees are there in arc BFG ? 

17. If, in Fig. 2 of § 201, arc BFD is thirteen-sixteenths of the 
circumference, how many degrees are there in angle E ? 

18. Three consecutive sides of an inscribed quadrilateral subtend 
arcs of 82°, 99°, and 67° respectively. Find each angle of the quad- 
rilateral in degrees, and the angle between its diagonals. 

19. Prove Prop. XXIV. by drawing through B a chord parallel to 
GD. (§ 172.) 

20. Prove Prop. XXV. by drawing through B a chord parallel 
to GD. 

21. Prove Prop. XXVI. for Fig. 1 by drawing through D a chord 
parallel to AE. 

22. An angle inscribed in a segment greater than a semicircle is 
acute ; and an angle inscribed in a segment less than a semicircle is 
obtuse. (§ 193.) 

S2ir 
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23. In an inscribed trapezoid the non-parallel sides are equal, and 
also the diagonals. 

(The non-parallel sides, and also the diagonals, subtend equal arcs.) 

24. If the inscribed and circumscribed circles of a triangle are con- 
centric, prove the triangle equilateral. (§ 165.) 

25. If AB and AC are the tangents from point A to the circle 
whose centre is O, prove Z BAC = 2 Z OBG. (Ex. 10, p. 87.) 

C 

26. If two chords intersect at right angles within 
the circumference of a circle, the sum of the oppo- 
site intercepted arcs is equal to a semi-circumfer- 
ence. 



27. Two intersecting chords which make 
equal angles with the diameter passing through 
their point of intersection are equal. (§ 165.) 

(Prove that OH = OK.) 



28. Prove Prop. XXIII. by drawing a radius 
perpendicular to BC. (§162.) v/? '\l 



29. If AB and AC are two chords of a circle making equal angles 
with the tangent at A, prove AB = AG. 

30. From a given point within a circle and not 
coincident with the centre, not more than two equal 
straight lines can be drawn to the circumference. 

(If possible, let AB, AC, and AD be three equal 
straight lines from point A to circumference BCD; 
then, by § 163, A must coincide with the centre.) 




31. The sum of two opposite sides of a circum- 
scribed quadrilateral is equal to the sum of the other 
two sides. (§ 174.) 

(To prove AB + CD = AD -i- BC.) 




c r 
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32. Prove Prop. VI. by superposition. Cxxv-^ CA '^J^T^ cX^<^J^ 

33. In a circumscribed trapezoid,- the straight line joimng^the 
middle points of the non-parallel sides is equal to one-fourth the 
perimeter of the trapezoid. (§132.) jj [.^^^^ • • t (^^^^^J 

34. If the opposite sides of a circumscribed quadrilaterai'are paral- Q 
lei, the figure is a rhombus or a square. (Ex. 31.) 

(Prove the sides all equal.) 

35. If tangents be drawn to a circle at the extremities of any pair 
of diameters which are not perpendicular to each other, the figure 
formed is a rhombus. (^Ix. 34.) 

36. If the angles of a circumscribed quadrilateral are right angles, 
the figure is a square. 

37. If two circles are ts^ngent to each other at point A, the tangents 
to them from any point in the common tangent which passes through 
A are equal. (§ 174.) 

38. If two circles are tangent to each other 
externally at point the common tangent which 
passes through A bisects the other two common 
tangents. (Ex. 37.) 

(To prove that FG bisects BC and DE.) 

39. The bisector of the angle between two tangents to a circle 
passes through the centre. 

(The bisector of the Z between the tangents bisects at rt. ^ the 
chord joining their points of contact.) 

40. The bisectors of the angles of a circumscribed quadrilateral 
pass through a common point. 

41. If AB is one of the non-parallel sides of a trapezoid circum- 
scribed about a circle whose centre is 0, prove AOB a right angle. 
(§ 175.) 

. B 

42. If two circles are tangent to each other 
internally, the distance between their centres is ^ 
equal to the differejifie of their radii. 



43. Prove the theorem of § 168 by drawing radii to the extremities 
of the chord. (Ax. 4.) 

44. Prove the theorem of § 202 by drawing radii to the points of 
contact of the tangents. (§ 192.) 

45. If any number of angles are inscribed in the same segment, 
their bisectors pass through a common point. (§ 193.) 
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46. Prove Prop. XIII. by Beductio ad Absurdum. (§f 164, leo.) 

47. Two chords perpendicular to a. third chord at its extremities 
are equal. (§ 168.) 



48. If two opposite sides of an inscribed qoadrilat- 
eral are equal and parallel, the figure is a rectangle. 
(Arc BCD is a semi-circuinference.) 



49. If the diagonals of an inscribed quadrilateral intersect at the 
ccMitre of the circle, the figure is a rectangle. (§ 195.) 



50. The circle described on one of the equal 
sides of an isosceles triangle as a diameter, bisects 
the base. (§ 195.) 



51. If a tangent be drawn to a circle at the ex- 
tremity of a chord, the middle point of the sub- 
tended arc is equally distant from the chord and 
from the tangent. 

(i^/> bisects Z^^O.) 



52. If sides AB, BC, and CD of an inscribed quadrilateral sab- 
tend arcs of 09°, 106°, and 78°, respectively, and sides BA and CD 
produced meet at and sides AD and BC a.t F, find the number of 
degrees in angles A ED and AFB, 

53. If is the centre of the circumscribed circle of triangle ABO, 
and OD be drawn perpendicular to BC, prove 

ZBOD = ZA. (§192.) 

54. If Z>, E, and F are the points of contact of sides AB, BCj and 
CA respectively of a triangle circumscribed about a circle, prove 

Z DEF = 90° - 1 A. (§ 202.) 

55. If sides AB and BC of an inscribed quadrilateral ABGD sub- 
tend arcs of 09° and 112°, respectively, and angle AED between the 
diagonals is 87°, how maiiy degrees are there in each angle of the 
quadrilateral ? 

56. If any number of parallel chords be drawn in a circle, their 
middle points lie in the same straight line. (§ 162.) 

57. What is the locus of the middle points of a system of parallel 
chords in a circle ? . . 
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58. What is the locmi of the middle pohits of 
of given length in a circle ? 

59. If two circles are tangent to each other, 
any straight line drawn through their point of 
contact subtends arcs of the same number of 
degrees on their circumferences. (§ 197.) 

(Let the pupil draw the figure for the case 
w]^en the (D are tangent internally.) 

60. If a straight line be drawn through the 
point of contact of two circles which are tan- 
gent to each other externally, terminating in 
their circumferences, the radii drawn to its 
extremities are parallel. (§ 73.) 

(Let the pupil state the corresponding theo- 
rem for the case when the © are tangent internally.) 

61. If a straight line be drawn through the point of contact of two y' 
circles which are tangent to each other externally, terminating in their " 
circumferences, the tangents at its extremities are parallel. (§ 73.) 

(Let the pupil state the corresponding theorem for the case when 
the ® are tangent internally.) 

62. If sides AB and DC oi inscribed quadrilateral ABCD be pro- 
duced to meet at E, prove that triangles ACE and BDE^ and also 
triangles ADE and BCE^ are mutually equiangular. 

(For second part, see § 196.). 

63. The sum of the angles subtended at the 
centre of a circle by two opposite sides of a circum- 
scribed quadrilateral is equal to two right angles. 
(§175.) 

(To prove AAOB + Z COD = 180°) 

64. If a circle is inscribed in a right triangle, 
the sum of its diameter and the hypotenuse is equal 
to the sum of the legs. (§ 174.) 



65. If a circle be described on the radius of another circle as a 
diameter, any chord of the greater passing through the point of con- 
tact of the circles is bisected by the circumference of the smaller. 
(§ 196.) 
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66. If sides AB and CD of inscribed quad- 
rilateral ABCD make equal angles with the 
diameter passing through their point of inter- 
section, prove AB = CD, (§ 165.) 

67. If angles A, B, and C of circumscribed quadrilateral ABCD 
are 128°, 07°, and 112°, respectively, and sides AB, BCy CD, and DA 
are tangent to the circle at points Gj and IT, respectively, find 
the number of degrees in each angle of quadrilateral EFGH. 

68. The chord drawn through a given point within 
a circle, p(?rpendicul{\r to the diameter passing through 
the point, is the least chord which can be drawn 
tlirough the given point. (§ 165.) 

(Given chords AB and CD drawn through P, and 
AB ± OP. To prove AB < CD.) 

69. If ADB, BEC, and CFA are angles inscribed in segments 
ABD^ BCEj and ACF, respectively, exterior to inscribed triangle 
ABC, prove their sum equal to four right angles. (§ 196.) 

Note. For additional exercises on Book II., see p. 222. 

CONSTRUCTIONS. 
Prop. XXVII. Pboblem. 

203. At a given point in a straight line to erect a perp^ 

dicular to that line. i 

First Method. 




2r"S S 5 
Given C any point in line AB. 
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Required to draw a line ± to AB at O. 
Construction. Take points D and E on AB equally dis- 
tant from C, 

With D and E as centres, and with equal radii, describe 
arcs intersecting at F, and draw line CF, 
Then, CF is ± to ^5 at 0, 

Proof. By cons., C and are each equally distant from 
D and E, 

Whence, OF is ± to DE at its middle point. (?) 
Second Method. 



9^' 



At 



Given C any point in line AB, 

Sequired to draw a line ± to AB at (7. 

Constrnction. With any point without line AB as a 
centre, and distance OC as a radius, describe a circumfer- 
ence intersecting AB at (7 and D. 

Draw diameter Z>^^, and line CE, 

Then, is ± to ^5 at O. 

Froof. Z DCE, being inscribed in a semicircle, is a 
ttZ. (§ 195) 

Vote. The second method of construction is preferable when the 
pdnt is near the end of the line. 

EXERCISES. 

lOi Given the base and altitude of an isosceles triangle, to con- 
RMl the triangle. 

fh Given an acute angle, to construct its complement. 
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Pbop. XXVni. Pboblkm. 

204. From a given point without a straiglU line to draw a 

perpendicular to that Urn, 



\ 



Given C any point without line AB, 

Required to draw from C a line ± to AB. 

Construction. With (7 as a centre, and any convenient 

nidi us, describe an arc intersecting AB B,t D and E. 

With J) and JiJ as centres, and with equal radii^ describe 
,'irc.s intersecting at F, 

Draw line Oi^: 

Then, CF±AB, 

Proof. Since, by cons., C and F are each equally distant 
I roni D and F, CF is ± to DE at its middle point (?) 



Prop. XXIX. Problem. 
205. To bisect a given straight line. 




Given line AB. 
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Bequired to bisect AB. 

Construction. With A and B as centres, and with equal 
radii, describe arcs intersecting at C and 2>. 
Draw line CD intersecting AB at E. 
Then, E is the middle point of AB. 
(The proof is left to the pupil.) 

Prop. XXX. Problem. 
206. To bisect a given arc. 




j 

\ I / 

i 

Given arc AB, 

Bequired to bisect arc AB, 

Construction. With A and B as centres, and with equal 
radii, describe arcs intersecting at O and D, 
Draw line CD intersecting arc AB at E. 
Then E is the middle point of arc AB. 
Proof. Draw chord AB. 

Then, CD is JL to chord AB at its middle point. (?) 
Whence, CD bisects arc AB, (§ 163) 

EXERCISES. 

72. Given an angle, to construct its supplement. 

73. Given a side of an equilateral triangle, to construct the tri- 
angle. 

74. To construct an angle of 60° (Ex. 73); of 30° (Ex. 71). 

75. To construct an angle of 120° (Ex. 72); of 160°. 
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Pkop. XXXI. Problem. 
207. To bisect a given angle. 




Given Z AOB. 

Eequired to bisect Z AOB, 

Gonstructioii. With as a centre, and any convenient 

radius, describe an arc intersecting OA at (7, and OB at D. 

With C and D as centres, and with the same radius as 
before, describe arcs intersecting at and draw line OE. 

Then, OE bisects Z AOB. 

Proof. Let OE intersect arc CD at 

By cons., and E are each equally distant from C and D, 

Whence, OE bisects arc CD at F (§ 206). 

ZCOF=ZDOF. (?) 

That is, OE bisects Z AOB, 

Prop. XXXII. Problem. 

208. With a given vertex and a given side, to construct an 
angle equal to a given angle. 




Given the vertex, and OA a side, of an Z, and Z 0\ 
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Beqnired to construct, with as the vertex and OA as a 
side, an Z equal to Z 0\ . 

Construction. With 0' as a centre, and any convenient 
radius, describe an arc intersecting the sides of Z 0' at 
and D ; and draw chord CD, 

With as a centre, and with the same radius as before, 
describe the indefinite arc AE. 

With ^ as a centi^ and CD as a radius, describe an arc 
intersecting arc AlE at B, and draw line OB, 

Then, ZAOB = ZO'. 

(The chords of arcs AB and CD are equal, and the propo- 
sition follows by §§ 157 and 155.) 



Prop. XXXIII. Problem. 

209. Through a given point without d given straight line, to 
draw a paraMel to the line. 



/F 



/O 



/E 



Oiven C any point without line AB. 
Required to draw through C a line || to AB. 
Construction. Through C draw any line EF, meeting 
AB at E, and construct Z FCD = Z CEB. (§ 208) 

Then, CD \\ AB. (?) 



EXERCISES. 

76. To construct an angle of 45° ; of 136° ; of 22^° ; of 67}*». 

77. Through a given point without a straight line to draw a line 
making a given angle with that line. 

(Draw through the given point a II to the given line.) 
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210. Given two angles of a triangle, to Jind the thircL 




Given A and B two A of a, A, 
Eequired to construct the third Z. 

Construction. At any point E of the indefinite line CD, 

construct Z 1)EF= Z A. (§ 208) 

AIho, Z FEG adjacent to Z DEF, and equal to Z ^. 
Then, Z CEG is the required Z. 
(The proof is left to the pupil.) 

Prop. XXXV. Problem. 
211. Given two sides and the included angle of a triangle, 




Given m and n two sides of a A, and their included 
Eequired to construct the A. 
Construction. Draw line AB = m. 

Construct Z i?^Z> = Z (§ 208) ' 

On AD take AC = n, and draw line BC 
Then, ABC is the required A. 

212. Sch. The problem is possible for any values of 
the given parts. z 



V 
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Prop^ XXXVI. Problem. 

213. Given a side and two adjacent angles of a triangle, to 
construct the triangle. 





m 

Given a side m, and the adj. A A' and J5' of a A. 
(The construction is left to the pupil.) 

214. Sch. I. If a side and any two angles of a triangle 
are given, the third angle may be found by § 210, and the 
triangle may then be constructed as in § 213. 

215. Sch. n. The problem is impossible when the sum 
of the given angles is equal to, or greater than, two right 
angles. - (§84) 

Prop. XXXVII. Problem. 

216. Given the three sides of a triangle, to construct the 
triangle. 

m 




Given m, n, and p the three sides of a A. 
Eequired to construct the A. 
^ Construction. Draw line AB = m. 
s With ^ as a centre and n as a radius, describe an arc ; 
I ^ith as a centre and as a radius, describe an arc inter- 
dicting the former arc at (7, and draw lines AC and BG. 
Then, ABC is the required A. 
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217. Sch. The ])roblem is impossible when one of the 
given sides is equal to, or greater than^ the sum of the other 
two. (§ 61) 

Prop. XXXVIII. Problem. 

218u Giceii two sides of a triangle, and the angle opposite 
to one of them, to construct the triangle. 

Given m and n two sides of a A, and A* the Z opposite 

to 71. 

Eequired to construct the A. 

Construction. Construct Z DAE = ZA' (§ 208), and on 
AE take AH = m. 

With B as a centre and n as a radius, describe an arc. 

Case I. When A' is acute, and m > n. 

There may be three cases : 

1. The arc may intersect AD in two points. 




Let Oi and be the points in which the arc intersects 
AD, and draw lines BOi and ^C^. 

Then, either ABCi ABC2 is the required A. 

Note. This is called the ambiguous case. 

2. The arc may be tangent to AD, 
In this case there is but one A. 

And since a tangent to a O is JL to the radius drawn 
to the point of contact (§ 170), the A is a right A. 

3. The arc may not intersect AD at all. 
In this case the problem is impossible. 
Case n. When A is acute, ajid m = n. 
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In this case, the arc intersects AD in two points, one 
of which is A, 
Then there is but one A ; an isosceles A. 



Case nX Wlien A' is acute, and m<n. 




In this case, the arc intersects AD in two points. 

Let Ci and Ci be the points in which the arc intersects 
AD, and draw lines BCi and J5Cj. 

Now A ABCi does not satisfy the conditions of the prob- 
lem, since it does not contain the given Z A\ 

Then there is but one A ; A ABC2. 

Case IV. When A' is right or obtuse, and m<n. 
In each of these cases, the arc intersects AD in two 
points on opposite sides of A. 
Then there is but one A. 



219. Sch. If A' is right or obtuse, and m = n or m>n, 
the problem is impossible ; for the side opposite the right 
or obtuse angle in a triangle must be the greatest side of 
the triangle. (§ 99) 

The pupil should construct the triangle corresponding 
to each case of § 218. 

EXERCISES. 

78. Given one of the equal sides and the altitude of an isosceles 
triangle, to construct the triangle. 

What restriction is there on the values of the given lines ? 

79. Given two diagonals of a parallelogram and their included 
angle, to construct the parallelogram. (§ 111.) 
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Prop. XXXTX. Problem. 

220. Given two sides and the included angle of a paraUelO' 
gram, to construct the parallelogram. 



m 




Given m and n two sides, and A' the included Z, of a O. 
(The construction and proof are left to the pupil.) 

Prop. XL. Problem. 
221. To inscfiibe a circle in a given triangle. 




Given A ^£0. 
Eeqnired to inscribe a O in A ABC, 
Construction. Draw lines AD and BE bisecting A A and 
B, respectively (§ 207). 

From their intersection 0, draw line OM JL AB (§ 204). 
With as a centre and OM as a radius, describe a O. 
This O will be tangent to AB, BC, and CA 
(The proof is left to the pupil ; see § 1^5.) Vn / ^ 

EX. dp. To construct a right triangle, having given the (hypotenuse 
and an acute angle. 

(The other acute A is the complement of the given A,) 
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Prop. XLI. Problem. ^ 
222. To circumscribe a cirde about a given trian^e. 





Given A ABC. 

Beqnired to circumscribe a O about A ABC, 
Coiutniction. Draw lines DF and EG ± to AB and ACf 
respectively, at their middle points (§ 205). 
Let DF and EG intersect at 0. 

With as a centre, and OA as a radius, describe a O. 
The circumference will pass through ^1, B, and C. 
(The proof is left to the piipil ; see § 137.) 

223. Sch. The above constriiction serves to describe a 
circumference through three given points not in the same 
straight line, or to find the centre of a given circumference 
or arc. 



EXERCISES. 

81. To construct a right triangle, having given a leg and the oppo- 
site acute angle. 

(Construct the complement of the given Z.) 

82. Given the base and the vertical angle of an isosceles triangle, 
to construct the triangle. 

(Each of the equal A is the complement of one-half the vertical Z.) 

83. Given the altitude and one of the equal angles of an isosceles 
triangle, to construct the triangle. 

(One-half the vertical Z is the complement of each of the equal .4.) 

84. To circumscribe a circle about a given rectangle. 
(Draw the diagonals.) 
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Vrop. XLII. Problem. 

224. To draw a tangent to a circle through a given point 

on the circumference. 

B A C 




Given A any point on the circumference of O AD, 

Eequired to draw through A a tangent to O AD. 

Construction. Draw radius OA. 

Tlirough A draw line BC ± OA (§ 203). 

Then, BC wiJl be tangent to O AD. (?) 

Prop. XLIII. Problem. 

' 225. To draw a tangent to a circle through a given point 

without the circle. 

y " * • . 7? 




Given A any point without BC. 
Eequired to draw through A a tangent to O BC. 
Construction. Let O be the centre of QBC, and draw 
line OA. 

On OA as a diameter, describe a circumference, cutting 
the given circumference at B and C. 
Draw lines AB and AC. 
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Then, AB and AC are tangents to O BC. 
Proof. Draw line OB, 

Z ABO, being inscribed in a semicircle, is a rt. Z. (^) 
Therefore, AB is tangent to O BC, (?) 
In like manner, AC is tangent to O BC, 

Prop. XLIV. Probleiv^. 

226. Upon a given straight line, to descnbe a segment which 
shall contain a given angle. 




Given line AB, and Z A^, 

Eequired to describe upon AB a segment such that every 
Z inscribed in the segment shall equal Z A^, 
Construction. Construct Z BAC = Z A\ (§ 208) 

Draw line DE ± to AB at its middle point. (§ 205) 

Draw line AFl. AC, intersecting DE at 0. 
With as a centre and OA as a radius, describe O AMBN, 
Then, AMB will be the required segment. 

Proof. Let AOB be any Z inscribed in segment AMB, 



Then, Z ^6?^ is measured by ^ arc AZVB. (?) 
But, by cons., AC Jl OA, 

Whence, AC is tangent to O AMB, (?) 

Therefore, Z BAC is measured by ^ arc ANB, (§ 197) 

Z = Z = Z (?) 



Hence^ every Z inscribed in segment AMB equals Z 

(§ 194) 
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EXERCISES. 

83. Given the middle point of a chord of a circle, 
to constnict the chord. 

(Tu draw through Q a chord which is bisected 
at C.) 



A- 

86. To draw a line tanpent to a given circle and 

panillel to a given straight line. 

(To draw a tangent || AB.^ | 




87. To draw a line tangent to a given curcle and pezpendicular to 

a given straight line. 



88. To draw a straight line through a given point 
witliin a given acute Z, forming with the sides of 
the angle an isosceles triangle. 




89. Ciivon the ba.so, an adjacent angle, and the altitude of a tri- 
angle, to construct the triangle. 

(Draw a il to the base at a distance equal to the altitude.) 

90. Given the base, an adjacent side, and 
the altitude of a triangle, to construct- the 
triangle. 

Discuss the problem for the following cases : 
1. n>i). 2. n = |). 3. n<p. 

91. To construct a rhombus, having given its base and altitude. 
(Draw a II to the base at a distance equal to the altitude.) 
What restriction is there on the values of the given lines ? 

92. Given the altitude and the sides includ- 
ing the vertical angle of a triangle, to construct 
the triangle. 

What restriction is there on the values of 
the given lines ? 

Discuss the problem for the following cases : 
1. m < n or > n. 2. m = n. 





A 
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93. Given the altitude of a triangle, and the angles at the extremi- 
ties of the base, to construct the triangle. 

(The A between the altitude and an adjacent side is the complement 
of the A at the extremity of the base, if acute, or of its supplement, if 
obtuse.) 

94. To construct an isosceles triangle, having given the base and 
the radius of the circumscribed circle. 

What restriction is there on the values of the given lines ? 

95. To construct a square, having given one of its diagonals. 
195.) 

96. To construct a right triangle, having 
given the hypotenuse and the length of the 
perpendicular drawn to it from the vertex of 
the right angle. 

What restriction is there on the values of 
the given lines ? -■^\ ^ j-*- ^' ^ 

97. To construct a right triangle, having given the hypotenuse and 
a leg. 

What restriction is there on the values of the given lines ? 

98. Given the base of a triangle and the 
perpendiculars from its extremities to the other 
sides, to construct the triangle. (§ 225.) 

What restriction is there on the values of 
the given lines ? 

^ 99. To describe a circle of given radius tangent to two given 
intersecting lines. 

(Draw a II to one of the lines at a distance equal to the radius.) 

100. To describe a circle tangent to a given straight line, having 
its centre at a given point without the line. 

^ 101. To construct a circle having its centre in a given line, and 
passing through two given points without the line. (§ 163.) 
What reslarfction is there on the positions of the given points ? 

102. In a given straight line to find a point equally distant from 
two given intersecting lines. (§ 101.) 

103. Given a side and the diagonals of a parallelogram, to con- 
struct the parallelogram. 

What restriction is there on the values of the given lines ? 

104. Through a given point without a given straight line, to 
describe a circle tangent to the given line at a given point. (§ 163.) 



\ 
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105. Through a given point within a circle to ^^_7\ 
draw a chonl e(iiial to a given chord. (§ 164.) (a^ ^\\ 

What rt^Htriction is there on the position of the l/l 1^ j I 
givi'ii point? , V \ y I 

106. 'I'h rough a given point to descnoe a circle of given radius 

taii^icnt i.o a given straight line. 

(^Draw a || to the given line at a distance equal to the radius.) 



107. 'I'o drBcribc a circle of given radius 
timgrnt to two given circles. 

( To di'scribo a O of nulius m tangent to 
two ^ivi'n vs^ whose radii are n and respec- 
tively.) 

What restriction is there on the value of ? 




108. To (lesi'ribe a circle tangent to two given parallels, and pass- 
ing llirou.i;li a given point. 

Wh:it lestrietion is there on the position of the given point ? 

109. 'I'o (Irseribe a cirele of given radius, tangent to a given line 
and a j^ivt'ii eireh'. 

(^Draw a II to tlie given line at a distance equal to the given radius.) 

110. To eonstruet a parallelogram, having given a side, an angle, 
and the (liagt)nal drawn fn)ni the vertex of the angle. 

111. In a ^iven triangle to inscribe a rhombus, having one of its 

an.nles coincident with an angle of the triangle. 

(Bisect the Z which is common to the A and the rhombus.) 

112. To di'scribo a circle touching two given intersecting lines, 
one of them at a given point. (§ 109.) 



113. In a given sector to inscribe a circle. 
('I1ie problem is the same as inscribing a O in 
A 0'Ci>.) 
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114. In a given right triangle to inscribe a square, having one 
of its angles coincident with the right angle of the triangle. 

115. Through a vertex of a triangle to draw a straight line equally 

distant from the other vertices. 



THE CIRCLE. 



121 



116. Given the base, the altitude, and the vertical angle of a tri- 
angle, to construct the triangle. (§ 220. ) 

(Construct on the given base as a chord a segment which shall 
contain the given Z.) 

117. Given the base of a triangle, its vertical angle, and the 
median drawn to the base, to construct the triangle. 

xA 

118. To construct a triangle, having given the 
middle points of its sides. 

119. Given two sides of a triangle, and the 
median drawn to the third side, to construct 
the triangle. 

(Construct AABD with its sides equal to g 
w», n, and 2p, respectively.) 

What restriction is there on the values of 
the given lines ? 

120. Given the base, the altitude, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

(The centre of the circumscribed O lies at a distance from each 
vertex equal to the radius of the O.) 

121. To draw common tangents to two given circles which do not 
intersect. l\ l?^' 






(To draw esUerior common tangents, describe O AA^ with its radius 
equal to the difference of the radii of the given (D. 

To draw interior common tangents, describe O AA' with its radius 
equal to the sum of the radii of the given (D.) 

ITote. For additional exercises on Book II., see p. 224. 



f 



Book III. 

THEORY OP PROPORTION. -SIMILAB 
POLYGONS. 

DEFINITIONS. 

227. A Proportion is a statement that two ratios are 
equal. 

228. The statement that the ratio of a to 6 is equal to the 
ratio of c to cZ, may be Avritten in either of the forms 

a : 6 = c : (Z, or = 
o d 

229. TIkj first and fourtli terms of a proportion are called 
tlni oxtrcmoH^ and the second and third terms the means. 

IMk; iirst and tliird terms are called the antecedents, and 
the second and fourth terms the consequents. 

Thus, in the ])roportion a:b = c:dj a and d are the 
(^xtr(Mii(^s, b and c the means, a and c the antecedents, and 
h and d i\w, c-onsoquents. 

230. ir the means of a projiortion are equal, either mean 
is caned [imcan proportional between the first and last terms, 
ami th(j hist term is called a tJiird proportional to the first 
arni second terms. 

IMius, in 11 1(5 i)roportion a : 6 = 6 : c, & is a mean propor- 
l.ioual l>(;l\v(5(5n a and c, and c a third proportional to a and 6. 

231. A fourth 2^roportional to three quantities is the 
Fourth term of a proportion, whose first three terms are the 
thr(j() quantities taken in their order, 

'IMius, in the proportion a : 6 = c : cZ, d is a fourth propor- 
tional to a, b, and c. 

122 
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Prop. I. Theorem. 

232. In any proportion^ the product of the extremes is equal 
to the product of the means. 

Given the proportion a\h = c\d. 
To Prove ad = bc. 

Proof. By § 228, ? = 4 
d 

Multiplying both members of this equation by bd, 
ad = be, 

233. Cor. The mean proportional between two quantities 
is equal to the square root of their product. 

Given the proportion a:b = b:c, (1) 
To Prove b = Vac, 

Proof. From (1), b' = ac, (§ 232) 

b =Vac, 



Prop. II. Theorem. 

234. (Converse of Prop. I.) If the product of two quan- 
tities is equal to the product of two others, one pair may be 
made the extremes, and the other pair the means, of a 
proportion. 

Given ad = be, (1) 

To Prove a:b = c:d. 

Proof. Dividing both members of (1) by bd, 
ad_bc^ 
bd^bd 
a_ c 
b~d 
a:b = c:d, 
a:c = b:d, 
b : a = d:c, etc. 



Or, 

Then by § 228, 
In like manner. 
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Prop. III. Theorem. 

235. /n anff proj>ortion, the terms are in proportion by 
Ai/i KKNATioN ; that isy the first term is to the third as the 
Hvcnnd term in to the fourth. 

Oivea tlio proportion a:b = c:(L (1) 
To Prove a:c = b:d. 

Proof. From (1), ad = 6c. (§ 232) 

a:c = b:d. (§234) 

Prop. IV. Theorem. 

236. In antf proportion, the terms are in proportion by 
1 N\ KKsioN ; that in, the secoivd tei-m is to the first as the 
fnurth trrni in to the third. 

Given the i>r()portioii a:b = c:d. (1) 
To Prove b :a = d:c. 

Proof. From (1), ad = be. (?) 

b:a = d:c. (?) 

Prop. V. Theorem. 

237. In anff proportion, the terms are in proportion by 
('oMi'osiTiox ; that is, the sum of the first two terms is to 
the first term as the sum of the last two terms is to the third 
term. 

Given the j^roportion a:b = c:d. (1) 
To Prove a-\-b:a = c-[-d:c. 

Proof. From (1), ad = be, (?) 
Adding both members of the equation to ac, 

ac ad = ac be. 
Factoring, a(c + = c(a + b). 

.'. a-\-b:a = c + d:c. (§ 234) 

In like manner, a b ib = c d: d. 
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Prop. VI. Theorem. 

238. In any proportion, the terms are in proportion by 
Division ; that is, the difference of the first two terms is to 
the first term as the difference of the last two terms is to the 
third term. 

Oiven the proportion a :b = c:df (1) 
in which a>b and c>d. 

To Prove a — b:a = c — d:c. 

Proof. From (1), ad = be. (?) 

Subtracting both members of the equation from ac, 

ac — ad = ac — bc. 
Factoring, a(c — d)=. c(a — b). 

,\ a — b:a = c — d:c. (?) 
In like manner, a — b:b = c — d:d. 

Prop. VII. Theorem. 

239. In any proportion, the terms are in proportion by 
Composition and Division; thxU is, the s^im of the first 
two terms is to their difference as the sum of the last two 
terms is to their difference. 

Oiven the proportion a : 6 = c : d, (1) 
in which a>b and c>d. 

To Prove a + 6:a— 6 = c-f-c^:c — d. 

Proof. From(l), a±b^c_±d^ 237) 
a c 

and a--b^c--_d ,g 238) 

a c 

Dividing the first equation by the second, 
a + b _ c + d 
a—b c—d' 
••. a + b:a — b = c-\-d:c — d. 
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. * • = 

. ^' Prop. VIIL Thkobkm. ^\ ^ ^ 

TAD. In a series of equal ratios, the sum of aU tiie anJt/scJ 
dents is to the sum of all the consequents any antecedent 
is to its consequent. 

Given a : 6 = c : c? = e : /. (1) 

To Prove a4-c + e:6H-d4-/=d:&. 

Proof. We have ba = ab. 

AIho, from (1), be = ad, 

and be = of (?) 

Adding, ba -\- be be = ab + ad + af 

.'. 6(a-f-c + e) = a(6 + c2+/). 
a + c-\-e'.b-^d +/= a : 6. (?) 

Prop. IX. Theorem. 

241. Tn any proportion^ like powers or like roots of the 
teriiiH am in proportion. 

Given ilie i)roportion a : & = c : d. (1) 
To Prove a" : 2^** = c** : d*. 

Proof. Frorn(l), ^ = ^. 

b d 

RaiHing both members to the nth power, 
g" _ c** 

••. a** : 6** = c~ : d*. 
Tn like manner, : = : 

Note, 'i'hc ratio of two magnitudes of the Bame kind is equal 
tf> the ratio of tlieir numorical measures when referred to a common 
unit (§ IHIJ) ; hence, in any proportion involving the ratio of two 
iiiagiiitudcs of the same kind, we may regard the ratio . of the mag- 
nitudoH as replaced by the ratio of their numerical measures when 
referred to a common unit. 

Tlius, let AB^ CDy EFy and Gllhe four lines such that 
AB:CD = EF: GIT. 

Then, ABxGH=CDx EF, (| 282) 
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This means that the product of the numerical measures of AB and 
GH is equal to the product of the numerical measures of CD and EF. 

An interpretation of this nature must be given to all applications 
of §§ 232, 233 and 241. 

k^'/ EXERCISES. 

1. 'Find a fourth proportional to 65, 80, and 91. < ' ' ' 
**** 2. Find a mean proportional between 28 and 63. V * ' 
•—3. Find a third proportional to f and |. ^ * 

4. What is the second term of a proportion whose %r^, third, and 
fourth terms are 46, 160, and 224, respectively ? ^ ^ ^ 

PROPORTIONAL LINES. 

Prop. X. Theorem. 

242. If a series of parallels, cutting two straight lines, 
intercut equal distances on one of these lines, they also inter^ 
cept equal distances on the other, 

-4 





Given lines AB and AB' cut by lis CC\ DD\ EE\ and 
FF' at points (7, D, E, F, and D', E', F, respectively, 
so that CD=:DE = EF. 

To Prove OD' = D'E'= E'F'. 

Proof. In trapezoid CC'E'E, by hyp., DD' is II to the 
bases, and bisects CE ; it therefore bisects C*E', (§ 133) 
C'I)' = D'E'. (1) 

In like manner, in trapezoid DD'F'F, EE' is II to the 
bases, and bisects DF. 

... D'E' = EF'. (2) 
rrom (1) and (2), CD' = D'E' = E'F. (?) 
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243. Def. Two straight lines are said to be divided pro- 
piHiitHutllff when their corresponding segments are in the 
Niiiiu« ratio as the linos themselves. A E B 

Thus, liiu's Ali and CD are divided 1 1 1 

pnuMtrtioniilly if O ^ ^ 

AE^ BE^AB 
CF DF CD 



Vwow XI. Theorem. 

244. A }HtmUol to one side of a triangle divides the other 
tirn Hith'H proportionalh/, 

Omo I. UVa'H the siHjments of each side are commensik- 
rnhlv. 



Olvon, in A A lit \ sogmouts AD and BD of side AB 
noiiiiiHMiMiinibhs and lino DE II BC, meeting ^C7at E. 

Proof. Let /lA' \w a eoninion measure of AD and J5Z>; 
and Int, it' ht^ eontaiued 4 imes in AD, and^ times in BD. 



=1t- (1) 



DniwinK' IIh t-o liC tlirongh the several points of division 
cif Alt, AE will be divided into ^ parts, and CE into 
parlM, all of whieli parts are equals ' (§ 242) 

- * • (2) 



From (1) and (2), ^ = ^- (?) 
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Case n. Wlien the segments of each side are incommenr 
surable. 




Oiveii; in A ABC, segments AD and BD of side AB 
incommensurable, and line DE II BO, meeting AC at E. 

To Prove |^ = ^. 

BD CE 

Proof. Let AD be divided into any number of equal 
parts, and let one of these parts be applied to BD as a 
unit of measure. 

Since AD and BD are incommensurable, a certain num- 
ber of the equal parts will extend from D to B\ leaving a 
remainder BBf < one of the equal parts. 

Draw line B'C II BC, meeting AC at C, 

Then, since AD and BD are commensurable, 

= (§ 244, Case I.) 

Now let the number of subdivisions of AD be indefinitely 
increased. 

Then the unit of measure will be indefinitely diminished, 
and the remainder BB^ will approach the limit 0. 

AD AD 
Then, will approach the limit 

AE AE 
TFE^ approach the limit — — • 
C E CE 

By the Theorem of Limits, these limits are equal. (?) 

AD AE 



CE 
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245. Cor. I. We may write the result of § 244, ^ ^ 

AD:BD = AE: CE. '* (1) 

/vCVv^- AD^BD:AD==AE+CEiAE, (§ 237) 

\ .\ AB:AD:=AC:AE, (2) 

In like manner, AB :BD = AC :CE. (3) 

246. Cor. n. From (2), § 245, 

AB:AO = AD:AE, ^ ^^'^ 

and from (3), AB:AC=BD: CE. ' ' ' (§ 235) 

Then, by Ax. 1, ^ = 4^ = ^. ^ . (4) 

' AO AE CE o-^^ ^ 

247. Sch. The proportions (1), (2), (3), and (4), of 
§§ 245 and 246, are all included in the general statement, 

A parallel to one side of a triangle divides the other two 
sides proportionally. 

Prop. XII. Theorem. 

248. (Converse of Prop. XI.) A line which divides two 
sides of a triangle proportionally is parallel to the third side, 

A 




B C 
Given, in A ABC, line DE meeting AB and AC at D and 
E respectively, so that 

AB^AC 
AD AE 

To Prove DE II BC 

Proof. If BE is not II BC, draw line DF II BC, meeting 
AC at F. 

^^^ = ^^. (§ 247> 

AD AF 
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But by hyp., ^ = ^. 

AC^AC 
' ' AE AF 
AE = AR 

Then, DF coincides with DEy and DE II BO. (Ax. 3) 



Prop. XIII. Theorem. 

249. In any triangle, the bisector of an angle divides the 
opposite side into segments proportional to the adjacent si^^ 




V. 



B B 

Given line AD bisecting Z ^ of A ABC, Meeting BO at D. 

To Prove = 

DO AO 

Proof. Draw line BE II J.Z>, meeting OA produced at E, 
Then, since lis AD and are cut by AB, 

ZABE = ZBAD. (?) 
And since lis AD and BE are cut by OE, 

Z AEB = Z OAD, (?) 
But by hyp., ZBAD = Z OAD, 

ZABE = ZAEB. (?) 
^5 = ^^. (?) 
Kow since AD is II to side BE of A BOE, 

Putting for AE its equal ^B, we have 
DB^AB 
DO AG 
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250. Def. The segments of a line by a point are the dis- 
tances from the point to the extremities of the line, whether 
the point is in the line itself, or in the line produced. 

Prop. XIV. Theorem. 

251. In any triangle the bisector of an exterior angle divides 
the opposite side externally into segments proportional to the 
adjacent sides, 

Note. The theorem does not hold for the exterior angle at the 
vertex of an isosceles triangle. 

E 



Given line AD bisecting ext. Z BAE of A ABCj meeting 
CB produced at Z>. 

To Prove 

DC AC 

(Draw BF II AD ; then Z ABF = Z AFB, and AF=AB\ 
BF a II to side ^ of A ACD.) 

SIMILAR POLYGONS. 

252. Def. Two polygons are said to be similar if they 
are mutually equiangular (§ 122), and have their homolo- 
gous Sides (§ 123) proportional. 

B 

A( / .X^Cf 





JEJ D W D' 

Thus, polygons ABCDE and A'B'C'D'E' are similar if 
ZA = ZA', ZB = ZB',GtG., 
AB ^BC ^ CD 
A'B' B'C OD'' 



and, ^ = ^ = ii^,eta 

^ AiT>i -uini nfrkf^ 



253. Sch. The following are given for reference : 

1. In similar polygons, the homologous angles are equal, 

2. In similar polygons, the homologous sides are propor- 
tional. 

Prof. XV. Theorem. 

254. Two Mangles are similar when they are mutually 
equiangular. 





GivenTin A ABO and A'B'C, 

ZA = ZA', ZB=ZB',2indZC=Za. 

To Prove A ABC and A'B'O similar. 

Proof. Place A^'^'O'in the position ADE-, ZA coin- 
ciding with its equal Z A, vertices B^ and C" falling at D 
and E, respectively, and side 5'(7' at DE, 

Since, by hyp., Z ADE = ZB, DE II BO, (?) 

AB AO^ ,g 247) 

AD AE ^ 

4. • AB AO ... 

That IS, = W 

In like manner, by placing A A'B'O* so that Z B' shall 
coincide with its equal Z B, vertices A^ and O falling on 
sides AB and BO, respectively, we may prove 
AB BO 



A'B' B'O' 



(2) 



From (1) and (2), ^, = ^, = |§- (?) 

Then, A -45(7 and A'B'O' have their homologous sides 
proportional, and are similar. (§ 252) 
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255. Cor. I. Two triangles are similar when two angles of 
one are equal respectively to two angles of the other, 

YoT their remaining A are equal each to each. (§ 86) 

256. Cor. n. Two right triangles are similar when an 
acute angle of one is equal to an acute angle of the other. 

257. Cor. in. If a line be dratm between two sides of a 
triangle parallel to the third side, the tri- 
angle formed is similar to the given 
triangle. 

Given line DE II to side BO of 
A ABO, meeting and AO at D 
and Ey respectively. 

To Prove AADE similar to A ABO. 

(The A are mutually equiangular.) 

258. Sch. In similar triangles, the homologous sides lie 
opposite the equal angles. 

Prop. XVI. Theorem. 

259. Two triangles are similaf when their homologoits 
sides are proportional, 

A 




D £f 
Given, in A ABO and A'B'O', 

AB AO BO 




A'B' A'O' B'O 
To Prove A ABO and A'B'C similar. 
Proof. On AB and AO, take AD = A'B^ and AE = A^O. 
Draw line DE ; then, from the given proportion, 

AB^AO 

AD AE 
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DE II Ba (§ 248) 

Then, A ADE and ABC are similar. (§ 257) 

. AB_BC AB _BC o.o 9x 

"AD-'DE'''' A^'^DE' (§253,2) 

But by hyp, 2^ = ^- 

DE = B'a. . 
A ^Z>^ = A A'B'a. ^ ' (§ 69) 
But, A ADE has been proved similar to A ABC. 
Hence, AA^B'O is similar to A ABC 

260. Sch. To prove that two polygons in general are 
similar, it must be shown that they are mutually equiangu- 
lar, and have their homologous sides proportional (§ 252) ; 
but in the case of two triangles, each of these conditions 
involves the other (§§ 254, 259), so that it is only neces- 
sary to show that one of the tests of similarity is satisfied. 

Prop. XVII. Theorem. 

261. Two triangles are similar when they have an angle of 
one equal to an angle of the other, and the sides including these 
angles proportional. 





B ~ 
Given, in A ABC and A'B'C, 

Z^-Z^,and— . 

To Prove A ABC and ^'J?' (7* similar. 
(Place A A'B'O in the position ADE ; by § 248, DE II BGy 
the theorem follows by § 257.) ^ 
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Prop. XVIII. Theorem. 

262. Two triangles are similar when their sides are paral- 
lel each to each, or perpendicular each to each. 




Fig. 1. tig. t. Fig. 5. 



Oiven sides AB^ AO, and BC, of A ABC, II respectively 
to sides A'B', A'C\ and B'O' of AA^BV in Fig. 2, and ± 
respectively to sides A'B', A'C, and B'O of AA'B'-O in 
Fig. 3. 

To Prove A ABO and A' B'O similar. 

Proof. Since the sides oiAA and A' are II each to each, 
or A- each to each, A A and A' are either equal or supple- 
mentary. (§§ 81, 82, 83) 

In like manner, A B and B', and A O and O, are either 
equal or supplementary. 

We may then make the following hypotheses with regard 
to the A of the A : 

1. A + A' = 2Tt. A, B + B' = 2 Tt. A, (7 + (7 = 2 rt. A 

2. A-\-A' = 2Tt A, B-^B' = 2 rt. A, 0= O', 
^A^A'^2xt,,..^. M^B^r CT + (7=Yrt A. 

4. A = A', 5 + ^ = 2rt. 4 C+C^^^-^Tlr^^ 

5. A = A', B=B', whence 0= (7. (§86) 

The first four hypotheses are impossible; for, in either 
case, the sum of the six A of the two A Avould be > 4 rt. A. 

(§ 84) 

We can then have only A = A',B = B', and = O'. 
Therefore, A ABO and A'B'O are similar. (§ 254) 
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263. Sch. 1. In similar triangles wJiose sides are parallel 
each to eo/ch, the parallel sides are homologous. 

2. In similar triangles whose sides are perpendicular each 
to each, the perpendicular sides are homologous, 

Pbop. XIX. Theorem. 

264. The homologous altitudes of two similar triangles are 
in the same ratio as any two homologous sides. 

A, 





B D C B' ly C 

Given AD and AD^ homologous altitudes of similar 
A. ABC arid A'B^O, 

To Prove AE^^AB^A^^BC_^ 
A'D' A'B' AC BO 

(Rt. JkABD and ABD^ are similar by § 256.) 

265. Sch. In two similar triangles, any two homologous 
lines are in the same ratio as any two homologous sides. 

EXERCISES. 

5. The sidea of a triangle are AB = S, BG=Qy and CA=7 ; find 
the segments into which each side is divided by the bisector of the 
opposite angle. 

6. The sides of a triangle are AB = 5, BC7= 7, and CA = S; find 
the segments into which each side is divided by the bisector of the 
exterior angle at the opposite vertex. 

7. The sides of a triangle are 5, 7, and 9. The shortest side of 
a similar triangle is 14. What are the other two sides ? 

8. Two isosceles triangles are similar when their vertical angles 
are equal. (§ 256.) 

9. The base and altitude of a triangle are 5 ft. 10 in. and 8 ft. 

6 in., respectively. If the homologous base of a similar triangle is 

7 it. 6 in., find its homologous altitude. 
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Prop. XX. Theorem. 

266. Two polygons are similar when they are composed of 
the same number of triangles, similar ea/oh to each, and 
similarly placed. 





Given, in polygons AO and A'C, A ABE similar to 
AA'B'E', ABCE to AB'CE', and A ODE to A C'D'E\ 
To Prove polygons AO and A^O similar. 
Proof. Since A ABE and A'B'E^ are similar, 

ZA = ZA\ (?) 
Also, Z ABE = Z A'B'^E^. 

And since A BOE and B'C'E' are similar, 
ZEBO=ZE'B^a. 
. •. Z ABE + Z EBO = Z A'B'E' + Z E'B'C 
Or, ZABO=ZA'B'0', 
In like manner, Z BOD = Z B'0'D\ etc. 
Then, AO and A'O' are mutually equiangular. 
Again, since A ABE is similar to A A'B'E', and A BOE 
to A B'OE', 

- and -^ = -^^. (?) 



A'B' BE' B'E' B'O 
. AB _ BO 
" A'B' B'O' 



(?) 



T VI AB BC CD . 

In hke manner, ^'S' = B'C^ = C-ZV' 



Then, AG and AC^ have their homologous sides propor- 
tional. 

Therefore, AO and A^O^ are similar. CS 
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Pbop. XXI. Theorem. 

267. (Converse of Prop. XX.) Two similar polygons 
may be decomposed into the same number of triangles, similar 
each to each, and similarly placed. 





Oiven E and E' homologous vertices of similar polygons 
AC and A'O, and lines EB, EC, E'B', and E'C. 

To Prove A ABE similar to A A'B'E', A BCE to 
AB'CE', and ACBE to ACD'E'. 

Proof. Since polygons AC and AC are similar, 

ZA = ZA' and AK^A^, (?) 

A'E' A'B' ^ ' 

Then, A ABE and ABE are similar. (§ 261) 

Again, since the polygons are similar, 

A ABC ^ A ABC, 

And since A ABE and A'B'E' are similar, 

Z ^J5; = Z ABE, 

Z ABO - Z = Z AB'C - Z ABW. 

Or, ZEBC = ZEB'C, 

AB BO 



Also, since the polygons are similar. 



And since A ABE and AB'E' are similar. 



AB' B'C 

AB BE 



I'B' B'E' 

BO ^ BE 



BC BE' 

Then, since Z EBO = Z E'BC, and ^ = A J5C^ 

and ^'C^' are similar. (?) 
•In like manner, we may prove A ODE and C'D'E' similar. 
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Prop. XXII. Theorem. 

268. Tlie perimeters of two similar polygons are in the 
same ratio as any two homologom sides. 



Given AB and A'B', BO and B'C\ CD and 0'D\ etc., 
homologous sides of similar polygons ^(7 and A^C, 
To Prove 

AB+ BC-\'C D + etc. ^ AB ^ BO ^ CD . 
A'B' + B'C H- 0'2>' + etc. A'B' B'O' CD'' ' 
(Apply § 240 to the equal ratios of § 252.) 



269: If a perpendicular be drawn from the vertex of the 
right angle to the hypotenuse of a right triangle, 

I. Tlie triangles formed are similar to the whole triangle, 
and to each other. 

II. TJie perpendicular is a mean proportional between the 
segments of the hypotenuse. 

III. Either leg is a mean proportional between the whole 
hypotenuse and the adjacent segment. 



A 




Prop. XXIII. Theorem. 




Given line CD ± hypotenuse AB of rt. A ABC. 




I. To Prove A ACD and BCD similar to A ABQy and to 
each other. 



Proof. In rt. A AQD and ABC, 

Then, A ACD is similar to A ABC, (§ 256) 

In like manner, A BCD is similar to A ABC 
Then, A ACD and BCD are similar to each other, for 
each is similar to A ABC. 

II. To Prove AD. CD^CD.BD, 
Proof. Since A ACD and BCD are similar, 

Z ^OD = Z;B and Z ^ = Z J5C2>. (§ 253, 1) 
In A ACD and and CD are homologous sides, 

for they lie opposite the equal A ACD and jB, respectively ; 
also, CD and 5Z) are homologous sides, for they lie opposite 
the equal A A and BCD^ respectively. (§ 258) 

/. AD'. CD^CDiBD. (?) 

III. To Prove AB : AC=^ AC . AD. 
troot Since A ABC and ACD are similar, 

Z ACB=^Z ADC and Z J5 = Z ACD. (?) 
In A -4J5(7 and ACD, AB and are homologous sides, 
for they lie opposite the equal A ACB and ADC, respec- 
tively; also, AC and AD are homologous sides, for they lie 
opposite the equal A B and ACD, respectively. (?) 

.-. AB:AC=AC:AD. (?) 
In like manner, AB :BC = BC : BD. 

270. Cor. L Since an angle inscribed in a semicircle 
2^ is a right UQgle (§ 195), it follows that : 

If a perpendicular be drawn from any 
^ point in the circumference of a circle to 
^ a diameter J 

^ 1. The perpendicular is a mean proportional between the 
^^^segments of the diameter. 
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2.' c/iorc? joining tJie point to either extremity of the 
diameter is a mean proportional between the whole diameter 
and the adjacent segment, 

271. Cor. n. The three proportions of § 269 give 

Aa'=ABxAD, 
and BO^=ABxBD. (?) 

Hence, if a perpendicular be drawn from the vertex of the 
right angle to the hypotenuse of a right triangle, 

1. The square of the perpendicular is equal to the product 

/of the segments of the hypotenuse, 
^ 2. The square of either leg is equal to the product of the 
whole hypotenuse and the adjacent segment. 

As stated in Note, p. 126, these equations mean that^the 
square of the numerical measure of CD is equal- to the 
product of the numerical meavtres of AD and BD^ etc. 

Prop. XXIV. Theorem. 

272. In any right triangle, the square of the Hypotenuse 
is equal to the sum of the squares of the legs. 




A fi D B 

Oiven AB the hypotenuse of rt. A ABC. 
To Prove AB" = AC" + BO^- 

Proof. Draw line CD ± AB, 
Then, AiO' = ABxAD, 

and BC^ = ABxBD, 

Adding, AC" + BC'==AB x (AD + BD) 
Aff =^ AiO^ + BC^. 



(§ 271, 2) 
=^ABxAR 
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273. Cor. I. It follows from § 272 that 

AC^ = A&-BG\ and BC^ = A^'-AO^, 
That is, in any right triangle^ the square of either leg is 
equal to the square of the hypotenuse, minus the square of 
the other leg. 

274. Cor. n. If AC is a diagonal of square ABCD, 
AC' = AB' + B0^ = A& + AS'. (§ 272) . 

Dividing both members by AB^, 
i^ = 2, or 4g=V2. 

Hence, the diagonal of a square is incommensurable with 
its side (§ 181). 

EXERCISES. 

10. ' The perimeters of two similar polygons are 119 and 68 ; if a 
side of the first is 21, what is the homologous side of the second ? 

11. What is the length of the tangent to a circle whose diameter 
is 10, fronva point whose distance from the centre is 17 ? 

12. ^f^at is the length of the longest straight line which can be 
drawn on a floor 33 ft. 4 in. long, and 16 ft. 8 in. wide ? 

13. A ladder 32 ft. 6 in. long is placed so that it just reaches a 
window 26 ft. above the street ; and when turned about its foot, just 
reaches a window 16 ft. 6 in. above the street on the other side. Find 
the width of the street. 

14. The altitude of an equilateral triangle is 5 ; what is its side ? 

15. Find the length of the diagonal of a square whose side is 
1 ft. 3 in. 

16. One of the non-parallel sides of a trapezoid is perpendicular ; 
to the bases. If the length of this side is 40, and of the parallel sides 
31 and 22, respectively, what is the length of the other side ? 

17. The length of the tangent to a circle, whose diameter is 80, 
from a point without the circumference, is 42. What is the distance 
of the point from the centre ? 

18. If the length of the common chord of two intersecting circles 
is 16, and their radii are 10 and 17, what is the distance between 
their centres ? (§ 178.) 
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DEFINITIONS. 

275. The projection of a point upon a straight line of 
indefinite length, is the foot of the per- 
pendicular drawn from the point to the 
line. 

Thus, if line AA^ be perpendicular to 
line CZ>, the projection of point A on 
line CD is point A^, 

276. The projection of a finite straight line upon a straight 
line of indefinite length, is that portion of the second line 
included between the projections of the extremities of the 
first. 

Thus, if lines AA and BB^ be perpendicular to line CDy 
the projection of line AB upon line CD is line AB\ 

Prop. XXV. Theorem 

277. In any triangle , the square of the ^de opposite an 
acute angle is equal to the sum of the squares of the other 
two sides, minus twice the product of one of these aides and 
the projection of the other side upon it. 




Fig. 1, Fig. S. 



Oiven C an acute Z of A ABC, and CD the projection of 
side AC upon side CB, produced if necessary. (§ 27 G) 

ToProve AB' = BC' AO" -2 BC xCD. 
Proof. Draw line AD] then, AD± CD. (§ 276) 

There will be two cases according as D falls on CB 
(Fig. 1), or on CB produced (Fig. 2). 
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In Fig. 1, BD = BC -CD. ^ 

InFig. 2, BD^CD-BC. 

Squaring both members of tjie equation, we have by the 
algebraic rule for the square of the difference of two num- 
bers, in either case, 

BD' = BC^-\-Wr-2BC XCD. . y^-^ I ^ %^ 
Adding ^^>^ to both members^ ^ 
^A&-^SD^=^^P' + ^-^C^J-2B0xCD, 
But in rt. A ABD and AOD, 

ad^ + bd' = a^, y^c / 

and ad" CL^ = AC^, " ^(§ 272) 

Substituting these values, we have 

^ - Aff = BC" + Ap' - 2 BC X OD 

Prop. XXVI. Theorem. 

278. In any triangle having an obtuse angle, the square pf 
the side opposite the obtuse angle is equal to the sum of Me 
squares of the other two sides, plus twice the product of one of 
these sides and the projection of the other side upon it. 




Given C an obtuse Z of A ABC, and CD the projection 
of side AC upon side BC produced. 

To Prove Iff = BGI + AC' + 2 BC x CD. 

(We have BD== BC + CD; square both members, using 
the algebraic rule for the square of the sum of two num- 
bers, and then add AD^ to both members.) 
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Prop. XXVII. Theorem. 

279. In any triangle, if a median he dravm from the vertex 
to the base, 

I.. Tlie sum of the squares of the other two sides is equal 
to twice, the square of half the base, plus twice the square of 
the median. 

II. The difference of the squares of the other two sides is 
equal to twice the product of the base ami the projection of the 
median upon the base. 




Oiven DE the projection of median CD upon base AB of 
A ABC; ajid AC >BC 

To Prove 1. AO" + BC^ = 2 A& + 2Cff. 

II. Aa'-^BC^ = 2ABxDE. 

Proof. Since AC > BG, E falls between B and D. 
Then, Z ADC is obtuse, and Z BDC acute. 
Hence, in A ADC and BDC, 

AC'' = AD^ + + 2 ^i) X DE, (§ 278) 
and BG' = BD'-[-W-2BDxDE. (§ 277). 

But by hyp., BD = AD. 

r. AC' = AD'+CD' + ABxDE, , (1) 

and W^^AD'+Clf-^ABxDE (2) 

Adding (1) and (2), we have 

AC^-\-B0^ = 2AD' + 2CD'. 
Subtracting (2) from (1), we have 

AC" -BC'=2ABx DE. 
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Prop. XXVIII. Theorem. 

280. If dny two chords he drawn through a fixed point 
within a circle, the product of the segments of one chord is 
equal to the product of the segments of the other. 




Oiven AB and A'B^ any two chords passing through fixqji 
point P within O AA'B, 

To Prove APx BP = AP x B'P. 
Proof. Draw lines AA and BB\ 
Then, in A AA!P and BB^P, 

ZA=ZB\ 

for each is measured by ^ arc AB. (?) 
In like manner, Z ^' = Z B. 

Then, A AA'P and BB'P are similar. (?) 
In similar ^ A AAP and BBP, sides AP and J5'P are 
homologous, as also are sides AP and BP, (§ 258) 

.-. AP:A'P=B'P:BP, (?) 
.-. APxBP= A'P X i^'P. (?) 

28L Sch. The proportion of § 280 may be written 
AP B'P AP_ 1 
A'P'^BP' A'P~BP' 
B'P 

If two magnitudes, such as the segments of a chord pass- 
ing through a fixed point, are so related that the ratio of 
any two values of one is equal to the reciprocal of the ratio 
of the corresponding values of the other, they are said to 
be reciprocally proportional. 
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Then, the theorem may be written, 

If any two chords he drawn through a fixed point within 
a drde, their segments are reciprocally proportional. 

Prop. XXIX. Theorem. 

282. If through a fixed point without a circle, a secant and 
a tangent he drawn, the product of the ichole secant and its 
external segment is equal to the square of the tangent. 




Given AP a secant, and CP a tangent, passing through 
fixei point P without O ABC. 

To Prove APx BP= CP. 

(/i A = Z. BCP, for each is measured by arc BC (?) ; 
then AACP and BCP are similar, and their homologous 
sides are proportional.) 

283. Cor. I. If through a fixed point without a circle a 
secant and a tangent he drawn, the tangent is a mean pro- 
portional between the tohole secant and its external segment, 

284: Cor. n. If any two secants 
be drawn through a fixed point without 
a circle, the product of one and its 
external segment is equal to the prod- 
uct of the other and its external seg- 
ment. 

Given P any point without Q) ABC, and AP and A*P 
secants intersecting the circumference at A and B, and A! 
and B\ respectively. 
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To Prove APxBP= A'P x i^'P. 

(We have AP x BP and AP x B'P each equal to CP.) 

' 285. Cor. in. If any two secants he drawn through a 
Jixed point without a circle, the whole secants and their ex- 
ternal segments are reciprocally proportional (§ 281). 

EXERCISES. 

19. Find the length of the common tangent to two circles whose 
radii are 11 and 18, if the distance between their centres is 25. /^^ ^ 

20. AB]& the hypotenuse of right triangle ABC, If perpendicu- 
lars be drawn to AS at A and meeting AC produced at 2>, and BO 
produced at prove triangles ACE and BCD similar. 

Prop. XXX. Theorem. 

286. In any triangle, the product of any tioo sides is equal 
to tJie diameter of the circumscribed circle, multiplied by the 
perpendicular draum to the third side from the vertex of the 
apposite angle. 




Oiven AD a diameter of the circumscribed QACD of 
A ABC, and line AEA.BO, 

To Prove AB x AC = AD x AE. 

(In rt. A ABD and ACE, Z 'D=: ZC-, then, the A are 
sinular, and their homologous sides are proportional.) 

287. Cor. In any triangle, the diameter of the circum- 
scribed circle is equal to the product of any two sides divided 
by the perpendicular drawn to the third side from the vertex 
}f the opposite angle. 
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Prop. XXXI. Theorem. 



288. In any triangle^ the product of any two sides is 
equal to the product of the segments of the third side formed 
by the bisector of the opposite angle, plus the square of the 
bisector. 



Oiven, in A ABC, line AD bisecting ZA, meeting BO 
at n. 

To Prove AB x AC= BD x DC + Aff, 
Proof. Circumscribe a O about A ABC', produce AD to 
meet the circumference at and draw line CE. 
Then in ^ABD and ACE, by hyp., 



In A ABD and ACE, sides AB ?jid AE are homologous, 




Z BAD = Z CAJE. 
Also, /.B = ZE, 

since each is measured by \ arc AC 
Then, A ABD and ACE are similar. 



(?) 




(§ 258) 

(?) 
(?) 



AD X -<iE? 



But 



AZ) X DE 



AD X (D-B + AD) 
ADx DE + Iff. 
BD X DC. 



(§ 280) 



.-. ABxAC 



BD X DC + Alf. 
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EXERCISES. 



21. The square of the altitude of an equilateral triangle is equal 
to three-fourths the square of the side. 

22. If AD is the perpendicular from A to side BC of triangle 
ABC, prove ^ ^ „ ^ 

Aff-AC^=:BD^- Cff. 

23. If one leg of a right triangle is double the other, the perpen- 
dicular from the vertex of the right angle to the hypotenuse divides 
it into segments which are to each other as 1 to 4. (§ 271.) 

24. If two parallels to side BC of triangle ABC meet sides A^-^ 
and AC aX, D and F, and E and 6r, respectively, prove 



CE CG EG ' 



-A 



25. C and Z> are respectively the middle points of a chord AB 
and its subtended arc. If AD — 12 and CD — 8, what is the diame- 
ter of the circle ? (§271.) | 

26. If AD and BE are the perpendiculars from vertices A and B 
of triangle ABC to the opposite sides, prove 

AC'.DC^BCxEC, 
(Prove ^ACD and BCE similar.) 

27. If 2>"i8 the middle point of side BC of triangle ABC, right- 
angled at C, prove AB^ - Aff = 3 C&. 

28. The diameters of two concentric circles are 14 and 50 units, 
respectively. Find the length of a chord of the greater circle which 
is tangent to the smaller. (§ 273.) i 

29. The length of a tangent to a circle from a point 8 units dis- 
tant from the nearest point of the circumference, is 12 units. What 
is the diameter of the circle ? 

(Let a; represent the radius.) v ^ .. 

r\30. The non-parallel sidea AD and BC of trapezoid ABCD inter- * 
sect at 0. If AB — 15, CD = 24, and the altitude of the trapezoid is j ? 
8, what is the altitude af triangle OAB ? (§ 204.) » , 

(Drawee: II ^i>.) "p.Xv :' ^ V 

31. If the equal sides of an isosceles right triangle are each 18 
units in length, what is the length of the median drawn from the 
vertex of the right angle ? 

32. The non-parallel sides of a trapezoid are each 53 units in 
length, and one of the parallel sides is 50 units longer than the other. 
Find the altitude of the trapezoid. 
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33. AB is a cliord of a circle, and CE is any chord drawn through 

' the middle point C of arc AB, cutting chord AB at 2>. Prove AC . 
a mean proportional between CD and CE, 
(Prove A ACIJ aiul ACE similar.) 

34. Two secants are drawn to a circle from an outside point. If 
their external segments are 12 and 9, respectively, while the internal 
segment of the former is 8, what is the internal segment of the latter ? 

*.) 

. If, in triangle ABC, ZC= 120°, prove 

AB^ = BC^ 4- AC' -\-ACx BC 
(Fig. of Prop. XXVI. A ^CZ> is one-half an equilateral A.) 

36. BC is the base of an isosceles triangle ABC inscribed in a 
circle. If a chord be drawn cutting BC at E, prove 

AD :AB=: AB : AE. 
(Prove AABD and ABE similar.) 

37. Two parallel chords on opposite sides of the centre of a circle 
are 48 units and 14 units long, respectively, and the distance between 
their middle points is 31 units. AVhat is the diameter of the circle ? 

(Let X represent the distance from the centre to the middle point 
of one chord, and -H — x the distance from the centre to the middle 
point of the ot her. Then the square of the radius may be expressed 
in two ways in terms of x.) 

38. ABO is a triangle inscribed in a circle. Another circle is 
drawn tangent to the first externally at C, and ^Cand BC are pro- 
ducei'i to meet its circumference at D and E, respectively. Prove tri- 
anj^lcs ABC and CBE similar. (§ 197.) 

(I)i*aw a common tangent to the (D at C. Then BC and CE are 
arcs of the same niiiiiber of degrees.) 

39. ABC ami A'BC are triangles whose ^, 

vertices A and A' lie in a parallel to their com- yye piX/ ' 
mon base BO. If a parallel to BC cuts AB / 
and AC fit 1) and E, and A'B and A'C at D' 

and K', respectively, prove DE = D'E', B c 

. (prove 
( V BO BO I 

\40.) A line parallel to the bases of a trapezoid, passing through 

the intersection of tlie diagonals, and terminating in the non-parallel 

sides, is bisected by the diagonals. (Ex. 39.) 

41. If the sides of triangle ABC are AB = 10, ' BC = 14,^ and 

CA = 16, find the lengths of the three medians. (§ 279, I.) 
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42. If the sides of a triangle s^e AB = 4, AC = o, and BO = 0, 
" find the length of the bisector of angle A. (§§ 2^ 28^ ) 

p 

43. The tangents to two intersecting circles 
from any point in their common chord produced 
are equal. (§ 282.) 

44. K two circles intersect, their common chc rvl produced bisects 
tbek common tangents. 

\45) AB and AC are the tangents to a circle fro ii point A. If CD 
be aniwn perpendicular to radius OB at D, prove 

AB:OB = BD: CD. 

(Prove A OAB and BCD similar by § 262.) 

46. ABC7 is a triangle inscribed in a circle. A li AD U drawn 
from A to any point of BC, and a chord BE i.s drawn, making 
ZABE=ZADa Prove 

ABx AC = ADx AE. 
(Prove AB i AE = AD : ^C) 

47. The radius of a circle is 22^ units. Find t':e 1' n_ih cf a chord 
which joins the points of contact of two taniseii!-, ( u ii :> > uniis in 
length, drawn to the circle from a point without i e <;:;('uinf 'renc-. 

(By § 271, 2, the radius is a mean projwrtiou I Ix iw< l h ilic dis- 
tances from the centre to the chord and to the p nat with' ait tiie < ir- 
cumference; in this way the distance from the centn^ to ihc cliord 
can be found.) 

48. If, in right triangle ABC^ acute angle B i ; double acute angle 
A, prove A& = 3 B^. (Ex. 104, p. 71.) 

49. Find the product of the segments of any clmrd drawn through 
ajKii^t 9 units from the centre of a circle whose dianu ter it> l'4 units. 

\^50/ The hypotenuse of a right triangle is 5, and the pcrni ndicular 
to it from the opposite vertex is 2f. Find the lei:-, and the sc «;iuents 
into wliich the perpendicular divides the hypotenuse. ^ § 27 1 . ) 
(Let X represent one of the segments of the liypotenusc.) 

51. State and prove the converse of Prop. X 11 f. 

(Fig. of Prop. XIII. To prove Z BAD = Z CAD. Produce CA to 
making AE = AB.) 

52. State and prove the converse of Prop. XIV. 
(Fig. of Prop. XIV. Lay off AF = AB.) 
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53. If Z> is the middle point of hypotenuse AB of right trian^^e 
' ABC, prove 

' ' C&=:\{Aff + BC^ -\- a^). (Ex. 83, p. 69.) 

54. If a line be drawn from vertex C of isosceles triangle ABC^ 
meeting base AB produced at D, prove 

^ C& - CTr = AD X BD, (§ 278.) 

ySoi If AB is the base of isosceles triangle ABC, and AD be drawn 
pe^^dicular to BC, prove 

3 Iff + Bff -\-2Cff = Iff + BC^ + CT. 
(We have 3 Aff = AD^ + 2 AD^.) 

56. The middle points of two chords are distant 5 and units, 
respectively, from the middle points of their subtended arcs. If the 
length of the first chord is 20 units, find the length of the second. 

(Find the diameter by aid of § 270, 1.) 

57. The sides AB and AC, of triangle ABC, are 16 and 9, respec- 
tively, and the length of the median drawn from (7 is 11. Find side 
BC. (§279, 1.) 

58. The diameter which bisects a chord whose length is 38| units, 
is 35 units in length. Find the distance from either extremity of the 
chord to the extremities of the diameter. 

(Let X represent one segment of the diameter made by the chord.) 

59. The equal angles of an isosceles triangle are eacli 30°, and the 
equal sides are es^ch 8 units in length. What is the length of the 
bagft^ (Ex. 104, p. 71.) 

^feo. jThe diagonals of a trapezoid, whose bases are AD and BC, 
int^s^t at E, If AE = 9, EC = 3, and BD = 16, find BE and 
ED. 

(A AED and BEC are similar. Find BE by § 237.) 

61. Prove the theorem of § 284 by drawing A'B and AB'. 

62. The parallel sides, AD and BC, of a circumscribed trapezoid 
are 18 and 6, respectively, and the other two sides are equal to each 
other. Find the diameter of the circle. 

(Find AB by Ex. 31, p. 100. Draw through 5 a || to CD.) 

63. An angle of a triangle is acute, right, or obtuse according as 
the square of the opposite side is less than, equal to, or greater than, 
the sum of the squares of the other two sides. 

(Prove by Beductio ad Absui'dum.) 

64. Is the greatest angle of a triangle whose sides are 3, 5, and 6, 
acute, right, or obtuse ? . — r- • ' 
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65J Is the greatest angle of a triangle whose sides are 8, 9, and 12, 
^ right, or obtuse ? qJuO^^ 

66. Is the greatest angle of a triangle whose sides are 12, 85, and 
37, acute, right, or obtuse ? ^^y^ 

67. If two adjacent sides and oneSof the diagonals of a parallelo- 
gram are 7, 9, and 8, respectively, find the other diagonal. 

(One-half of either diagonal is a median of the A whose sides are, 
respectively, the given sides and the other diagonal of the O.) 

68. If D is the intersection of the pei-pendiculars from the vertices 
of triangle ABC to the opposite sides, prove 

Aff - AC' = bI? - CT?. (§ 272.) 

69. If a parallel to hypotenase AB oi right triangle ABC meets 
AC and BC at D and respectively, prove 

AE^ 4- B& = AB' + DE'^, 

de diamieters of two circles are 12 and 28, respectively, and 
rfn(;e between their centres is 20. Find the length of the 
tangent which cuts the straight line joining the centres. 
(Find the ± drawn from the centre of the smaller O to the radius 
of the greater O produced through the point of contact.) 

71. State and prove the converse of Prop. XXIII., III. 
(Fig. of Prop. XXIII. ABC and ACD are similar.) 

72. State and prove the converse of Prop. XXIII., II. 

73. The sum of the squares of the distances of 
any point in the circumference of a circle from 
the vertices of an inscribed square, is equal to 
twice the square of the diameter of the circle. 
(§195.) _ _ _ 

(To prove P^^ +Pff -\-PC'^ + Pff=2 AC^.) 

74. 'ITie sides AB, BC, and CA, of triangle ABC, are 13, 14, and 
15, respectively. Find the segments into which AB and BC are di- 
vided by perpendiculars drawn from C and ^1, respectively. 

(^A BAC and A CB are acute by § 98. Find the segments by § 277.) 

75. In right triangle ABC is inscribed a square DEFG, having 
its vertices D and G in hypotenuse BC, and its vertices E and F 
in sides AB and AC, respectively. Prove BD : DE = DE : CQ, 

(Prove ^BDE and CFG similar.) 

Note. Eor additional exercises on Book III. , see p. 226. 
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CONSTRUCTIONS. 

Prop. XXXII. Problem. 

289. To divide a given straight line into any number o] 
equal parts. 




A 

Given line AB. 

Eequired to divide AB into four equal parts. 

Construction. On the indefinite line AC^ take any con- 
venient length AD 'j on DC take DE = AD; on EC take 
EF = AD ; on FC take FG = AD ; and draw line BG. 

Draw lines DH, EK, and FL II BGy meeting AB at Hy 
and respectively. 

AH= HK= KL = LB. (§ 242) 

Prop. XXXIII. Problem. 

290. To construct a fourth proportional (§ 231) to three 

given straight lines. 



Given lines m, and p, 

Required to construct a fourth proportional to rn^n, and jp. 
Construction. Draw the indefinite lines AB and ACf 
making any convenient Z with each other. 
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On JlB take AD = m ; on DB take DE = ?i ; on AC take 
AF = p. 

Draw line DF-, also, line EG II DF, meeting AC at G^. 
Then, jP'G is a fourth proportional to m, », and ^. 
Proof. Since DF is II to side EG of A ^^'6?, 

AD:DE = AF:FG. (?) 
That is, m:n=p:FG. 

291. Cor, If we take = n, the proportion becomes 

m:n = n: FG. 
In this case, FG is a ^^ird proportional (§ 230) to m and n. 

Prop. XXXIV. Problem. 

292. To construct a mean proportional (§ 230) between two 
given straight lines. 



.'*' 



n I _ . ^ 

u4" -7— ^ - yi; "(1 ^ 

Oiven lines m and n. 

Eequired to construct a mean proportional between m 
and n. 

Construction. On the indefinite line AE, take AB = 7n; 
on 5^ take BC—n. 

With as a diameter, describe the semi-circumference 
ADC 

Draw line BDA.AC, meeting the arc at D. 

Then, BD is a mean proportional between m and ?i. 

(The proof is left to the pupil ; see § 270.) 

293. Sch. By aid of § 292, a line may be constructed 
^nal to Va, where a is any number whatever. 

Thus, to construct a line equal to V3, we take AB equal 
to 3 units, and BC equal to 1 unit. 

Then, BD=-y/ABx BC (§ 232) = VSlTl = V3. 
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Prop. XXXV. Problem. 

294. To divide a given straight line into paHs proportional 
to any number of given lines, 

j^/ / 



G H 

Given line AB, and lines m, w, and p. 

Required to divide AB into parts proportional to m, n, 
and p. 

Construction. On the indefinite line AC, take AD = m ; 
on DC take DE = on EC take EF = p\ and draw line 
BF, 

Draw lines DG and EH II to BF, meeting AB at O and 
H, respectively. 

Then, AB is divided into parts AG, GH, and HB propor- 
tional to m, n, and p, respectively. 

Proof. Since 2)6? is II to side EH of A AEH, 

AH^AG^GH 
AE AD DE' 

That is, 4^=^_^ = ^. (1) 

AE m n ^ ^ 

And since EH is II to side BF of A ABF, 

AH^HB^HB 

AE EF p ' ^ ^ 

From (1) and (2), m 
m n p ^ ^ 



Ez. 76. Construct a line equal to V2 ; to V6 ; to VS.. 
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Prop. XXXVI. Problem. 

29S. Upon a given side, homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon, 

D 




Oiven polygon ABODE, and line A'B', 

Eequired to construct upon side A'B\ homologous to AB, 
a polygon similar to JlBCDE. 

Constrnction. Divide polygon ABODE into A by draw- 
ing diagonals EB and EO. 

At A' construct ZB'A'E' = ZA', and draw line B'E', 
making Z A'B'E' = ZABE, meeting A'E' at E'. 

Then, A A'B'E' will be similar to A ABE, (?) ^ ' 

In like manner, construct AB'O'E' similar to ABOE, 
and A OD'E' similar to A ODE. 

Then, polygon A'B'OD'E' will be similar to polygon 
ABODE. (§ 266) 

296. Def. A straight line is said to be divided by a 
given point in extreme and mean ratio when one of the seg- 
ments (§ 250) is a mean proportional between the whole 
line and the other segment. 

D A C B 

! \ ! I 

Thus, line AB is divided internally in extreme and mean 
ratio at O if 

AB'.AO=AO:BO', 
and extemdUy in extreme and mean ratio at 2> if 
AB:AD = AD:BD. 
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Pbop. XXXVn. Problem. 

297. To divide a given straight line in extreme and mean 
ratio (§ 296). 




:5 

Oiven line AB. 



0- 



Required to divide AB in extreme and mean ratio. ^ 
^ Constrnction. Draw line BEJlAB, and equal to \ABr 

^ With ^ as a centre and EE as a radius, describe O J5FG^. 
> Draw line AS cutting the circumference at F and G. 
^ ' ' ^ On ^ take AC = on jS^ produced, take AD = ^G. 

\ Then, ^5 is divided at C internally, and at D externally, 
in extreme and mean ratio. 

• — ^ ^ Proof. Since AG is a secant, and JlB a tangent, 

AG\AB=^ABiAF. . ^ (§ 283) 

.-. ^6?:^ = ^:^a 6^^^- (1) 
' . .\AG-AB'.AB = AB-AC:Aa (?) 

AB:AQ^AB^AC\Ba (?) 
But by cons., AB = 2BE = FG. (2) 
\ \ .'.AG-AB = AG-FG = AF = Aa 

Substituting, ABiAC^ACiBC. (3) 
Therefore, .45 is divided at C internally in extreme and 
mean ratio. 
^ • Again, from (1), 

AG-{-AB:AG = AB + AC*:AB. (?) 
-t^ But, AG + AB = AD-{-AB = BD. 

And by (2), AB + AO = FG ^ AF= AG. 
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BD:AG = AG:AB. 

AB :AG = AG :BD. (?) 
AB:AD = AD:BD. 

Therefore, AB is divided at D externally in extreme and 
mean ratio. 

298. Cor. If AB be denoted by m, and AC by x, propor- 
tion (3) of § 297 becomes 

.% = m(m - 0?) = - mx. (§ 232) 
Or, ar» + ww? = m2. 

Multiplying by 4, and adding to both members, 

Extracting the square root of both members, 

2x-\- m = ± mV5. 
Since x cannot be negative, we take the positive sign 
before the radical sign ; then, 

2x= mVE^m, 
... a?(or^(7) = ^(^^^X 

EXERCISES. 

77. To inscribe in a given circle a triangle similar to a given 
triangle. (§ 261.) 

(Circumscribe a O abont the given A, and draw radii to the 
vertices.) 

78. To circumscribe about a given circle a triangle similar to a 
given triangle. (§ 262.) 
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Prop. I., Theorem. 

299. Two rectangles having equal altitudes are to each 
other as their bases. 

Note. The words rectangle,'' " parallelogram," " triaugle," etc. , 
in the proposittons of Book IV., mean the amount of surface in the 
rectangle, parallelogram, triangle, etc. 

Case I. When the bases^are commensurable. 



K 




Given rectangles ABCD and EFGH, with equal altitudes 
AB and EF, and commensurable bases AD and EH. 
ABCD AD 



To Prove 



EFGH EH 



Proof. Let AK be a common measure of AD and EH, 
and let it be containecf^imes in AD, and^ times in EH. 



(1) 



■■ EH ^ 

Drawing Js to AD and EH through the several points of 
division, rect. ABCD will be divided into'^^arts, and rect. 
EFGH into Mparts, all of which parts are equal. (§ 114) 
. ABCD ^ 5. wv^. 



EFGH 
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(2) 
(?) 
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Given rectangles ABCD and EFGH, with equal altitudes 
AB and EF^ and incommensurable bases AD and EH, 
ABCD ^ AD 
EH 



To Prove 



EFOH 

Proof. Divide AD into any number of equal parts, and 
apply one of these parts to EH SiS a unit of measure. 

Since AD and EH are incommensurable, a certain num- 
ber of the parts will extend from E to K, leaving a re- 
mainder KH < one of the equal parts. 
Draw line KL ± EH, meeting FG at L. 
Then, since AD and EK are commensurable, 
ABCD ^ AD 
EK 



4^^. (§ 299, Case I.) 



EFLK 

Now let the number of subdivisions of AD be indefinitely 
increased. 

Then the unit of measure will be indefinitely diminished, 
and the remainder KH will approach the limit 0. 

Then, 



ABCD ^.|2 g^pppQa^j^ ^i^Q limit ^^^^^^ 



and 



EFLK 
AD 



EFGH 



will approach the limit 
EK EH 



By the Theorem of Limits, these limits are equal. 
ABCD ^ AD 
EH 



CO 



EFGH 

300. Cor. Since either side of a rectangle may be taken 
as the base, it follows that 

Two rectangles having equal bases are to each other as their 
altitudes. 
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Prop. II. Theorem. 



301. Any two rectaiigles are to each other as the prodiLcts 
of their bases by their altitudes. 





i 






M 


a' 


N 


\ 
j 

oj ^ 

! 


b 




b^ 


b 



Oiven M and N rectangles, with altitudes a and a', and 
bases b and b', respectively. 

M_ a xb 



To Prove 



a'xb' 

Proof. Let J? be a rect. with altitude a and base b'. 
Then, since rectangles M and B have equal altitudes, they 
are to each other as their bases. (§ 299) 

... ^=i^. (1) 
B b' ^ ^ 

And since rectangles B and N have equal bases, they are 

to each other as their altitudes. (^)^^ 

B^a 

" a'' 

Multiplying (1) and (2), we have 

M a xb 



(2) 



B N'^^ J!^ a' X 5' 



or — = 



DEFINITIONS. 

302. The area of a surface is its ratio to another surface, 
called the unit of surface, adopted arbitrarily as the unit of 
measure (§ 180). 

The usual unit of surface is a square whose side is some 
linear unit; for example, a square inch or a square foot, 

303. Two surfaces are said to be equivalent (=o=), when 
their areas are equal. 
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304. The dimensions of a rectangle are its base and 
altitude. 

Prop. III. Theorem. 

305. The area of a rectangle is equal to the pi'oduct of its 
base and altitude, 

ITote. In all propositions relating to areas, the unit of surface 
• (§ 302) is understood to be a square whose side is the linear unit 




N 



Oiven a and b, the altitude and base, respectively, of 
rect. M; and N the unit of surface, i.e., a square whose 
side is the linear unit. 

To Prove that, if ^is the unit of surface, 
area M= axb. 

Proof. Since any two rectangles are to each other as the 
produclis of their bases by their altitudes (§ 301), 
M _a X b 



= axb. 



1x1 

But since N is the unit of surface, the ratio of 3f to ^ is 
the area of M. (§ 302) 

area 3f = axb, 

306. Sch. I. The statement of Prop. III. is an abbrevia- 
tion of the following : 

If the unit of surface is a square whose side is the linear 
unit, the number which expresses the area of a rectangle is 
equal to the product of the numbers which express the 
lengths of its sides. 

An interpretation of this form is always understood in 
every proposition relating to areas. » 
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307. Cor. The area of a sqmre is equal to the square of 
its side. 

30a Sch. n. If the sides of a reo- I ; j ! | j 

tangle are multiples of the linear unit, the — |"y—r— p- j 

truth of Prop. III. may be seen by dividing ... r.4._"_|_4.J.__. 

the figure into squares, each equal to the ...|.4.._i„|...j._ 

unit of surface. L— i i ! i L- 

Thus, if the altitude of rectangle A is 

5 units, and its base 6 units, the figure can be divided into 
30 squares. 

In this case, 30, the number which expresses the area of 
the rectangle, is the product of 6 and 5, the numbers which 
express the lengths of the sides. 

Prop. IV. Theorem. 

309. The area of a parallelogram is equal to the product 
of its base and altitude, 

E B F 

A b D 

Oiven O ABCD, with its altitude DF=^ a, and its base 

To Prove area ABCD = axb. 
Proof. Draw line AE II BF, meeting CB produced at 
Then, AEFD is a rectangle. (?) 
In rt. A ABE and DCF, 

AB = DC, and AE = DF. (?) 
A ABE = A DCF. (?) 
Now if from the entire figure ADCE we take A ABE, 
there remains EJABCD ; and if we take A DCF, there 
remains rect. AEFD, 

.-. area ABCD = area AEFD =^axh, (§ 305) 
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310. Cor. I. Two paraJlelograms having equal bases and 
equal altitudes are equivalent (§ 303).^ ruvx j 

311. Cor. n. 1. Two parallelograms having equal alti- 
tudes are to each other as their bases. 

2. Two parallelograms having equal bases are to each other 
as their altitudes. 

3. Any two parallelograms are to each other as the products 
of their bases by their altitudes. 

Prop. V. Theorem. 

312. The area of a triangle is equal to one-half the product 
of its base and altitude. 




Oiven A ABC, with its altitude AE = a, and its base 
BC=b, 

To Prove area ABO = ^a x b, 

(By § 108, AC divides OABOD into two equal A.) 

313. Cor. I. Two triangles having equal bases and equal 
altitudes are equivalent, 

314. Cor. n. 1. Two triangles having equal altitudes are 
to ea>ch other as their bases, 

2. Two triangles having equal bases are to each other as 
their altitudes, 

3. Any two triangles are to each other as the products of 
their bases by their altitudes, 

31& Cor. m. A triangle is equivalent to one-half of a 
parallelogram having the same base and altitude. 
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Prop. VI. Theorem. 

316. The area of a trapezoid is equal to one-hay the sum 

of its bases multiplied by its altitude. 

D Z/ C 



Oiven trapezoid ABCD, with its altitude i)E equal to a, 
and its bases AB and DC equal to b and b', respectively. 
To Prove area ABCD = a x ^ (& + 6'). 

(The trapezoid is composed of two A whose altitude is a, ? , 
and bases b and b', respectively.) / ' 

317. Cor. Since the line joining the middle points of / 
the non-parallel sides of a trapezoid is equal to one-half the 
sum of the bases (§ 132), it follows that 

77ie area of a trapezoid is equal to the product of its alti- 
tude by the line joining the middle points of its non-paaxillel 
sides, 

31& Sch. The area of any polygon may be obtained by 

finding the sum of the areas of the triangles into which the 
polygon may be divided by drawing diagonals from any 
one of its vertices. 

But in practice it is better to draw the 
longest diagonal, and draw perpendicu- 
lars to it from the remaining vertices of 
the polygon. The polygon will then be 
divided into right triangles and trape- 
zoids ; and by measuring the lengths of 
the perpendiculars, and of the portions of the diagonal 
which they intercept, the areas of the figureg may be 
found by §§ 312 and 316. 




iLvv l ^ 

r 
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319. TVo «mi7ar triangles are to each other as the squares 
^»of their homolocioms sides, 
O 




Given AB and A'B' homologous sides of similar A ABC 
and A'B'C, respectively. 

ABC AS" 



To Prove , 

Proof. Draw altitudes CD and CD*. 

ABC AB X CD 



But, 



A'BC A'B X CD' 



V 



AB CD 
A'B CD'' 



CD AB 



CD' A'B' 
Substituting this value in (1), 



(§ 314, 3) 

(1) 
(§ 264) 



ABC 



AB ^ AB 

: X ' 



AB" 



A'BC A'B' A'B' JfB^ 

320. Sch. Two similar triangles are to each other as the 
squares of any two homologous lines. 

EXERCISES. 

1. If the area of a rectangle is 7956 sq. in., and its base 3^ yd., 
find its perimeter in feet. 

2. If the base and altitude of a rectangle are 14 ft. 7 in., and 6 ft. 
8 in., respectively, what is the side of an equivalent square ? 

3. Find the dimensions of a rectangle whose area is 168, and 
perimeter 62. 

(Let X represent the base.) 
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Prop. VIII. Theorem. 

321. Two triangles Jiaving an angle of one equal to an 
angle of the other, are to each otJier as the products of the 
sides including the equal angles. 




Given Z A common to A ABC and ASO. 

To Prove ABC_^ ABxAC ^ 
AB'C AB' X Aa 
Proof. Draw line B'C. 

Then A ABO and AB'C, having the common vertex C, 
and their bases AB and AB' in the same str. line, have the 
same altitude. 

ABC AB 



AB'C AB' 



(§ 314, 1) 



And A AB'C and AB'C, having the common vertex 
and their bases AC and AC in the same str. line, have the 
same altitude. 

AB'C ^ AC 
' * AB'C AC ' 
Multiplying these equations, we have 

ABC AB'C ABC ^ AB x AO 
AB'C AB'C' ^ AB'C AB' x AO' 

EXERCISES. 

4. The area of a rectangle is 143 sq. ft. 75 sq. in., and its base is 
3 times its altitude. Find each of its dimensions. 

(Let X represent the altitude.) 

5. The hypotenuse of a right triangle is 5 ft. 5 m., and one of its 
legs is 2 ft. 9 in. Find its area. 
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Prop. IX. Theorem. 

322. Two similar polygons are to each other as the squares 
of their homologous sides. 




Given AB and A^B' homologous sides of similar polygons 
AC and A'C, whose areas are K and K', respectively. 

To Prove §, = ~ 

Proof. Draw diagonals EB, EC, E'B\ and E'C. 

Then, A ABE is similar to A A'B'E\ (§ 267) 

ABE A& 



In like manner, 



BCE BC" AS 



(§ 319) 



BCE^ -WC^ AB^ 



and 7?g|=^. = -^- (§253,2) 



ABE BCE CDE 



A' BE' B'C'E' C'D'E' 
ABE 4- BCE 4- CDE _ ABE 



A'B'E' + B'C'E' + CD'E' A'B'E' 

K ^ ABE ^ Aff 
' ' K' A'B'E' JJb^' 



(§ 240) 



323. Cor. Two similar polygons are to each other as the 
squares of their perimeters. (§ 268) 
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A 

Pbop. X. Pboblem. 

u To eatress 

sides. 



j 324. To express the area of a triangle in terms of its three 



A 




D a B 

^ Given sides JBC, CA, and ABy of A ulBC, equal to ci^ &, 

and c, respectively. 
^ Eequired to express area ABC in terms of a, 6, and c. 

Solution. Let C be an acute Z, and draw altitude AD. 

... c2 = a2 4-&'-2axCD. (§ 277) 
Transposing, 2 a x CZ) = a' + — c*. 

••^^-—"2^ 

AI?=A^-CI? (§ 273) 

o = {AC^ CD){AC- CD) 



^ (2 a& -f + - (2 a6 - - y + 
4g2 

^ [(g + &)^-c^1 [c^-,(g-g>yi 
4g* 



5^ 

_ (g 4- 6 + c) (g 4- — c) jfc 4- q — (c — g + 6) /^^v 
J Now let g + d +c = 2s. 

: . '^T 7<^(2g-2c)(2.9-26)(2^~2g) 

K ^ 4g2 

Jl^sjs - g) (.s - Z/) - c) 
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325. Sch. Let it be required to find the area of a tri- 
angle whose sides are 13^ 14^ and 15. 

Let a = 13, 6 = 14, and c = 15 ; then 



6. Find the area of a triangle whose sides are 8, 13, and 15. 

7. The area of a square is 698 sq. yd. 4 sq. ft. ; find its side. 

8. If the altitude of a trapezoid is 1 ft. 4 in., and its bases 1 ft. 1 in. 
and 2 ft. 5 in. y reqiectiTely, what is its area ? 

9. If, in figure of Prop. VII., AB = 9, A^B^ - 7, and the area of 
-A'-B'C is 147, find area ABC, . 

• 10. If the sides of triangle ABO are ^5 = 25, ^C=17, and 
CA = 28, find its area, and the length of the perpendicular from each 
vertex to the opposite side. 

11. Find the length of the diagonal of a rectangle whose area is 
2640, and altitude 48. 

12. Find the lower base of a trapezoid whose area is 9408, upper 
base 70, and altitude 96. 

13. The area of a rhombus is equal to one-half the product of its 
diagonals. (§ 117.) 

14. The diagonals of a parallelogram divide it into four equivalent 
triangles. 

15. Lilies drawn to the vertices of a parallelogram from any point 
in one of its diagonals divide the figure into two pairs of equivalent 
triangiei. (Ex. 68, p. 67.) 

16. The area of a certain triangle is times the area of a similar 
triangle. If the altitude of the first triangle is 4 ft. 3 in., what is the 
homologous altitude of the second ? (§ 320.) 



5 = ^(13 + 14 + 15) = 21. 
Whence, a = 8, s — b = 7, and s — c = 6. 
Then, the area of the triangle is 



V21 X 8 X 7 X = V3x>^ X ?^ X 2x3 



= V2* X 32 X 72 = 22 X 3 X 7 = 84. 



EXERCISES. 



< A 
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326. Sch. Since the area of a square is equal to the 
square of its side (§ 307), we may state Prop. XXIV., 
Book III., as follows : 

In any right triangle, the square described upon the 
hypotenuse is equivalent to the sum of the squares described 
upon the legs. 

The theorem in the above form may be proved as follows : 




F ME 
Given ABEF, ACOff, and BCKL squares described upon 
hypotenuse AB, and legs AC and BC, respectively, of rt. 
A ABC. 

To Prove area ABEF= area ACOH-^ area BCKL. 

Proof. Draw line CD ± AB, and produce it to meet EF 
at ; also, draw lines BH and CF. 

Then in A ABH and ACF, by hyp., 

AB = AF and AH = AG. 

Also, ZBAH=^Z.CAF, 
for each is equal to a rt. Z -f Z BAC. 

AABH=AACF. (?) 

Now A ABH has the same base and altitude as square 
ACGH 

.-. area ABH=i area ACOH. (§ 316) 

And AACF has the same base and altitude as rect 
ADMF. 
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^ ' area AOF=i area ADMF. 

But, 9,ve2bABH=2Lve2iACF. 

.'. iBsesLACGH=^2ij[e3.ADMF, (?) 
or area ACQH = area ADMF. (1) 

Similarly, by drawing lines AL and OF, we may prove 

area BCKL = area BBME. (2) 
Adding (1) and (2), we have 

area ACGH+ area BCKL = area ABEF 

327. Sch. The theorem of § 326 is supposed to have 
been first given by Pythagoras, and is called after him the 
Pythagorean Theorem, 

Several other propositions of Book III. may be put in 
the form of statements in regard to areas ; as, for example, 
Props. XXV. and XXVI. 

EXERCISES. 

17. If EF is any straight Ime drawn through 
the ceutre of parallelogram A BCD, meeti;ig 
sides AD and BC at E and respectively, 
prove triangles BEF and CED equivalent. 
(Ex. 61, p. 66.) 

(Prove BEDF a O by ^ 112.) 

18. The side of an equilateral triangle is 5 ; find its area. (Ex. 
21, p. 161.) 

19. The altitude of an equilateral triangle is 3 ; find its area. 

20. Two triangles are equivalent if they /\ 
have two sides of one equal respectively to two j \ /\ 
sides of the other, and the included angles j \ / j^'^^K 
supplementary. D ' — ¥ — L — ^ B 

21. One diagonal of a rhombus is five-thirds of the other, and the 
difference of the diagonals is 8 ; find its area. (Ex. 13, p. 173.) 

22. If D and E are the middle points of sides BC and AC, respec- 
tively, of triangle ABC, prove triangles ABD and ABE equivalent. 
(180.) 
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^ 23. If E is the middle point of CD, one of the g 
non-parallel sides of trapezoid ABCD, and a par- j 
allel to AB drawn through meets EG at ^and / 

AD at prove parallelogram ABFG equivalent ^/ 

to the trapezoid. 

24. The sides AB, BC, CD, and DA of quadrilateral ABCD are 
10, 17, 13, and 20, respectiyely, and the diagonal AC is 21. Find the 
area of the quadrilateral. 

25. Find the area of the square inscribed in a circle whose radius 
is 3. 

(The diagonal is a diameter, by § 157.) 

26. The area of an isosceles right triangle is 81 sq. in.; find its 
hypotenuse in feet. 

(Represent one of the equal sides by x.) 
. 27. The area of an equilateral triangle is 9 V3 ; find its side. 
(Represent the side by x.) 

28. The area of an equilateral triangle is 16 V3 ; find its altitude. 
(Represent the altitude by a;.) 

29. The base of an isosceles triangle is 66, and each of the equal 
sides is 53 ; find its area. 

30. The area of a triangle is equal to one-half 
the product of its perimeter by the radius of the 
inscribed chrde. 

' "'^r — 

31. The area of an isosceles right triangle is equal to one-fourth 
the area of the square described upon the base. (§ 307.) 

32. If angle A of triangle ABC is 30°, prove 

area ^BC = J X 
(Draw CD ± AB ; then CD may be found by Ex. 104, p. 71.) 

33. A circle whose diameter is 12 is inscribed in a quadrilateral 
whose perimeter is 50. Find the area of the quadrilateral. 

(Compare Ex. 30, p. 176.) 

34. Two similar triangles have homologous sides equal to 8 and 15, 
respectively. Find the homologous side of a similar triangle equiva- 
lent to their sum. (§319.) ^ 

35. If E is any point within parallelogram ABCD, triangles AS& 
and CDE are together equivalent to one-half the parallelogram. 

(Draw through ^ a || to AB,) 
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36. The non-parallel sides, AB and C2>, of. a trapezoid are each 
25 units in length, and the ades AB and BC are 33 and 19 units, 
respectively. Find the area of the trapezoid. 

(Draw through J? a || to C2>, and a ± to AD,') 

37. If the area ol a polygon, one of whose sides is 15 in., is 375 
sq. in., what is the area of a similar polygon whose homologous side 
is 18 in.? 

^'SB, If the area of a polygon, one of whose sides is 36 ft., is 648 
sq. ft., what is the homologous side of a similar polygon whose area 
is392sq. ft.? 



39. If one diagonal of a quadrilateral bisects 
the other, it divides the quadrilateral into two 
equivalent triangles. 

(To prove A ABO =0= b.ACD,) 

40. Two equivalent triangles have a com- 
mon base, and lie on opposite sides of it. Prove 
that the base, produced if necessary, bisects ^ 
the line joining their vertices. 

(To prove CD= CD.) 



41. If the sides of a triangle are 15, 41, and 52, find the radius of 
the inscribed circle. (Ex. 30, p. 176.) 

42. The 'area of a rhombus is 240, and its' side is 17 ; find its 
diagonals. (Ex. 13, p. 173.) 

(Represent the diagonals by 2 x and 2 y,) 




^^^''^oint 




The sum of the perpendiculars from any 
lint within an equilateral triangle to the three 
sides is equal to the altitude of the triangle. 

D E . C 

44. The longest sides of two similar polygons are 18 and 3, respec- 
tively. How many i)olygons, each equal to the second, will form a 
polygon eqaivalent to the first ? (§ 322.) 

45. If the sides of a triangle are 25, 29, and 36, find the diameter 
of the circumscribed circle. (§ 287.) 

(The alUtade of a A equals its area divided by one-half its base.) 



J 
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46. If a is the base, and b one of the eq ual sides of an isosceles 
triangle, prove its area equal to J aV4 62 — a'K 

47. The sides AB and of triangle ABC are 15 and 22, respec- 
tively. From a point D in ABy a parallel to 5(7 is drawn meeting 
AC Sit E, and dividing the triangle into two equivalent parts. Find 
AD and AE, (§ 319.) 

48. The segments of the hypotenuse of a right triangle made by 
a perpendicular drawn from the vertex of the right angle, are 6| and 
9|, respectively ; find the area of the triangle. 

49. Any straight line drawn through the 
centre of a parallelogi-am, terminating in a 
pair of opposite sides, divides the parallelo- 
gram into two equivalent quadrilaterals. 
(Ex. 61, p. 66.) 

50. If E is the middle point of CD, one of the non-parallel sides 
of trapezoid ABCD, prove triangle ABE equivalent to \ABCD, 

(Draw through JS: a || to AB.) 

51. The sides of triangle ABC are AB = 13, BC = 14, and 
CA = 15. If AD is the bisector of angle A^ meeting BC at find 
the areas of triangles ABD and ACD, (§§ 249, 326.) 

52. The longest diagonal AD of pentagon ABCDE is 44, and the 
perpendiculars to it from (7, and E are 24, 16, and 16, respectively. 
U AB = 25, CD = 20, and ^ = 17, what is the area of the penta- 
gon ? (§318.) 

53. The sides of a triangle are proportional to the numbers 7, 24, 
and 25, respectively. The perpendicular to the third side from the 
vertex of the opposite angle is 13^^. Find the area of the triangle. 

(Represent the sides by 7sc, 24 x, and 25a;, respectively; the A 
is a rt. A by Ex. 63, p. 154.) 

54. If E and F are the middle points of sides AB and AC^ respec- 
tively, of a triangle, and D is any point in BC^ prove quadrilateral 
AEDF equivalent to one-half triangle ABC, 

(Prove A DEF^ i A ABC, by aid of Ex. 64, p. 67.) 

55. If Ey F, and H are the middle points 
of sides AB, BC, CD, and DA, respectively, of 
quadrilateral ABCD, prove EFOH a parallelo- 
gram equivalent to one-half ABCD. 

(By Ex. 64, p. 67, area EBF = \ area ABC.) 




H 



Note. For additional exercises on Book IV., see p. 220. 
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CONSTRUCTIONS. 

Prop. XI. Problem. 

328. To construct a square equivalent to the sum of two 
given squares. 




N 



A 



B 




Given squares M and JV. 

Sequired to construct a square =o=M+N, 

Construction. Draw line AB equal to a side of 3f. 
At A draw line AC±AB, and equal to a side of and 
draw line BC. 

Then, square P, described with its side equal to BC, will 

Proof. Inrt. A^O, 5c' = J2'4--iO'. (?) 

area P = area M+ area JV. (§ 307) 

329. Cor. By an extension of the above method, a square 
may be constructed equivalent to the sum of any number of 
given squares. 

Given three squares whose sides are equal to 
TUf n, and p, respectively. 

Beqnired to construct a square =o the sum of 
the given squares. Cf^^ 

Constmction. Draw line AB = m. 

Draw line AC ± ABj and equal to n, and 
line BC. 

Draw line CD ± BC, and equal to p, and line BD. 
Then, the square described with its side equal to BD will 
be =c= the sum of the given squares. 
(The proof is left to the pupil.) 



D 



p/ 



B 



180 



PLANE GEOMETRY.— BOOK IV. } 



Prop. XII. Problem. 

330. To construct a square equivalent to the difference of 
two given squares. 



B I 1 

i \ p 

L -V- I 

A yV D 

Oiven squares M and N, M being > N, 

Required to construct a square =o=M—y. 

Proof. Draw the indefinite line AD, 

At A draw line AB ± AD, and equal to a side of H. 

With JB as a centre, and with a radius equal to a side of 
M, describe an arc cutting AD at C, and draw line BC. 

Then, square P, described with its side equal to AC, will 
be =0= M- N. 

Proof. In rt. A ABC, AC^ = SO' - AB?. (?) 

area P= area M— area JV. (?) 



Prop. XTII. Problem. 

331. To construct a square equivalent to a given paral- 
lelogram. 

K H 

D C ' 



A E B F a 

Given O ABCD. 

Required to construct a square =0= ABCD. 

Construction. Draw line DE ± AB, and construct line 
FG a mean proportional between lines AB and DE (§ 292). 

Then, square FORK, described with its side equal to FQ, 
will be ^ ABCD. 
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Proof. By cons., AB iFQ = FQ : DE. 

.\F^ = ABxDE. (?) 
area FGHK = area ABCD. (?) 

332. Cor. A square may be constructed equivalent to a 
given triangle by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 



Ez. 56. To construct a triangle equivalent to a given square, 
having given its base and an angle adjacent to the base. 

(Take for the required altitude a tliird proportional to one-half the 
given base and the side of the given square.) 

Pbop. XIV. Pboblem. 

333. To construct a rectangle equivalent to a given square, 
having the sum of its base a/nd altitude equal to a given line. 





c n.^ 

-^"yf F 













Given square M, and line AB. 

Bequired to construct a rectangle =o= M, having the sum 
of its base and altitude equal to AB. 

ConBtruction. With AB as a diameter^ describe semi- 
circumference ADB. 

Draw line AC ± AB, and equal to a side of M. 

Draw line CF II AB, intersecting arc ADB at D, and 
line BE ± AB. 

Then, rectangle N, constructed with its base and altitude 
equal to BE and AE, respectively, will be =c= M. 

Proof. AE:DE=DE:BE. (§270,1) 

AExBE = DE^=AC\ (?) 
.•. area iV= area -3f. (?) 



1r 
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Prop. XV. Problem. 

334. To construct a rectangle equivalent to a given square^ 
having the difference of its base and altitude equal to a given 
line. 




i \!3 — 



-IB 



Given square M, and line AB. 

Eequired to construct a rectangle =0= M, having the differ- 
ence of its base and altitude equal to AB. 

Construction. With AB as a diameter, describe QADB. 

Draw line AC 1. AB, and equal to a side of M. 

Through centre draw line CO, intersecting the circum- 
ference at D and E. 

Then, rectangle N, constructed with its base and altitude 
equal to CE and CD, respectively, will be =0= Jf. 

Proof. CE-CD = DE = AB. (?) 

That is, the difference of the base and altitude of ^ is 
equal to AB. 

Again, AC is tangent to O ADB at A. (?) 

CDx CE=CA'. (§282) 
area N= area M. (?) 

EXERCISES. 

57. To construct a triangle equivalent to a given triangle, having 
given its base. 

(Take for the required altitude a fourth proportional to the given 
base, and the base and altitude of the given A.) 
How many different ^ can be constructed ? 

58. To construct a rectangle equivalent to a given rectangle, hav- 
ing given its base. 
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59. To oonstract a square equivalent to twice a given square. 
(§ 807.) 

Prop. XVI. Pboblem. 

335. To construct a square having a given ratio to a given 
square, 

AmD n B 

Given square M, and lines m and n. 
B-eqnired to construct a square having to M the ratio 
n : m. 

Constmction. On line AB, take AD = m and DB = n. 
With AB as a diameter, describe semi-circumference 
ACB. 

Draw line DCJ.AB, meeting arc ACB at C, and lines 
AC and BC. 

On AC take CE equal to a side of Jlf; and draw line 
EF II AB, meeting BC at F, 

Then, square N, constructed with its side equal to CF, 
will have to M the ratio n : m. 

Proof. Z ^<7B is a rt. Z. (?) 

Then since CD is ± AB, 

AC^ AB X AD AD 



BO" ABxBD BD n 
But since EF is || AB, 

CE^AC 
CF BC' 

Clf AC^ m 



CF^ BC* w 
area M _ m * 
area N n 



(§ 271, 2) 

(?) 

(?) 
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Prop. XVII. Problem. 

336. To construct a triangle equivalent to a given polygon. 

A 




OB OF 
Given polygon ABCDE. 
Required to construct a A =c= ABCDE. 

Construction. Take any three consecutive vertices, as 
B, and (7, and draw diagonal AC; also, line BF 1 AC, meet- 
ing DC produced at F, and line AF. 

Then, AFDE is a polygon =o= ABCDE, having a number . 
of sides less by one. 

Again, draw diagonal AD-^ also, line EQ || AD, meeting 
CD produced at G, and line AG. 

Then, AFG is a A ^ ABCDE. 

Tioof. A ABC and AFC have the same base AO. 
And since their vertices B and F lie in the same line || to 
AC, they have the same altitude. (§ 80) 

.-. area -4^(7= area ^(7. (?) 
Adding area ACDE to both members, we have 
area ABCDE = area AFDE. 

Again, A AED and AGD have the same base AD, and 
the same altitude. 

.-. 2ive2i AED = a,Te2L AGD. (?) 
Adding area AFD to both members, we have 
area AFDE = area AFG. 
2iTe2i ABCDE = SLTedi. AFG. (?) 



AKEAS OF POLYGONS. 



185 



Note. By aid of §§ 336 and 332, a square may be constructed 
equivalent to a given polygon. 



337. To construct a polygon similar to a given polygon, and 
having a given ratio to it. 



Oiven polygon AC, and lines m and n. 

Seqnired to construct a polygon similar to AC, and hav- 
ing to it the ratio n : m. 

Confltmction. Construct A!B^ the side of a square having 
to the square described upon AB the ratio n : m. (§ 335) 

Upon side A!B\ homologous to AB, construct polygon 
AO similar to polygon AC, (§ 295) 

Then, AO will have to AC the ratio n : m. 

Proof. Since AC is similar to A'O, 



Pbop. XVIII. Problem. 




But by cons., 



AC ^ AB" 
A'O ^^B^ 

A^ 



(§ 322) 



AC 
"A'O n 




D 



Ex. 60. To construct an isosceles triangle 
equivalent to a given triangle, having its base co- 
incident with a side of the given triangle. 
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Prop. XIX. Problem. 

33& To construct a polygon similar to one of two given 
polygons, and equivalent to the other. 



Given polygons 3f and 

Eeqaired to construct a polygon similar to M, and =0= N, 

Construction. Let AB be any side of 

Construct m, .the side of a square =0= M, and n, the side of 
a scjuare =0= N, (Note, p. 185) 

Construct A^B\ a fourth proportional to m, n, and AB, 

Upon side AB\ homologous to AB, construct polygon P 
similar to M. (§ 295) 

Then, P ^ N. 

Proof. Since M is similar to P, 
area M AB" 



area P A^ 
But by cons., m:n = AB : A'B', or 



(?) 



A'B' n 
area 3f _ _ area M 
area P area 
.-. area P = area N, 

EXERCISES. 

61. To construct a triangle equivalent to a given square, having 
given its base and the median drawn from the vertex to the base. 

(Draw a || to the base at a distance equal to the altitude of the A.) 
What restriction is there on the values of the given lines ? 

62. To construct a rhombus equivalent to a given parallelogram, 
having one of its diagonals coincident with a diagonal of the paral- 
lelogram. (Ex. CO.) 
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63. To draw through a given point within a parallelogram a straight 
line dividing it into two equivalent parts. (Ex. 49, p. 178.) 

64. To construct a parallelogram equivalent to a given trapezoid, 
having a side and two adjacent angles coincident with one of the non- 
parallel sides and the adjacent angles, respectively, of the trapezoid. 
(Ex. 23, p. 176.) 

65. To construct a triangle equivalent to a given triangle, having 
given two of its sides. (Ex. 57.) 

(Let m and n be the given sides, and take m as the base.) 
Discuss the solution when the altitude is < n. = n. > n. 

66. To consiruct a right triangle equivalent to a given square, 
having given its hypotenuse. (Ex. 96, p. 119.) 

(Find the altitude as in Ex. 66. ) 

What restriction is there on the values of the given parts ? 

67. To construct a right triangle equivalent to a given triangle, 
having given its hypotenuse. 

What restriction is there on the values of the given parts ? 

68. To construct an isosceles triangle equivalent to a given tri- 
angle, having given one of its equal sides equal to m. 

(Draw a II to the given side at a distance equal to the altitude.) 
Discuss the solution when the altitude is < m. = m. > m. 

69. To draw a line parallel to the base of a 
triangle dividing it into two equivalent parts. 
(§ 319.) . B> 

(A ABC and AB' C are similar.) g i 

70. To draw through a given point in a side of a parallelogram a 
straight line dividing it into two equivalent parts. 

71. To draw a straight line perpendicular to the bases of a trape- 
zoid, dividing the trapezoid into two equivalent parts. 

(A str. line connecting the middle points of the bases divides the 
trapezoid into two equivalent pails.) 

72. To draw through a given point in one of the bases of a trape- 
zoid a straight line dividing the trapezoid into. two equivalent parts. 

(A str. line connecting the middle points of the bases divides the 
trapezoid into two equivalent parts. ) 

73. To construct a triangle similar to two given similar triangles, 
and equivalent to their sum. 

(Construct squares equivalent to the A.) 

74. To construct a triangle similar to two given similar triangles, 
and equivalent to their difference. 
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REGULAR POLYGONS. -MEASUREMENT OP 
THE CIRCLE. 

339. Def. A regular polygon is a polygon which is both 
equilateral and equiangular. 

Prop. I. Theorem. 

340. A circle can he circumscribed ahouty or inscribed in, 
any regular polygon, 

D 




Given regular polygon ABODE, 

To Prove that a O can be circumscribed about, or inscribed 
in, ABODE. 

Proof. Let O be the centre of the circumference described 
through vertices A, B, and O (§ 223). 
Draw radii OA, OB, 00, and OD. 

In A OAB and OOD, OB = 00, y\ U^OJJ^ (^) 

And since, by def., polygon ABODE is equilateral, 

AB=OD, 
188 



\ ] ^J^J^ 
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Again, since, by def., polygon ABODE is equiangular, 

ZABC = ZBCD. 
And since A OBC is isosceles, 

ZOBC=ZOCB. (?) 
ZABC-ZOBC=ZBCD-ZOCB, 
Or, ZOBA = ZOCD, 

.-. AOAB = AOCD. (?) 
.-. OA=:OD. (?) 

Then, the circumference which passes through A, B, and 
C also passes through D. 

In like manner, it may be proved that the circumference 
which passes through B, (7, and D also passes through E: 

Hence, a O can be circumscribed about ABODE. 

Again, since AB, BO, OD, etc., are equal chords of the 
circumscribed O, they are equally distant from 0. (§ 164) 

Hence, a O described with as a centre, and a line OF 
_L to any side AB as a radius, will be inscribed in ABODE, 

341. Def. The centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

The angle at the centre is the angle between the radii 
drawn to the extremities of any side ; as AOB. 

The radius is the radius of the circumscribed circle, OA. 
The apotkem is the radius of the inscribed circle, OF. 

342. Cor. From the equal A OAB, OBO, etc., we have 

Z AOB = Z BOO = Z OOD, etc. (?) 
But the sum of these A is four rt. A. (§ 35) 

Whence, the angle at the centre of a regular polygon is equal 
to four right angles divided by the number of sides. 

EXERCISES. 
Find the angle, and the angle at the centre, 
1. Of a regular pentagon. 
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2. Of a regular dodecagon. 

3. Of a regular polygon of 32 sides. 

4. Of a regular polygon of 25 sides. 

Prop. II. Theorem. 

343. If the circumference of a circle be divided into any 
number of equal arcs, 

I. Their chords form a regular inscribed polygon. 

II. Tangents at the points of division form a regular cir- 
cumsciibed polygon. 



L A F 




Given circumference ACD divided into fiye equal arcs, 
ABy BC, CD, etc., and chords AB, BC, etc. 

Also, lines LF, FO, etc., tangent to O ACD at A, B, etc., 
respectively, forming polygon FGHKL. 

To Prove polygons ABCDE and FGHKL regular. 

Proof. Chord AB = chord BC = chord CD, etc. (§ 158) 

Again, arc BCDE = arc CDEA = arc DEAB, etc., 
for each is the sum of three of the equal arcs AJB, BC, etc. 

. •. Z EAB = Z ABC= Z BCD, etc. (§ 193) 

Therefore, polygon ABCDE is regular. . (§ 339) 

Again, in A ABF, BCG, CDII, etc., we have 
AB = BC=CD,et(i. 

Also, since arc arc BC = arc CD, etc., we have 

Z BAF= ZABF= Z CBG = Z BCG, etc. (§ 197) 

Whence, ABF, BCG, etc., are equal isosceles A. (§§ 68, 96) 
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Z1?'=Z(? = Z^, etc, 

and BF== BG=CG= CH, etc. (§ 66)^^ 

FG=GH=^ HK, etc, ^ 
Therefore, polygon FGHKL is regular. (?) 

344. Coii I. 1. If from the middle point of each arc sub- 
tended by a side of a regular inscnbed polygon lines be drawn 
to its extremities, a regular inscribed polygon of double- the 
number of sides is formed, 

2. If at the middle point of each arc included between two 
consecutive points of contact of a regular circumscribed poly- 
gon tangents be drawn, a regular circumscribed polygon of 
double the number of sides is formed, 

345. Cor. II. An equilateral polygon inscribed in a circle 
is regular; for its sides subtend equal arcs. (?) 

Prop. III. Theorem. 

346. Tangents to a circle at the middle points of the arcs 
subtended by the sides of a regular inscribed polygon, fo)in 
a regular circumscribed polygon, 

A' 




Given ABCDE a regular polygon inscribed in O ACy and 
A'B'CD'E' a polygon whose sides A'B', B'C, etc, are 
tangent to OAC at the middle points F, G, etc, of arcs 
AB, BO, etc., respectively. 

To Prove A'B'CD'E' a regular polygon. 

(Arc AF= arc BF= arc BG = arc CG, etc., and the propo- 
sition follows by § 343, II.) 
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Prop. IV. Theorem. 

347. Regular polygons of the same number of sides are 
similar. 
^, ( ( ^ , i ( J I> 





(The polygons fulfil the conditions of similarity given in 
§ 252.) 

Prop. V. Theorem. 

348. The perimeters of two regular polygons of the same 
number of sides are to each other as their radii, or as their 
apothems. 

D 





Given P and P' the perimeters, R and R^ the radii, and 
r and r' the apothems, respectively, of regular polygons AO 
and A^O of the same number of sides. 



To Prove 



P^R^r 
P' R' r'' 

Proof. Let be the centre of polygon AO, and of 
A'O, and draw lines OA, OB, O'A', and O'B'. 
Also, draw line OF ± AB, and line O'F' ± A'B'. 
Then, OA = R, O'A' = R\ OF = r, and O'F^ = 
Now in isosceles A OAB and O'A'B', 

ZAOB = ZA'0'B. (§342) 



- J 



J 



J 

-J 
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And since OA = OB and O'A' = O'B, we have 

OA ^ OB 

O'A' O'B'' 
Therefore, A OAB and O'A'B' are similar. 

AB 

' ' A'B' B' r' 
But polygons AC and A'C are similar. 

P ^AB 
' ' > A'B'' 

" E' r'' 
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(§ 261) 
253, II, 264) 
(§ 347) 
(§ 268) 



349. Cot, Let ^denote the area of polygon AC, and 
of A'C. 

= # (§322) 

* But, AB^B^r K^K^fL. 
' A'B' E' r'' ' K r« 

That is, the areas of two regular polygons of the same 
number of sides are to each other as the squares of their 
radii, or as the squares of their apothems. 

Prop. VI. Theorem. 

350. The area of a regular polygon is equal to one-half 
the product of its perimeter and apothem. 



3* 



Jo A F B 

Oiven the perimeter equal to P, and the apothem OF 
^ equal to r, of regular polygon AC, 
5 To Prove area AC = ^Pxr, 

.4—7 (A OAB, OBC, etc., have the common altitude r.) 

i 
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Prop. VII. Problem. 



351. To inscribe a square in a given circle. 



B 




\0 



Given O AC. 
■ Beqnired to inscribe a square in O AC. 

Construction. Draw diameters AC and BD ± to each 
other, and chords AB, EC, CD, and DA. 

Then, ABGD is an inscribed square. 

(The proof is left to the pupil ; see § 343, 1.) 

352. Cor. Denoting radius OA by i2, we have 



That is, the side of an inscribed square is equal to the 
radius of the circle multiplied by V2. 



353. To inscribe a regular hexa^gon in a given circle. 



(§ 272) 



Prop. VIII. Problem. 



A 




D 



Given O AC. 



REGULAR POLYGONS. 



195 



Beqnired to inscribe a regular hexagon in O AO. 

Construction. Draw any radius OA, 

With -4 as a centre, and -40 as a radius, describe an arc 
cutting the given circumference at 5, and draw chord AB, 

Then, AB is a side of a regular inscribed hexagon. 

Hence, to inscribe a regular hexagon in a given ©, apply 
the radius six times as a chord. 

Proof. Draw radius OB ; then, A OAB is equilateral. (?) 



Therefore, A OAB is equiangular. (§ 95) 

Whence, Z AOB is one-third of two rt. A (?) 
Then, A AOB is one-sixth of four rt. and arc AB is 
one-sixth of the circumference. (§ 154) 



Then, AB is a side of a regular inscribed hexagon. 

(§ 343, 1.) 

354- Cor. I. The side of d regular inscribed hexagon is 
equal to the radius of the cirde. 

355. Cor. n. If chords he drawn joining the alternate 
vertices of a regular inscribed hexagon, there is formed an 
inscribed equilateral triangle, 

356. Cor. in. The side of an in- 
scnbed equilateral triangle is equal 
to the radius of the circle multiplied 
by V3. 

Given AB a side of an equilateral A 
inscribed in O AD whose radius is -B. J) 
To Prove AB = BV3. 

Proof. Draw diameter AC, and chord BO*, then, BO is 
a side of a regular inscribed hexagon. (§ 355) 

Now ABC is a rt. A. (§ 195) 

A^=zAC^^BO^ (?) 

= {2Ey-B^ (§ 354) 

= 4222_ij2^3^^ 

AB = EV3. 
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Prop. IX. Problem. 
357. To inscribe a regular decagon in a given circle. 




Given QAO. 
Beqnired to inscribe a regular decagon in O AO. 
Constmction. Draw any radius OA. and divide it inter- 
nally in extreme and mean ratio at M (§ 297), so that 

OA:OM= OMiAM. (1) 
With ^ as a centre, and OM as a radius, describe an arc 
cutting the given circumference at B, and draw chord AB. 
Then, AB is a side of a regular inscribed decagon. 
Hence, to inscribe a regular decagon in a given O, divide 
the radius internally in extreme and mean ratio, and apply 
the greater segment ten times as a chord. 
Proof. Draw lines OB and BM. 
In A OAB and ABM, ZA = ZA. 

And since, by cons., Oitr= AB, the proportion (1) becomes 



OA:AB = AB:AM. 

Therefore, A OAB and ABMsiTe similar. (§ 261) 

ZABM=ZAOB. (?) 

Again, A OAB is isosceles. (?) 
Hence, the similar A ABM is isosceles, and 

AB = BM= OM. (Ax. 1) 

ZOBM^ZAOB. (?) 



.-. Z ABM-\- Z OBM= Z AOB + Z AOB. 
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Or, Z OBA = 2ZA0B, (2) 

But since A OAB is isosceles, 

2 Z OBA + Z AOS = ISO**. (§ 84) 

Then, by (2), 5 ZAOB = 1S0% or Z ^05 = 36^ 
Therefore, Z ^0J5 is one-tenth of four rt. A, and AB is a 
side of a regular inscribed decagon. (?) 

35& Cor. L If chords be drawn joining the alternate ver- 
tices of a regular inscnbed decagon, there is formed a regular 
inscribed pentagon. 

359. Cor. n. Denoting the radius of the O by B, we 
have 

AB = 0M= ^(y^-'^) . (§ 298) 

This is an expression for the side of a regular inscribed 
decagon in terms of the radius of the circle. 

Fbop. X. Problem. 

360. To construct the side of a regular pentedecagon in- 
scribed in a given circle. 




Given arc 3£N. 

Beqnired to construct the side of a regular inscribed 
polygon of fifteen sides. 

Constmction. Construct chord AB a side of a regular 
inscribed hexagon (§ 353), and chord AC a side of a regular 
inscribed decagon (§ 357), and draw chord BC. 

Then, BG is a side of a regular inscribed pentedecagon. 

Proof. By cons., arc BO is ^ — tV> circum- 

ference. 

Hence, ehord BO is a side of a regular inscribed pente- 
decagon. CO 
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361, Sch. I. By bisecting ar(?s AB, BC, etc., in the figure 
of Prop. Vll., we may construct a regular inscribed octagon 
(§ 343, 1.); and by continuing the bisection, we may con- 
struct regular inscribed polygons of 16, 32, 64, etc., sides. 

In like manner, by aid of Props. VIII., IX., and X., we 
may construct regular inscribed polygons of 12, 24, 48, etc., 
or of 20, 40, 80, etc., or of 30, 60, 120, etc., sides. 

362. Sch. II. By drawing tangents to the circumference 
at the vertices of any one of the above inscribed regular 
polygons, we may construct a regular circumscribed polygon 
of the same number of sides. (§ 343, II.) 

EXERCISES. 

5. The angle at the centre of a regular polygon is the supplement 
of the angle of the polygon. (§ 127.) ^ 

6. The circumference of a circle is greater than the perimeter of 
any inscribed polygon. 

7. An equiangular polygon circumscribed about a circle is regular. 
(§ 202.) 

If r represents the radius, a the apothem, s the side, and k the area, 

8. In an equilateral triangle, a = J r, and k = fray's. 

9. In a square, a = i r\/2, and A; = 2 r^. 

10. In a regular hexagon, a = J rVS, and k = f r^VS. 

11. In an equilateral triangle, r = 2a, s = 2av3, and k = S a* v3. 

12. In a square, r = a \/2, s = 2 a, and A; = 4 a^. 

13. In a regular hexagon, r = | aVS, and k = 2 a^VS, 

14. In an equilateral triangle, express r, a, and k in terms of 8, 

15. In a square, express r, a, and k in terms of s. 

16. In a regular hexagon, express a and k in terms of s, 

17. In an equilateral triangle, express r, a, and s in terms of k. 

18. In a square, express r, a, and s in terms of k. 

19. In a regular hexagon, express r and a in terms of k, 

20. The apothem of an equilateral triangle is one-third the altitude 
of the triangle. ■ - 
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"21. The sides of a regular polygon circumscribed about a circle 
are bisected at the points of contact. (§ 94.) 

22. The radius drawn from the centre of a regular polygon to any 
vertex bisects ^e angle at that vertex. (§ 44.) 

23. The diagonals of a regular pentagon are equal. (§03.) 

24. The figure bounded by the five diagonals 
of a regular pentagon is a regular pentagon. 

(Prove, by aid of § 164, that a O can be in- 
scribed in FGHKL ; then use P2x. 7, p. 198.) 

E" 'D ^ 

25. ITie area of a regular inscribed hexagon is a mean propor- 
tional between the areas of an inscribed, and of a circumscribed 
equilateral triangle. 

(Prove, by aid of Exs. 8, 10, and 11, p. 198, that the product of the 
areas of the inscribed and circumscribed equilateral ^ is equal to the 
square of the area of the regular hexagon.) 

26. If the diagonals AG and BE of regular pentagon ABODE 
intersect at F, prove BE = AE + AF, (Ex. 23.) 

27. In the figure of Prop. IX., prove that OM is the side of a 
regular pentagon inscribed in a circle which is circumscribed about 
li iangle OBM. 

OBM = 86° ) 

28. The area of the square inscribed in a sector 
whose central angle is a right angle is equal to one- 
half the square of the radius. 

(To prove area ODCE = J 00^,) 

29. Tlie square inscribed in a semicircle is 
equivalent to two-fifths of the square inscribed 
in the entire circle. 

(By Ex. 9, p. 198, the area of the square in- 
scribed in the entire O is 2 01? ; we then have 
to prove area ABCD = ? of 2 OJ? = ^ 01?. ) 

30. The diagonals ^C, BD, CE, DF, EA, 
and FBj of regular hexagon ABODE F^ form 
a regular hexagon whose area is equal to one- 
third the area of ABCDEF. 

(The apothem of QHKLMN is equal to the 
apothem of A ACE, which may be found by 
Ex. 8, p. 19&) 
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MEASUREMENT OF THE CIRCLE. 

Prop. XI. Theorem. 

363. If a regular polygon be inscribed in, or circumscribed 
about, a circle, and the number of its sides be indefinitely 
increased, 

I. Its perimeter approaches the circumference as a limit. 
II. Its area approaches the area of the circle as a limit. 



4_ F 

^ ' I "--^ 7 









/■ 



Given p and P the perimeters, and Ic and K the areas, 
of two regular polygons of the same number of sides respec- 
tively inscribed in, and circumscribed about, a O. 

Let C denote the circumference, and S the area, of the ©. 

I. To Prove that, if the number of sides of the polygons 
be indefinitely increased, P and approach the limit (7. 

Proof. Let AP> be a side of the polygon whose perimeter 
is P, and draw radius OF to its point of contact. 

Also, draw lines OA and OB^ cutting the circumference 
at A and B, respectively, and chord AB, 

Then, AB is a side of the polygon whose perimeter is p, 

(§ 342) 

Now the two polygons are similar. (§ 347) 

.-. P:p=:OA:OF. (§ 348) 

P-p:p= OA' - OF: OF (?) 
... (P^p) X 0F= p X (OA - OF). (?) 



• P-P^-^xiOA-^OF). 
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But p is always < the circumference of the O. (Ax. 4) 

Also, OA' - OF is < A'F. (§ 62) 

■■• P-P<-&x^'F- (1) 



!Nt)w, if the number of sides of eacli polygon be indefi* 
nitely increased, the polygons continuing to have the same 
number of sides, the length of each side will be indefinitely 
diminished, and A'F will approach the limit 0. 

Then, by (1), since -rr^is a constant, P— ^will approach 
the limit 0. 

But the circumference of the O is < the perimeter of 
the circumscribed polygon ; * and it is > the perimeter of 
the inscribed polygon. (Ax. 4) 

Then the difference between each perimeter and the cir- 
cumference, or P — O and C — p, will approach the limit 0. 

Therefore, P and p will each approach the limit C. 

II. To Prove that ^and Jc approach the limit S. 

Proof. Since the given polygons are similar. 



K:k=OJr:OF\ " (§ 349) 

.\ K-k:k= OA^-OF^: (?) 
{K-k)xOF'^kx (02' - W), (?) 
... ir-A; = ^x(03^'-0P') = ^x2^. (?) 

of' ofI., 



Now, if the number of sides of each polygon be indefi- 
nitely increased, the polygons continuing to have the same 
number of sides, A'F will approach the limit 0. 

Then, x A^\ being always < X A^\ will 

of" oF 

approach the limit 0. 

Whence, K—k will approach the limit 0. 
But the area of the O is evidently < K, and > k. 
Then, K— S and S — k will each approach the limit 0. 
Therefore, JSTand k will each approach the limit S. 



* For a rigorous proof of this statement, see Appendix, p. 386. 
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364. Cor. 1. If a regular polygon be inscribed in a circle, 
and the number of its sides be indefinitely inci^eased, its apo- 
them approaches the radius of the circle as a limit. 

2. If a regular polygon be circumscribed about a circle, and 
the number of its sides be indefinitely increased, its radius 
approaches the radius of the circle as a limit. 

Prop. XII. Theorem. 

365. TJie circumferences of two circles are to each other as 
their radii. 





Given C and O' the circumferences of two (D whose radii 
are R and R', respectively. 

To Prove § =§ 

Proof. Inscribe in the ® regular polygons of the same 
miniber of sides; P and P' being the perimeters of the 
polygons inscribed in ® whose radii are M and li', re- 
spectively. 

.-. P'.F = R '.R\ (§ 348) 

PxR' = P' xR. (?) 
Now let the number of sides of each inscribed polygon he 
indefinitely increased, the two polygons continuing to have 
the same number of sides. 

Then, P x R' will approach the limit C X R*, 
and P' xR will approach the limit C X R. (§ 363, 1.) 
By the Theorem of Limits, these limits are equal. (?) 

... Cx i?'= C X i2, or g = |. (§ 234) 
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366. Cor. I. Multiplying the terras of the ratio — by 2, 
we have 

C 2R 



Now let D and i>' denote the diameters of the ® whose 
radii are B and B', respectively. 

^ = (1) 

That is, the circumferences of two circles are to each other as 
their diameters, 

367. Cor. n. The proportion (1) of § 3C6 may be written 

% = %■ ^ ^(§235) 

That is, the ratio of the circumference of a circle to its 
diameter has the same value for every circle. 

This constant value is denoted by the symbol tt. 

(1) 

It is shown by methods of higher mathematics that the 
ratio TT is incommensurable ; hence, its numerical value can 
only be obtained approximately. 

Its value to the nearest fourth decimal place is 3.1416. 

368. Cor. m. Equation (1) of § 367 gives 

C = irD. 

That is, the circumference of a circle is equal to its diameter 
multiplied by tt. 

We also have C = 2irR. 

That is, the circumference of a circle is equal to its radius 
multiplied by 2 tt. 

369. Def. In circles of different radii, similar arcs, simi- 
lar segments, and similar sectors are those which correspond 
to equal central angles. 
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Prop. XIII. Theorem. 

370. The area of a circle is equal to one-half the product 
of its circumference and radius. 




Given R the radius^ C the circumference, and S the area, 

of a O. 

To Prove S=^^CxE. 

Proof. Circumscribe a regular polygon about the 0. 

Let P denote its perimeter, and K its area. 

Then since the apothem of the polygon is B, 

K=iPxR. (§ 350) 

Now let the number of sides of the circumscribed polygon 
be indefinitely increased. 

Then, K will approach the limit S, 
and iPxR will approach the limit ^GxR. (§ 363) 

By the Theorem of Limits, these limits are equal. (?) 
S = ^CxR. 

371. Cor. I. We have C=27rR. (§ 368) 

S = 7rRx R^ttR^. 

That is, the area of a circle is equal to the square of its 
radius multiplied by tt. 
Again, 5= Jtt x 4 7P = x (2^« 

Now let D denote the diameter of the O. 

That is, the area of a circle is equal to the square of its 

diameter multiplied by ^tt. 
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372. Cor. n. Let S and S* denote the' areas of two 
whose radii are B and E\ and diameters D and D\ resjKJct- 
ively. 

and J? = 1Z^ = ^. (§371) 

^ That is, the areas of two cUxles are to ea^h other as tJie 
squares of their radii, or as the squares of their diameters, 

373. Cor. m. TJie area of a sector is equal to one-half the 
product of its arc and radius. 

Given s and c the area and arc, respectively, of a sector 
of a O whose area, circumference, and radius are S, C, and 
B, respectively. 

To Prove 8 = ^cxB, 

Proof. A sector is the same part of the O that its arc is 
of the circumference. 

8 c 8 
.*. — = — , or » = cx--. 

s c' a 

But, 1=*^' (5 3^^) 

s = \cx B, 

374. Cor. IV. Since similar sectors are like parts of the 
(D to which they belong (§ 369), it follows that 

Similar sectors are to each other as the squares of their 
radii, 

EXERCISES. 

31. Find the circumference and area of a circle whose diameter 
is 5. ^ . 

32. Find the radios and area of a circle whose circnmfercnce is 

33. Find the diameter and circumference of a circle whr^se area 

. is289«'. 

k. 

34. The diameters of two circles are 64 and 88, respectively. 
What ii the ratio of their areas f 
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Prop. XIV. Problem. 

# 

375. Oiven p and P, the perimeters of a regular inscribed 
and of a regular circumscribed polygon of the same number of 
sides, to find p^ and P*, the perimeters of a regular inscnbed 
and of a regular circumscribed polygon having double the num- 
ber of sides. 




Solution. Let AB be a side of the polygon whose perim- 
eter is p, and draw radius OF to middle point of arc AB. 

Also, draw radii OA and OB cutting the tangent to the 
O at i*^ at points A' and B', respectively ; then, A'B' is a 
side of the polygon whose perimeter is P. (§ 342) 

Draw chords AF and BF-j also, draw AM and BN" tan- 
gents to the Q at A and B, meeting A'B' at M and N, re- 
spectively. 

Then AF and MN are sides of the polygons whose 
perimeters are and P', respectively. (§ 344) 

Hence, if n denotes the number of sides of the polygons 
whose perimeters are p and P, and therefore 2 n the number 
of sides of the polygons whose perimeters are p^ and P', we 
have 

AB=?., A'Bf = 5 AF= ^, and MN= ^. (1) 

n n zn 

Draw line OM-, then OJf bisects Z A' OF. ^ (§ 175) 

A'M : MF= OA' : OF (§ 249) 

But OA' and OF are the radii of the polygons whose 
perimeters are P and p, respectively. 

P:p=OA': OF. (§348) 
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. : P:p=:A'M:MF. (?) 
P+p:p = A'M+ MF : MF. (?) 

Or l£E = ^=.h^. 

' p MF \MN 

Then by (1), -—Ji = ^ = ^>,^ = ^ 
Clearing of fractions, 



Again, in isosceies~S^2lRF and AFM^ 

Z ^i^= Z ^FJIbT. (§§ 193, 197) 

Therefore, A ABF and AFJf are similar. (§ 255) 

AF^MF 
" AB AF 



a) 




- AF^^ABxMF, (?) 
Then by (1), f^^^xf 

y=^^^rP. (3) 
Problem. 

376. To compute an approximate value of tt (§ 367). 

Solution. If the diameter of a O is 1, the side of an 
insciibed square is jV2 (§ 352); hence, its perimeter is 
2V2. . 

Again, the side of a circumscribed square is equal to the 
diameter of the O ; hence, its perimeter is 4. 
We then put in equation (2), Prop. XIV., 
P= 4, and jp = 2^/2 = 2.82843. 
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p/ = ?^^= 3.31371. 
P + i> 

We then put in equation (3), Prop. XIV., 
p = 2.82843, and P' = 3.31371. 
.'. p'= Vpx~F = 3.06147. 
These are the perimeters of the regular circumscribed 
and inscribed octagons, respectively. 

Kepeating the operation with these values, we put in (2), 
P= 3.31371, and p = 3.06147. 

3^ 3.18260. 
P-hp 

We then put in (3), p = 3.06147 and P' = 3.18260. 

p'=-v^"3rP' = 3.12145. 
These are, respectively, the perimeters of the regular cir- 
cums,cribed and inscribed polygons of sixteen sides. 
In this way, we form the following table : 



No. OF 


Perimeter op 


Pbrimbtbr of 


Sides. 


Reg. Circ. Polygon. 


Reg. Insc. Poltgow. 


4 


4. 


2.82843 


8 


3.31371 


3.06147 


16 


3.18260 


3.12145 


32 


3.15172 


3.13655 


64 


3.14412 


3.14033 


128 


3.14222 


3.14128 . 


256 


3.14175 


3.14151 


612 


3.14163 


3.14157 



The last result shows that the circumference of a O 
whose diameter is 1 is > 3.14157, and < 3.14163. - 

Hence, an approximate value of w is 3.1416, correct to the ^ 
fourth decimal place. 

NoTB. The value of ir to fourteen decimal places is 
3.14159265368979. 
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«v , * EXERCISES. 



35. The area of a circle is equal to four times the area of the 
circle described upon its radius as a diameter. 

36. The area of one circle is 2J times the area of another. If the 
radius of the first is 16, what is the radius of the second ? 

37. The radii of three circles are 3, 4, and 12, respectively. What 
is the radius of a circle equivalent to their sum ? / 3 

38. Find the radius of a circle whose area is one-half the area of a 
circle whose radius is 9. 

39. If the diameter of a circle ip 48, Avhat is the length of an arc 
of 85° ? 

40. If the radius of a circle is 3 V'S, what is the area of a sector 
whose central angle is 152° ? 

41. If the radius of a circle is 4, what is the area of a segment 
whose arc is 120° ? (t = 3. 1410. ) 

(Subtract from the area of the sector whose central Z is 120°, the 
area of the isosceles A whose sides are radii and whose base is the 
chord of the segment.) 

42. Find the area of the circle inscribed in a square whose area 
is 13. 

43. Find the area of the square inscribed in a circle whose area 

islOOir. . / -. a I ' 

J* 

44. If the apothem of a regular hexagon is 6, what is the area of 
its circumscribed circle ? - 

45. If the length of a quadrant is 1 ;*'what is the diameter of the 
circle? (t = 3.1416.) 

"iJS. The length of the arc subtended by a side of a regular inscribed 
dodecagon- is J ir. What is the area of the circle ? 
^ 47. The perimeter of a regular hexagon circumscribed about a 
circle is 12 VS. What is the circumference of the circle ? 

48. The area of a regular hexagon inscribed in a circle is 24 Vs. 
What is the area of the circle ? ^ ■ 

^ 49. The side of an equilateral triangle is 6. Find the areas of its 
]^ ^ inscribed and circumscribed circles. . ; , . 

^ 50. The side of a square is 8. Find the circumferences of its 
insciibed and circumscribed circles. s -' ^ 

51. Find the area of a segment having for its chord a side of a 
regular hiscribed hexagon, if the radius of the circle is 10. (tt =3. 1416.) 
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52. A circular grass-plot, 100 ft. in diameter, is surrounded by a 
•walk 4 ft. wide. Find the area of the walk. - f I 

53. IVo plots of ground, one a square and the other a circle, con- 
tain each 70080 sq. ft. How jnuch longer is the perimeter of the square 
than the circumference of the circle ? (ir = 3.1410.) 

54. A wheel revolves 55 times in travelling 154^ ft. What is its 
diameter in inches ? ^ JLa^ 

If r represents the radius, a the apothem, s the side, and k the area, 
prove that 

55. In a regular octagon, 

s = rV2- V2, a = V2+ V2, and A; = 2r2v^. ". * 

56. In a regular dodecagon, 

s = r V i> - V3, a = lr V2 + V3, and k = Sr^. 

57. In a r^tuh^r^jjitagon, 

s = 2a(\/2- l)!'r = a V4-2 V2, and A; = 8a2(v^ - 1). 

58. In a regular dodecagfUKr- . C*^ ) 

s = 2 a (2 - \'3;, r = 2a V2 - V3, and A: = 12 (2 - VS). 

59. In a regular decagon, a = J r V 10 + 2 V6. (§ 359.) 
• (Find the apothem by § 273.) 

60. What is the number of degrees in an arc whose length is equal 
to that of the radius of the circle ? (tt = 3.1410.) ■ ^ ^ 

(Represent the number of degrees by x.) '-^^ 

61. Find the side of a square equivalent to a circle", hose diameter 
is 3. (tt = 3.1410.) 'X • (tf •* 

62. Find the radius of a circle equivalent to a square whose side 
is 10. (^ = 3.1410.) <\ cKjl^x^:^ S*. k + 

63. Given one side of a regular hexagon, to construct the hexagon. 

64. Given one side of a regular pentagon, to construct the pentagon. 
(Draw a O of any convenient radius, and construct a side of a 

regular mscribed pentagon.) 

65. In a given square, to inscribe a regular octagon. 

(Divide the angular magnitude about the centre of the square into 
ei^ht equal parts.) 

66. In a given equilateral triangle to inscribe a regular hexagon. 

67. In a given sector whose central angle is a right angle, to 
inscribe a square. 

^ Note. For additional exercises on Book V., see p. 231, 
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MAXIMA AND MINIMA OP PLANE FIGURES. 



Prop. I. Theorem. 

377. Of all triangles fomied ivith two given sides, that in 
which these sides are perpendicular is the maximum. 




(§ 46) 
(1) 



Given, in A ABC and ABC, AB = A'B, and AB ± BC, 
To Prove area ABC > area A' BC, 
Proof. Draw A'B ± BC; then, 
A^B>A'D, 
AB>A'D. 
Multiplying both members of (1) by ^BC, 
^BCxAB>iBCxA'D. 
,\ area > area ^'5(7. 

37a Def. Two figures are said to be isqpt 
they have equal perimeters. 

a 
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Prop. II. Theorem. 

379. Of isoperimetric triangles Jiaving the same hose, that 
which isijsosceles is the maximum. 




C 

Given ABC and A'BC isoperimetric A, having the same 
base BC, and A ABC isosceles. 

To Prove area ABC > area A'BC 

Proof. Produce BA to D, making AD. = ABf and draw 
line CD, 

Then, Z BCD is a rt. Z ; for it can be inscribed in a semi- 
circle, whose centre is A and radius AB. ^ (§ 195)- 
Draw lines AF and A'G ±to CD; take point E on CD 
so that A'E = A'C, and draw line BE. 
Then since A ABC and A'BC are isoperimetric, 
AB-{-AC = A'B -f- A'C = A'B + A'E. 
A'B + A'E=AB +AD =BD. 
But, A'B + A'E > BE. (Ax. 4) 
.-. BD>BE. 

CD>CE. (§61) 
Kow AF and ^'6? are the Js from the vertices to the bases 
of isosceles AACD and A'CE, respectively. 

CF=^CD,SindCG = iCE. (§94) 
CF>CG. (1) 
Multiplying both members of (1) by ^ BO, 
iBCx CF>iBCx CG. 
area ^5(7 > area udL'iSa (?) 
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380. Cor. Of isoperimetric triangles, that which is equi- 
lateral is the maximum. 

For if the maximum A is not isosceles when any side is 
taken as the base, its area can be increased by making it 
isosceles. (§ 379) 

Then, the maximum A is equilateral. 



Prop. III. Theorem. 

381. Of isoperimetric polygons having the same number of 
sides, that which is equilateral is the maximum, 

B B' 




E D 

Oiven ABODE the maximum of polygons having the 
given perimeter and the given number of sides. 

To Prove ABODE equilateral. 

Proof. If possible, let sides AB and BO be unequal. 

Let AB'C be an isosceles A with the base ^(7, having its 
perimeter equal to that of A ABC. 

area AB'C > area ABO. (§ 379) 

Adding area AODE to both members, 

area AB'ODE > area ABODE. 

But this is impossible ; for, by hyp., ABODE is the maxi- 
mum of polygons having the given perimeter. 
Hence, AB and BO cannot be unequal. 
In like manner we have 

BO=OD = DE, etc. 
Then, ABODE is equilateral. 
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Prop. IV. Theorem. 

382. Of isoperimetric equilateral polygons having the same 
number of sides, that which is equiangular is tJie maximum. 

Given AB, BC, and CD any three consecutive sides of 
the maximum of isoperimetric equilateral polygons having 
the same number of sides. 

To Prove Z ABC = Z BCD. 

Proof. There may be three cases : 

1. ABC -f- BCD = 180°. (Fig. 1.) 

2. ABC-\-BCD>1^0\ (Fig. 2.) 

3. ABG + BCD<U(i\ (Fig. 3.) 

H 

A 




Fig. 1. Fig. t. Fig. S. 



If possible, let Z ABC be >Z BCD, and draw line AD. 
In Fig. 1. 

Let E be the middle point of BC\ and draw line EFy 
meeting AB produced at F, making EF=i BE. 
Produce FE to meet CD at G. 
Then in A BEF and CEG, by hyp., BE = CE. 

Also, Z BEF = Z CEQ. (?) 
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And, ZEBF=ZC, 
for each is the supplement of Z B. (§ 33, 2) 

A BEF = A CEG. (§§ 86, 68) 

BE=EF=CE= EG, and BF=^ CG. (§ 66) 
In Fig. 2, 

Produce AB and DC to meet at H, 

Since, by hyp., Z ABC > Z BCD, Z CBH < Z BCH. 

.'.BH>CH, (§99) 
Lay off, on BH, FH= CH\ and on DH, GH=^BH) and 
draw line FG cutting BC at E, 

. A FGH = A BCH, (§ 63) 

Z CBH = Z FGH (§ 66) 

Then, in A BEF and CEG, Z EBF = Z CGE. 
Also, ZBEF=ZCEG. (?) 

And BF=CG, 
since BF= BH^FH, and CG=GH- CH 

A BEF= A (§§ 86, 68) 

BE = CE and E'l^= ^(?. (§ 66) 

In Fig, 3, 
Produce BA and CD to meet at K. 

Since, by hyp., Z ABC > Z BCD, CK > BIC (?) 
Lay off, on KB produced, FK= CK-, and on CK, GK=BK', 
and draw line FG cutting BC at E, 

.-. ABCK=AFGK ' (?) 

.-. ZF=za (?) 

Then, in A BEF and CEG, ZF=Za 
Also, Z i3^i^ = Z CEG. (?) 

And BF^CG, 
since BF=FK- BK, and CG=^CK- GK. 

.'. A BEF = A CEG, (?) 
.-. BE=^CE and ^i?' = ^(?. (?) 
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Then since, in either figure, BC CG = BF+^FG, and 
A BEF = A CEG, quadrilateral AFGD is isoperimetric with, 
and =0= to, quadrilateral ABCD, 

Calling the remainder of the given polygon P, it follows 
that the polygon composed of AFGD and P is isoperimetric 
with, and =c= to, the polygon composed of ABCD and P; 
that is, the given polygon. 

Then the polygon composed of AFGD and P must be 
the maximum of polygons having the given perimeter and 
the given number of sides. 

Hence, the polygon composed of AFGD and P is equi- 
lateral. (§ 381) 

But .this is impossible, since AFis >DG. \ 

Hence, ZABC cannot be > Z BCD, 

In like manner, Z ABC cannot be < Z BCD, 

ZABC = ZBCD, 

Note. The case of triangles was considered in § 380. Fig. 3 also 
provides for the case of triangles by supposing D and K to coincide 
with A, In the case of quadrilaterals, P = 0. 

383. Cor. Of isoperimetric polygons having the same nuwr 
her of sides, that ivhich is regular is the maximum. 

Prop. V. Theorem. 

384. Of two isoperimetric regular polygons, that which has 
the greater number of sides has the greater area. 




M . 



tiiven ABC an equilateral A, and M an isoperimetric 
square. 

To Prove area M > area ABC, 
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And, ZEBF=^ZC, 
for each is the supplement of Z B. (§ 33, 2) 

.-. A BEF = A CEG. (§§ 86, 68) 

BE^EF=CE= EG, and BF:= CG. (§ 66) 
In Fig, 2. 

Produce AB and DC to meet at H, 

Since, by hyp., Z ABC > Z BCD, Z CBH < Z BCH. 

.'.BH>CH. (§99) 
Lay off, on BH, FH= CH; and on DH, GH^BH-, and 
draw line FG cutting BC at E. 

AFGH=ABCH, (§ 63) 

Z CBH = Z FGH. (§ 66) 

Then, in A BEF and CEG, Z EBF = Z CGE. 
Also, Z BEF = Z CEG. (?) 

And BF=CG, 
since BF = BH - FH, and CG = GH - CH. 

A BEF = A CEG. (§ § 86, 68) 

BE = CE and EF = EG. (§ 66) 

In Fig. 3. 
Produce BA and CD to meet at K. 
Since, by hyp., Z ABC >ZBCD, CK > BK. (?) 
Lay off, on ^5 produced, FK= CK\ and on CK, GK^BK) 
and draw line FG cutting BC at 

ABCK=AFGK. ' (?) 
ZF=Za (?) 
Then, in A BEF and O^G^, ZF=ZG. 
Also, Z ^J5;i^ = Z c^a (?) 

And BF=CG, 
since JBi^= FK- BK, and CG^ = CK- GK. 

.-. A BEF = A CEG. (?) 
.-. = C£; and EF = EG. (?) 
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389. Thus, if to every point of triangle 
ABC there corresponds a symmetrical 
point of triangle A'B'C'f with respect to 
centre 0, triangle A'B'C i? symmetrical 
to triangle ABC with respect to centre 0. 

Again, if to every point of triangle ABC 
there corresponds a symmetrical point of 
triangle A'B'C, with respect to axis DE, 
triangle A'B'C is symmetrical to tri- 
angle ABC with respect to axis DE, 




390. A figure is said to be symmet- Af 
rical with respect to a centre when 1 | j E 




C 



every straight line drawn through the A' 
centre cuts the figure in two points 
which are symmetrical with respect to 
that centre. 

391. A figure is said to be symmetrical with respect to 
an axis when it divides it into two figures which are sym- 
metrical with respect to that axis. 

Prop. VI. Theorem. 

392. Two straight lines whicJi are symmetrical with respect 
to a centre are equal and paralleL 

B' 





Given str. lines AlB and A'B' symmetrical with respect to 

centre 0. 

To Prove AB and^'J5' equal and ||. 

Proof. Draw lines AA', BB', AB', and A'B. 
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Then, O bisects AA' and BB*. (§ 386) 

Therefore, AB'A'B is a O. (§ 112) 

Whence, ^-B and A'B' are equal and ||. (?) 

Prop. VII. Theorem. 

393. If a figure is symmetrical with respect to two axes 
at right angles to each other, it is symmetrical with respect 
to their intersection as a centre. 

Y 




Oiyen figure AE symmetrical with respect to axes XX' 
and FF^, intersecting each other at rt. A at 0. 

To Prove AE symmetrical with respect to as a centre. 

Proof. Let P be any point in the perimeter of AE. 

Draw line PQ ± XX', and line PR ± YY\ 

Produce PQ and PR to meet the perimeter of AE at P 
and P", respectively, and draw lines QZ?, OP', and OP". 

Then since AE is symmetrical with respect to XX', 

PQ = P'Q. (§ 387) 

But PQ=OR ', whence, OR is equal and || to P'Q. 

Therefore, OP'QR is a O. (?) 

Whence, QR is equal and |I to OP'. (?) 

In like manner, we may prove OP"RQ a O; and there- 
fore QR equal and I to OP". 

Then since both OP' and OP" are equal and || to QR, 
P^OP'^ is a str. line which is bisected at 0. 

That is, every str. line drawn through is bisected at 
that point, and hence AE is symmetrical with respect to 
as a centre. (§ 390) 
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ADDITIONAL EXERCISES. 

BOOK I. 

1. Every point within an angle, and not in the bisector, is un- 
equally distant from the sides of the angle. 

(Prove by Beductio ad Absurdum.) 

2. If two lines are cut by a third, and the sum of the interior 
angles on the same side of the transversal is less than two right 
angles, the lines will meet if sufficiently produced. 

(Prove by Beductio ad Absurdum.) 

3. State and prove the converse of Prop. XXXVII., II. 
(Prove ZBAD + Zi? = 180°) 

4. The bisectors of the exterior angles of a tri- ^SyA,--^'^* 
angle form a triangle whose angles are respectively ^^T/N^ / 

the half-sums of the angles of the given triangle ^ p 

taken two and two. (Ex. 69, p. 67.). /\ A 

(To prove ZA' = i(Z ABC + Z BOA), etc.) ^ \/ 

5. If CD is the perpendicular from C to side AB of triangle 
ABC, and CE the bisector of angle C, prove Z Z>C^ equal to one- 
half the dijfference of angles A and B. 

6. If E, F, G, and H are the middle points of sides AB, BC, CD, 
and DA, respectively, of quadrilateral ABCD, prove EFGH a paral- 
lelogram whose perimeter is equal to the sum of the diagonals of the 
quadrilateral. (§ 130.) 

7. The lines joining the middle points of the opposite sides of a 
quadrilateral bisect each other. (Ex. 6, p. 220.) 

8. The lines joining the middle points 
of the opposite sides of a quadrilateral 
bisect the line joining the middle points 
of the diagonals. 

{EKGL is a O, and its diagonals 
bisect each other.) 



9. The line joining the middle points of the 
diagonals of a trapezoid is parallel to the bases 
and equal to one-half their difference. 
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10. If D is any point in side AC oi triangle ABC^ and JS?, G, 
and IT the middle points of AD, CD^ BC^ and AB^ respectively, prove 
EFGH a parallelogram. 

11. If E and G are the middle points of sides AB and CD, respec- 
tively, of quadrilateral ABCD^ and K and L the middle points of 
diagonals A C and BD, respectively, prove A EKL = A OKL, 

12. If D and E are the middle points of 
sides BC and AC, respectively, of triangle 
ABC, and be produced to F and BE to 
G, making DF = AD and EG = BE, prove 
that line FG passes through C, and is bisected 
at that point. 

13. If Z> is the middle point of side BC of triangle ABC, prove 
(Produce AD to E, making DE = AD.) 

14. The sum of the medians of a triangle is less than the perimeter, 
and greater than the semi-perimeter of the triangle. 

(Ex. 13, p. 221, and Ex. 106, p. 71.) 

15. If the bisectors of the interior angle at C and the exterior angle 
at B of triangle ABC meet at D, prove ZBDC =\/.A. 

16. If AD and BD are the bisectors of the exterior angles at the 
extremities of the hypotenuse of right triangle ABC, and DE and DF 
are drav^n perpendicular, respectively, to CA and CB produced, prove 
CEDF a square. 

(Z> is equally distant from AC and 

17. AD and BE are drawn from tv^o of the vertices of triangle 
ABC to the opposite sides, making Z BAD = Z ABE ; it AD = BE, 
prove the triangle isosceles. 

18. If perpendiculars AE, BF, CG, and DH, be dravsrn from the 
vertices of parallelogram ABCD to any line in its plane, not inter- 
secting its surface, prove 

AE-\- CG = BF+DH. 

(The sum of Ihe bases of a trapezoid is equal to twice the line 
joining the middle points of the non-parallel sides.) 

19. If CD is the bisector of angle C of triangle 
ABC, and DF be drawn parallel to AC meeting 
BC aX E and the bisector of the angle exterior to 3 
C at F, prove DE = EF, 
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20. If E and F are the middle points of sides AB and -4(7, re- 
spectively, of triangle ABC, and AD the perpendicular from A to BC^ 
^Towe ZEDF= ZEAF, (Ex. 83, p. 69.) 

21. If the median drawn from any vertex of a triangle is greater 
than, equal to, or less than one-half the opposite side, the angle at 
that vertex is acute, right, or obtuse, respectively. (§ 98.) 

22. The number of diagonals of a polygon of n sides is 

n(n-Z) 
2 

23. The sum of the medians of a triangle is greater than three- 
fourths the perimeter of the triangle. 

(Fig. of Prop. LII. Since AO = iAD and J50 = f BE, we have 

24. If the lower base AD of trapezoid ABCD 
is double the upper base BC, and the diagonals 
intersect at E, prove CE=iAC and BE = j BD, 

(Let F be the middle point of DE^ and G of 
AE.) 

25. If is the point of intersection of the 
medians AD and BE of equilateral triangle ABC, 
and line OF be drawn parallel to side AC, meet- 
ing side BC 2iX Fy prove that DF'm equal to\BC. 
(§ 133.) 

(Let G be the middle point of OA,) " D f H ^ 

26. If equiangular triangles be constructed on the sides of a tri- 
angle, the lines drawn from their outer vertices to the opposite vertices 
of the triangle are equal. (§63.) 

27. If two of the medians of a triangle are equal, the triangle is 
isosceles. 

(Fig. of Prop. LII. Let AD = BE.) 

BOOK IL 

28. AB and ^(7 are the tangents to a circle from point A, and D 
is any point in the smaller of the arcs subtended by chord BC, If a 
tangent to the circle at D meets AB at E and AC Q.t F, prove the 
perimeter of triangle^^F constant. (§ 174.) 

29. The line joining the middle points of the arcs subtended by 
sides AB and of an inscribed triangle ABC cuts AB at F and AC 
SiiG. Trove AF= AG, 

(ZAFG = ZAGF,) 
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30. If ABCD is a circumscribed quadrilateral, prove the angle 
between the lines joining the opposite points of contact equal to 

(§202.) 

31. If sides AB and BO of inscribed hexagon ABODE F are 
parallel to sides DE and EF^ respectively, prove side AF parallel to 
side OD, (§ 172.) 

(Draw line OF, and prove Z AFC = Z FOD.) 

32. If AB is the common chord of two inter- 
secting circles, and AO and AD diameters drawn 
from A, prove that line OD passes through B. 
(§ 195.) c 

33. If AB is a common exterior tangent to two circles which touch 
each other externally at O, prove ZAOB a right angle. 

(Draw the common tangent at C, meeting AB at D.) 

34. If and AO are the tangents to a circle from point A^ and 
D is any point on the greater of the arcs subtended by chord BO^ 
prove the sum of angles ABB and AOD constant. 

35. If -4, C, B\ and D are four points in 
a straight line, B being between O and D, and 
EF '\& a common tangent to the circles described 
upon AB and OD as diameters, prove 

ZBAE = ZDOF, 
(We have 0E\\ O'F.) 

36. ABOD is an inscribed quadrilateral, 
AD being a diameter of the circle. If O is the 
•centre, and sides AD and BO produced meet 
at E making OE = OA, prove 

ZAOB = SZOED. 
(ZAOB is an ext. Z of A QBE, mdZBOO 
of A OOE.) 

37. ABOD is a quadrilateral inscribed in 
a circle. If sides AB and DC produced inter- 
45ect at Ey and sides AD and BO produced 
at F, prove the bisectors of angles E and F 
■perpendicular. (§ 199.) 

(Prove arc HM + arc KL = 180°.) 
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38. If ABCD is an inscribed quadrilateral, and sides AD and BC 
produced meet at P, the tangent at P to the circle circumscribed about 
triangle ABP is parallel to CD. (§ 196.) 

(Prove Z between the tangent and BP equal to /.PCD,') 

39. ABCD is a quadrilateral inscribed in a circle. Another circle 
is described upon AD as a chord, meeting AB and CD at E and P, 
respectively. Prove chords BC and ^P parallel. 

(Prove /LABC= /.AEF.) 

40. If ABCDEFGH is an inscribed octagon, the sum of angles 
A^ C, P, and G is equal to six right angles. (§ 193.) 

41. If the number of sides of an inscribed polygon is even, the 
sum of the alternate angles is equal to as many right angles as the 
polygon has sides less two. 

(Use same method of proof as in Ex. 40.) 

42. If a right triangle has for its hypotenuse the side of a square, 
and lies without the square, the straight line drawn from the centre 
of the square to the vertex of the right angle bisects the right angle. 
(§ 200.) 

43. The perpendiculars from the vertices of a triangle to the oppo- 
site sides are the bisectors of the angles of 
the triangle formed by joining the feet of 
the perpendiculars. 

(To prove AD, BE, and CF the bisect- 
ors of the A ol A DEF. By § 200, a O 
can be circumscribed about quadrilateral 
BDOF; then ZODF=ZOBF; in this 
way, Z ODF = 90° - ZBAC.) 

COXSTRUCTIOXS. 

44. Given a side, an adjacent angle, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

What restriction is there on the values of the given lines? 




45. To describe a circle of given radius tan- 
gent to a given circle, and passing through a given 
point without the circle. 



46. To draw between two given intersecting lines a straight line 
which shall be equal to one given straight line, and parallel to another. 
(Draw a || to one of the intersecting lines.) 
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47. Given an angle of a triangle, the length of its bisector, and 
the length of the perpendicular from its vertex to the opposite side, 
to construct the triangle . 

(Th6 side opposite tiie given Z is tangent to a O drawn with the 
vertex as a centre, and with the ± from the vertex to the opposite side 
as a radius.) 

48. Given an angle of a triangle, and the segments of the oppo- 
site side made by the perpendicular from its vertex, to construct the 
triangle. (§ 226.) 

B 

49. To inscribe a square in a given rhombus. 
(Bisect the A between diagonals AC and BD. To 

prove EFGH a square, prove ^ OBE, OBF, ODG, 
and ODH equal; whence, OE=OF= Oa= OH.) 



50. To draw a parallel to side BC of triangle 
ABC meeting AB and in 2> and E^ respec- 
tively, so that DE may equal EC. 

B 

51. To draw a parallel to side BC of tri- 
angle ABC, meeting AB and AC in D and E, 
respectively, so that DE may equal the sum of 
BD and CE, B 

52. Given an angle of a triangle, the length of the perpendicular 
from the vertex of another angle to the opposite side, and the radius 
of the circumscribed circle, to construct the triangle. 

(The centre of the circumscribed O is equally distant from the 
given vertices.) 





53. Through a given point without a given circle to draw a secant 
whose internal and external segments shall be equal. (Ex. 65, p. 103.) 



54. Given the base of a triangle, an adjacent 
angle, and the sum of the other two sides, to con- ^ / ^ 

struct the triangle. \ '/E 

(Lay off 4^ equal to the sum of the other two 
sides.) 
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55. Given the base of a triangle, an adjacent 
acute angle, and the difference of the other two 
sides, to construct the triangle. 

What restriction is there on the values of the 
given lines ? " 

56. Given the feet of the perpendiculars from the vertices of a 
triangle to the opposite sides, to construct the triangle. (Ex. 43.) 

BOOK m. 

57. In any triangle, the product of any two 
sides is equal to the product of the segments 
of the third side formed by the bisector of the 
exterior angle at the opposite vertex, minus 
the square of the bisector. 

(To prove AB x AC = DB x DC - Aff. 
The work is carried out as in § 288; first prove ^ABD and ACE^ 
similar.) 

58. If the sides of a triangle are AB = 4, AC = 6, and BC = 6, 
find the length of the bisector of the exterior angle at vertex A. 
(§ 251.) 

^ 59. ABC is an isosceles triangle. If the perpendicular to AB at 
A meets base BC, produced if necessary, at E, and D is the middle 
point of BE, prove AB a mean proportional between BC and BD^ 
(Ex. 83, p. 09.) 

(A ABC and ABD are similar.) 

60. If D and E, F and 6r, and H and K are points 
on sides AB, BC, and CA, respectively, of triangle 
ABC, so taken that AD=DE=EB, BF=FG =GC, V \ 
and CII = II K= KA, prove that lines EF, GH, and ^ yn 
KD, when produced, form a triangle equal to ABC. X — 

(By § 248, sides of /\LMN are II, respectively, to 
sides of A ABC.) 

61. The square of the common tangent to two circles which are- 
tangent to each other externally is equal to 4 times the product of 
their radii. (§ 273.) 

62. The sides AB and BC oi triangle ABC are 3 and 7, respec- 
tively, and the length of the bisector of the exterior angle is SVT. 
Find side AC. (Ex. 57, and § 251.) ^ 

63. One segment of a chord drawn through a point 7 units from 
tlic centre of a circle is 4 units. If the diameter of the circle is 
units, what is the other segment ? (§ 280.) 
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64. If ^ is the middle point of one of the parallel sides BO of 
trapezoid ABGD, and AE and DE projiuced meet DC and AB pro- 
duced at F and 6r, respectively, prove FG parallel to AD. 

ADG and BEG are similar, as also are ^ ADF and CEF.) 

65. The perpendicular from the intersection 
of the medians of a triangle to any straight line 
in the plane of the triangle, not intersecting its 
surface, is equal to one-third the sum of the 
perpendiculars from the vertices of the triangle 
to the same line. 

(The sum of the bases of a trapezoid is equal 
to twice the line joining the middle points of 
the non-parallel sides.) 

66 . If two parallels are cut by three or more 
straight lines passing through a common point, 
the corresponding segments are proportional. 

(To prove = = GAB, 
^ ^ A'B' B'C' CD' ' 

02? C, and GGD are similar, respectively, to 

A GA'B', OB'C, and GC'A'.) 

67. State and prove the converse of Ex. 66. 
(Fig. of Ex. 66. To prove that AA', BB', CC, and DD' pass 

through a common point. Let A A' and BB' meet at O, and draw 
GC and GC ; then prove ^. GBC and GB'C similar.) 

68. The non-parallel sides of a trapezoid and the line joining the 
middle points of the parallel sides, if produced, meet in a common 
point. (Ex. 67.) 

69. BD is the perpendicular from the vertex of 
the right angle to the hypotenuse of right triangle 
ABC. It Eia any point in AB, and EF be drawn 
perpendicular to -4(7, and FG perpendicular to AB, 
prove lines CE and DG parallel. 

(A ABC and AEF are similar. By § 271, 2, we may prove 
AD :CD = Iff : BC^, and AG : EG = AF^ : EF'^ ; then, we have 
AD : CD = AG : EG.) 

' 70. In right triangle ABC, BC^ = 3 AC^. If CT) be drawn from 
the vertex of the right angle to the middle point of AB^ prove Z.ACD 
equal to 60**. (Ex. 83, p. 69.) 
(Prove -4(7 = i^.) 
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71. If D is the middle point of side BG of right triangle ABC^ and 
DE be drawn perpendicular to hypotenuse AB, prove 

AE^ - Bp = AC^. 
{A E - AB ^ - BE, aquai ' U llilS Py th6 I TLle Ot Aigeli ra.) 

72. If BE and CF are medians drawn from the extremities of the 
hypotenuse of right triangle ABC, prove 

4 BE'^ + 4 cF = 6 (§ 272.) 

73. If ABC and ADC are angles inscribed 
in a semicircle, and and CF be drawn per- 
pendicular to BD produced, prove 

BE^ + BF^ = DE^ + DF^, (§ 273.) 

74. If perpendiculars PF, P2), and PE be 
drawn from any point P to sides ^P, BC, and 
CJi, respectively, of a triangle, prove 

+ BD' +CE^ = AE^ + BF^ + C&. 

(§ 273.) 

75. If PC is the hypotenuse of right triangle ABG^ prove 

(AB BC + CA)^ = 2(AB + BC){BC + CA). . 
(Square AB-^BC-\-CA by the rule of Algebra.) 



76. If lines be drawn from any point P to 
the vertices of rectangle ABCD, prove 
PA^ + PC* = Pjf-\-P&. 



77. If ^P and AC are the equal sides of an isosceles triangle, 
and BD be drawn perpendicular to AC, prove 2 ^C x CD = BC^, 

{AD = AC — CD ; square this by the rule of Algebra.) 

78. If AD and BE are the perpendiculars from vertices A and P, 
respectively, of acute-angled triangle ABC to the opposite sides, prove 

ACxAE-^BCxBD = Iff. 

(By § 277, 2 ^C X = Aff + AG^ - B(P ; and in like manner 
a value may be found for 2 BC x BD.) 

79. The sum of the squares of the sides of a parallelogram is equal 
to the sum of the squares of its diagonals. (§ 279, I.) 

80. To construct a triangle similar to a given triangle, having 
given its perimeter. 

(Divide the perimeter into parts proportional to the sides of the A.) 
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81. To construct a right triangle, having given its perimeter and 
an acute angle. 

(From any point in one side of the given Z draw a ± to the other 
side.) 

82. To describe a circle through two 
given points, tangent to a given straight 
line. (§282.) 

(To ^prove XD draw with as a centre and 
OP as a Radius tange1;^^e6 kJ5, di^aw,,P4*^an- 
gent to the G, and prove A OBBh A OBff.) 

83. If A and B are points on either side 
of line CD, and line AB cuts CD at find 
a point E in CD such that 

AE:BE = AF: BF. (§ 249.) 
^ (^EF bisects Z AEB of A ABE.) 

' BOOK IV. 

84. In the figure on p. 174, 

(a) Prove lines CF and BH perpendicular. 

(If Ci?" and jBfTmeet at S, Z CSHis an ext. Z of A BCS,) 

(6) Prove lines AG and BK parallel. 

(c) Prove the sum of the perpendiculars from H and L to AB pro- 
duced equal to AB. 

(If ± from H meets i?^ produced at Q, A ^fl'Q = A ACD.) 

(d) Prove triangles u4Ffl, BEL, and C6r-fir each equivalent to ABC. 
(If be taken as the base of A AFII, its altitude is equal to CD.) 

(e) Prove C, H, and Z in the same straight line. 
(Prove CH and CL in the same str. line. ) 

(/) Prove the square described upon the sum of and BC 
equivalent to the square described upon AB, plus 4 times A ABC. 
(Square u4C + J^C by the rule of Algebra.) 

(flr) Prove the sum of angles AFH, AHF, BEL, and BLE equal 
to a right angle. 

{ZAFH+ /LAHF= 180^ - ZFAH.) 

(h) If FN and EP are the perpendiculars from F and E, respec- 
tively, to HA and LB produced, prove triangles AFN amd BEP each 
equal to ABC. 

(0 Prove ^V^^ + ^^ = 6 Jb^. 

{EL is the hypotenuse of rt. AELP, and FH of AFHN; sides 
PL and BNm&j be found by (A).) 
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(J) Prove CF-C^ = J0^-5C^. 

(A;) Prove that lines AL^ BHy and CM meet at a common point. 
(Ex. 84, (a).) 

(Produce DC to T, making CT=DM, and prove AL, BH, and 
CM the Js from the vertices to the opposite sides of A AST,) 

{I) Prove that lines if6r, LK, and M C when produced meet at a 
common point. 
^Draw (J^rand KT, and prove A CQTsind CKTrt, A.) 



85. If BE and are medians drawn from 
vertices B and C of triangle ABC, intersecting 
at D, prove triangle BCD equivalent to quadri- 
lateral AEDF. 

(area BCD = area BCF - area J5Z>i?l) 




86. If D is the middle point of side BC of triangle ABC, E the 
middle point of AD, F of BE, and 6r of CF, prove A ABC equivalent 
to8A£'FG^. 

(Draw CE ; then, area ABC = 2 area JBC^.) 

87. If E and if'are the middle points of sides AB and CD, respec- 
tively, of parallelogram ABCD, and AF and CE be drawn intersecting 
BD in if and respectively, and BF and Z>^ intersecting AC in 
^ and G, respectively, prove GHKL a parallelogram equivalent to 
\ABCD, (§140.) 

(If ^ C and BD intersect at M, ^ilf and DE are medians of A ABD.) 



88. Any quadrilateral ABCD is equivalent to a 
triangle, two of whose sides are equal to diagonals 
AC and BD, respectively, and include an angle 
equal to either of the angles between A C and BD. 

(Produce AC to F, making CF=AE\ and BD 
to G, makins; DG = BE, To prove quadrilateral 
ABCDo^AEFG, ADFG^AABC) 




89. If through any point E in diagonal AC 

of parallelogram ABCD parallels to AD and — --S -^C 

AB be drawn, meeting AB and CD in F and L/^'iS^^^^I^ I 

II, respectively, and BC and AD in G and K, 

respectively, prove triangles EFG and EHK t r^ k""^ P 

equivalent. 

90. If JE^ is the intersection of diagonals AC and of a quadri- 
lateral, and triangles ABE and CDE are equivalent, prove sides AB 
and BC parallel. 

{A ABD and JICD are equivalent.) 
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91. Find the azea of a trapezoid whose parallel sides are 28 and 

36, and non-parallel sides 16 and 17, respectively. U % 

(By drawing through one vertex of the upper base a II to one of the 
non-parallel sides, one Z of the figure may be proved a rt. Z, by Ex^ 
63, p. 154.) 

92. If similar polygons be described upon the legs of a right triangle 
as homologous sides, the polygon described upon the hypotenuse is 
equivalent to the sum of the polygons described upon the legs. 

(Find, by § 322, the ratio of the area of the polygon described upon 
each leg to the acea of the polygon described upon the hypotenuse.) 

93. If F, G, and S are the middle points ^ E _ 
of sides AB, BC, CD, and DA, respectively, of a 
square, prove that lines AG, BH, CE, and DF 
form a square equivalent to \ABCD, H 

(First prove A ADG = A ABH ; then, by § 85, 1, 
Z NKL may be proved a rt. Z. By § 131, each side d 
of KLMN may be proved equal to AK. From ^ 
similar ^^^TITand ADG, AK mAy proved equal to 

/ 

94. If £ is any point in side of parallelogram ABCD, and DE 
be drawn meeting AB produced at F, prove triangles ABE and CEF 
equivalent. 

(A ABE + A (7i>-&o A CDF,^ 



95. If D is a point in side of triangle ABG^ 
find a point E m AC such that triangle ADE shall 
be equivalent to one-half triangle ABC. 

(ADEF^/^CEF) I 
What restriction is there on the position of D ? B 





BOOK V. 

96. The area of the ring included between two 
concentric circles is equal to the area of a circle, 
whose diameter is that chord of the outer circle 
which is tangent to the inner. 

(To prove area of ring = J vAC'^,) 

97. An equilateral polygon circumscribed about a circle is regular 
if the number of its sides is odd. (§ 345.) 

(The polygon can be inscribed in a O.) 
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98. An equiangular polygon Inscribed in a circle is regular if the 
number of its sides is odd. (§ 846.) 

(The polygon can be proved equilateral.) 

99. If a circle be circumscribed about a right (V^^- — ^^sS-— ^ 
triangle, and on each of its legs as a diameter f 

a semicircle be described exterior to the triangle, I f \\ j 

the sum of the areas of the crescents thus formed 

is equal to the area of the triangle. (§ 272.) V j 

(To prove area AEQQ + area BFCH equal \v >/ 
to area ABC. ) 

100. If the radius of the circle is 1, the side, apothem, and diagonal 
of a regular inscribed pentagon are, respectively, 

\ V(10 - 2 V5), } (1 + V5), and \ V(10 + 2 V6). 

(In Fig. of Prop. IX., the apothem of a regular inscribed pentagon 
is the distance from O to the foot of a ± from B to OA^ and its side 
is twice this ±. The diagonal is a leg of a rt. A whose hypotenuse 
is a diameter, and whose other leg is a side of a regular inscribed 
decagon.) 

101. The square of the side of a regular inscribed pentagon, minus 
the square of the side of a regular inscribed decagon, is equal to the 
square of the radius. (Ex. 100, and § 359.) 

102. The sum of the perpendiculars drawn to the sides of a regu- 
lar polygon from any point within the figure is equal to the apothem 
multiplied by the number of sides of the polygon. 

(The are the altitudes of ^ which make up the polygon.) 

103. In a given equilateral triangle to in- 
scribe three equal circles, tangent to each other, 
and each tangent to one, and only one, side of 
the triangle. 

(By § 174, the © touch the Jfe at the same 
points.) 



104. In a given circle to inscribe three 
equal circles, tangent to each other and to the 
given circle. 
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LINES AND PLANES IN SPACE. DIEDRAL 
ANGLES. POLYEDRAL ANGLES. 



394. Bef. A plane is said to be detennhied by certain 
lines or points when one plane, and only one, can be drawn 
through these lines or points. 



395. A plane is determined 

I. By a straight line and a point without the line, 
II. By three points not in the same straight line. 

III. By two intersecting straight lines. 

IV. By two parallel straight lines. 



I. Given point C without str. line AB. 

To Prove that a plane is determined by AB and (7. 

Proof. If any plane MN be drawn through AB^ it may 
be revolved about AB as an axis until it contains point C. 

Hence, a plane can be drawn through line AB and point 
C ; and it is evident that but one such plane can be drawn. 



Prop. I. Theorem. 
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II. Oiven B, and G three points not in the same str. 
line. 

To Prove that a plane is determined by A, B, and (7. 
Proof. Draw line AB ; then a plane, and only one, can 
be drawn through line AB and point C, 

[A plane is determined by a str. line and a point without the line.] 

(§ 396, 1) 

Then, a plane, and only one, can be drawn through A, B, 
and (7. 




III. Oiven AB and BC intersecting str. lines. 
To Prove that a plane is determined by AB and BO. 
Proof. A plane, and only one, can be drawn through 
line AB and point (7. 

[A plane is determined by a str. line and a point without the line.] 

(§ 396, I) 

And since this plane contains points B and (7, it must 
contain line BC. 

[A plane is a surface such that the str. line joining any two of its 
points lies entirely in the surface.] (§ 9) 

Then, a plane, and only one, can be drawn through AB 
and BC, 




IV. Given lis AB and CD. 

To Prove that a plane is determined by AB and GD. 

Proof. The lis AB and CD lie in the same plane. 

[Two str. lines are said to be || when they lie in the same plane, 
and cannot meet however far they may be produced.] (5 62) • 
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And only one plane can be drawn through AB and point (7. 
[A plane is determined by a sir. line and a point without the line.] 

(§ 395, I) 

Then, a plane, and only one, can be drawn tJirough AB 
and CD, 

Prop. II. Theorem. 
396. The intersection of two planes is a straight line. 




Given line AB the intersection of planes MN and PQ, 
To Prove AB a str. line. 

Proof. Draw a str. line between points A and B, 
This str. line lies in plane MN, and also in plane PQ, 
[A plane is a surface such that the str. line joining any two of its 
points lies entirely in the surface.] (§ 9) 

Then it must be the intersection of planes MN and PQ, 
Hence, the line of intersection AB is a str. line. 

397. Befs. If a straight line meets a plane, the point of 
intersection is called the foot of the line. 

A straight line is said to be perpendicular to a plane when 
it is perpendicular to every straight line drawn in the plane 
through its foot. 

A straight line is said to be parallel to a plane when it 
cannot meet the plane however far they may be produced. 

A straight line which is neither perpendicular nor parallel 
to a plane, is said to be oblique to it. 

Two planes are said to be parallel to each other when they 
cannot meet however far they may be produced. 



234 SOLID GEOMETRY.— BOOK VI. 




II. Given Ay B, and G three points not in the same str. 
line. 

To Prove that a plane is determined by Ay B, and C. 

Proof. Draw line AB-, then a plane, and only one, can 
be drawn through line AB and point C, 

[A plane is determined by a str. line and a point without the line.] 

^ (§ 396. 1) 

Then, a plane, and only one, can be drawn through A, B, 
^nd (7. 




III. Given AB and BC intersecting str. lines. 
To Prove that a plane is determined by AB and BO. 
Proof. A plane, and only one, can be drawn through 
line AB and point C. 

[A plane is determined by a str. line and a point without the line.] 

(§395,1) 

And since this plane contains points B and (7, it must 
contain line BO. 

[A plane is a surface such that the str. line joining any two of its 
points lies entirely in the surface.] (§ 9) 

TJien, a plane, and only one, can be drawn through AB 
and BO, 




IV. Given lis AB and OD. 

To Prove that a plane is determined by AB and GD. 
Proof. The lis AB and OD lie in the same plane. 

[Two str. lines are said to be || when they lie in the same plane, 
and cannot meet however far they may be produced.] (§ 62) ' 
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And only one plane can be drawn through AB and point (7. 
[A plane is determined by a str. line and a point without the line.] 

(§ 395, I) 

Then, a plane, and only one, can be drawn through AB 
and CD, 

Prop. II. Theorem. 
396. The intersection of two planes is a straight line. 




Given line AB the intersection of planes MN and PQ. 
To Prove AB a str. line. 

Proof. Draw a str. line between points A and B. 
This str. line lies in plane JOT, and also in plane PQ, 

[A plane is a surface such that the str. line joining any two of its 
points lies entirely in the surface.] (§ 9) 

Then it must be the intersection of planes MN and PQ. 
Hence, the line of intersection AB is a str. line. 

397. Defs. If a straight line meets a plane, the point of 
intersection is called the foot of the line. 

A straight line is said to be perpendicular to a plane when 
it is perpendicular to every straight line drawn in the plane 
through its foot. 

A straight line is said to be parallel to a plane when it 
cannot meet the plane however far they may be produced. 

A straight line which is neither perpendicular nor parallel 
to a plane, is said to be oblique to it. 

Two planes are said to be parallel to each other when they 
cannot meet however far they may be produced. 
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401. Cor. n. Since E is any point in plane BS, it fol- 
lows that 

If a plane is perpendicular to a straight line at its middle 
pointy any point in the plane is equally distant from the ex- 
tremities of the line. 

Prop. IV. Theorem. 

402. All the perpendiculars to a straight line at a given 
point lie in a plane perpendicular to the line, 

B 




Given AO, AD, and AE any three Js to line AB at A, 

To Prove that they lie in a plane ± to AB. 

Proof. Let MN be the plane determined by AC and AD, 
Then, plane MN is ±AB. 

[A str. line ± to each of two str. lines at their point of intersection 
is _L to their plane.] (§ 400) 

Let the plane determined by AB and AE intersect MN 
in line AE' ; then, AB ± AE', 

[A ± to a plane is ± to eveiy str. line drawn in the plane through 
its foot.] (§ 398) 

But in plane ABE, only one X can be drawn to AB at A. 
[At a given point in a str. line, but one ± to the line can be drawn.] 

(§ 25) 

Then, AE' coincides with AE, and AE lies in plane MN, 
But AC, AD, and AE are any three J§ to AB at A, 
Therefore, all the Js to AB at A lie in a plane ± AB, 

403. Cor. I. Through a given point in a straight line, a 
plane can be drawn perpendicular to the line, and but one. 
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404. Cor. n. Through a given poirU without a straight 
line, a plane can be drawn perpendicular to the line, and but 
one. 

Given point G without line AB. 

To Prove that a plane can be drawn 
through O ± AB, and but one. 

Proof. Draw line CB ± AB, and 
let BD be any other ± to AB at B. 

Then, the plane determined by BO 
and BD will be a plane drawn through C ± AB. 

[A str. line _L to each of two str. lines at their point of intersection 
is _L to their plane.] (§ 400) 

Again, every plane through C J. AB must intersect the 
plane determined by AB and BO in a line from C ± AB. 

[A ± to a plane is _L to every str. line drawn in the plane through 
its foot.] (§ 398) 

But only one ± can be drawn from C to AB. 

[From a given pomt without a str. line, but one ± can be drawn to 
the line.] (§ 46) 

Then, every plane through C ± AB must contain JBC, 
and be ± to AB at B. 

But only one plane can be drawn through B A. AB. 

[Through a given point in a str. line, but one plane can be drawn ± 
to the Ime.] (§ 403) 

Hence, but one plane can be drawn through O X AB. 

405. Cor. m. (Converse of § 401.) Any point equally 
distant from the extremities of a straight line lies in a plane 
perpendicular to the line at its mid- 
dle point. 

Given plane MN ± to line AB at 
its middle point C, and point D 
equally distant from A and B. 

To Prove that D lies in MN. 
(By § 43, OD X ^B; then use § 402.) 











B 
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Note. It follows from §§ 401 and 405 that 

The locus (§ 141) of points in space equally distant from the ex- 
tremities of a straight line is a plane perpendicular to the line at its 
middle point. 

Prop. V. Theorem. 

406. If from a point in a perpendicular to a plane, oblique 
lines be drawn to the plane, 

I. Two oblique lines cutting off equal distances from the 
foot of the perpendicular are equal. 

II. Of two obliqtie lines cutting off unequal distances from 
the foot of the peipendicular, the more remote is the greater. 




I. Given line AB ± to plane MN at B, and AO and AD 
oblique lines meeting MN at equal distances from B. - 

To Prove AC = AD. 

Proof. Draw lines BO and BD. 

In A ABC and ABD, AB = AB. 

Also, Z ABC ABD. 

[A ± to a plane is _L to every str. line drawn in the plane through 
its foot.] (§ 398) 

And by hyp., BC = BD. 

A ABC = A ABD. 

[Two ^ are equal when two sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] (§ 63) 

AC = AD. 

[In equal figures, the homologous parts are equal.] (§ 66) 
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II.. Oiven line AB ± to plane MN at B, and AC and AE 
oblique lines from A to MN, AE meeting MN at a greater 
distance from B than AC. 

To Prove AE > ^(7. 

Proof. Draw lines BC and BE. Ic 

On jBJS; take BF= BC, and draw line AF. 

Since -^i^ and -40 meet MN at equal distances from B, 
AF=:Aa 

[If from a point in a ± to a plane, oblique lines be drawn to the 
plane, two oblique lines cutting ofE equal distances from the foot of 
the ± are equal.] (§ 406, 1) 

But, AB ± BE. 

[A ± to a plane is ± to every str. line drawn in the plane through 
its foot.] (§398) 

AE>AF. 

• [If oblique lines be drawn from a point to a str. line, of two oblique 
lines cutting off unequal distances from the foot of the ± from the 
point to the line, the more remote is the greater. ] (§ 49, II) 

AE > AC. 

Prop. VI. Theorem. 

407. (Converse of Prop. V.) If from a point in a peipen- 
dictdar to a plane, oblique lines be drawn to the pilane, 

I. Two equal oblique lines cut off equal distances from the 
foot of the perpendicular. 

II. Of two unequal oblique lines, the greater cuts off the 
greater distance from the foot of the perpendicular. 

I. Given line AB ± to plane MN at B, AC and AD 
equal oblique lines from A to MN, and lines BC and BB. 
(Fig. of Prop. V.) 

To Prove BC=BD. 
(Prove A ABC and ABD equal.) 

II. Oiven line AB ± to plane MN at B, and AC and AE 
oblique lines from A to MN, AE being > AC ; also, lines 
BC and BE. 
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To Prove BE > BC, 

(The proof is left to the pupil.) 

Prop. VIL Theorem. 

408. If through the foot of a perpendicular to a plane a 
line be drawn aJt right angles to any line in the plane, the 
line drawn from its intersection with this line to any point 
in the perpendicular will he perpendicular to the line in the 
plane. 




OiYen line AB ± to plane MN at A, line AE ± to any 
line CD in MN, and line BE from E to any point B in AB. 
To Prove BE ± CD. 

Proof. On CD take EC = ED. 
Draw lines AC, AD, BC, and BD. 

AC=AD. 

[If a ± be erected at the middle point of a str. line, any point in 
the ± is equally distant from the extremities of the line.] (§ 41, I) 

BC=BD. 

[If from a point in a ± to a plane, oblique lines be drawn to the 
plane, two oblique lines cutting off equal distances from the foot of 
the ± are equal.] (§ 406, I) 

Then since each of the points B and E is equally distant 
from C and D, 

BE ± CD. 

[Two points, each equally distant from the extremities of a str. 
line, determine a ± at its middle point.] (§ 43) 

409. Cor. I. From a given point without a plane, one per- 
pendicular to the plane can he drawn, and hut one. 
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OiYon point A without plane MN. 

To Prove that a J_ can be drawn 
from A to MN, and but one. 

Proof. Let DE be any line in 
plane MN\ draw line AF ± DE, 
line BF in plane MN JL DE, line 
AB ± BF, and line BE. 

Now EF is J- to the plane determined by AF and BF. 

[A str. line ± to each of two str. lines at their point of intersection 
is ± to their plane.] (§ 400) 

Then since BF is drawn through the foot of EF, JL to line 
AB in plane ABF, we have BE ± AB. 

[If tbroagh the foot of a ± to a plane a line be drawn at rt. to 
any line in the plane, the line drawn from its intersection with this 
line to any point in the ± will be J. to the line in. the plane.] (§ 408) 

Then AB, being JL to BE and BF, is ± to MN. 

[A str. line _L to each of two str. lines at their point of intersection 
is _L to their plane.] (§ 400) 

If possible, let AC be another ± from A to MN\ then 
A ABC will have two rt. A. 

[A ± to a plane is ± to every str. line drawn in the plane through 
its foot.] (§ 398) 

But this is impossible. 

Hence, but one ± can be drawn from A to MN. 

410. Cor. n. Tlie perpendicular is the sJiortest line that 
can he draion from a point to a plane. 

Given AB the J. from point A to plane MN, and AC any 
other str. line from A to MN. (Fig. of § 409.) 
To Prove AB < AC. 

Proof. Draw line BC-, then, AB ± BC. 
[A ± to a plaue ia ± to every str. line drawn in the plane through 
its foot.] (§ 398) 

.-. AB<AC. 

[The ± is the shortest line that can be drawn from a point to a str. 
Une.] (§ 46) 
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Note. The distance of a point from a plane signifies the length of 
the perpendicular from the point to the plane. 

Prop. VIII. Theorem. 

411. If two straight lines are parallel, a plane drawn 
through one of tJieniy not coinciding with the plane of the 
parallels, is parallel to the other. 

A\ iB 




Oiyen line AB II to line CD, and plane MN drawn through 
CD, not coinciding with the plane of the lis. 
To Prove AB II MK 

Proof. The lis AB and CD lie in a plane which intersects 
MN in line CD. 

Hence, if AB meets MN, it must be at some point of CD. 
But since AB is II CD, it cannot meet CD (§ 52). 
Then AB and MN cannot meet, and are II (§ 397). 

Prop. IX. Theorem. 

412. If a straight line is parallel to a plane, the intersec- 
tion of the plane with any plane drawn through the line is 
parallel to the lim. 

A 




Given line AB II to plane MN; and line CD the intersec- 
tion of MN with any plane AD drawn through AB. 
To Prove AB II CD. 

(AB and CD lie in the same plane, and cannot meet.) 
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413. Cor. . If a line and a plane are parallel, a parallel to 
the line through any point of the plane lies in the plane. 

Oiyen line AB II to plane MN\ and line CD through any 
point C of MN II to AB. (Fig. of Prop. IX.) 

To Prove that CD lies in MN. 

Proof. The plane determined by line AB and point C 
intersects MN in a line II to AB. 

[K a str. line is || to a plane, the intersection of the plane with any 
plane drawn through the line is || to the line.] (§412) 

But through (7, only one II can be drawn to AB. 
[But one str. line can be drawn through a given point || to a given 
str. line.] (§ 68) 

Whence, CD lies in MN. 



Prop. X. Theorem. 

414. If two parallel planes are cut by a third plane, the 
intersections are parallel. 




Given II planes MN and PQ cut by plane AD in lines AB 
and CD, respectively. 
To Prove AB II CD. 

{AB and CD lie in the same plane, and cannot meet.) 

415. Cor. Parallel lines included hetiveen parallel planes 
are equal. 

Given AC and BD II lines included betw^een II planes MN 
and PQ. (Fig. of Prop. X.) 

(Prove AC = BD by §§ 414 and 107.) 
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Prop. XI. Theorem. 

416. Through any given straight line, a plane can be drawn 
parallel to any other straight line, 

A B 




Oiyen lines AB and CD, 

To Prove that a plane can be drawn through CD H AB, 

(Draw line CE\\AB\ then use § 411.) 

Note. If AB is || C2>, an indefinitely great number of planes can 
be drawn through CD II AB (§411) ; otherwise, but one such plane 
can be drawn, for every plane drawn through CD || AB must contain 
CE (§ 413), and but one plane can be drawn through GD and CE. 



Prop. XII. Theorem. 

417. Through a given point a plane can he drawn parallel 
to any two straight lines in space. 

B 




Given point A and lines EC and DE. 
To Prove that a plane can be drawn through ^ II to BC 
and DE. 

(The proof is left to the pupil ; see § 411.) 

Note. If BC and DE are II, an indefinitely great number of planes 
can be drawn through A II to BQ and DE (§ 411) ; otherwise, but one 
such plane can be drawn. 
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Prop. XIII. Theorem. 
418. Two perpendtcvlara to the same plane are parallel. 




Oiyen lines AB and CD ± to plane MN at B and J9, respec- 
tively. 

To Prove AB II CD. 

Proof. Let A be any point of AB, and draw line AD, 
Also, draw line BD, and line DF in plane MN ± BD, 
CD±DR 

[A J. to a plane is ± to every str. line drawn in the plane through 
its foot.] (§ 398) 

Also, ADJLDF. 

[If through the foot of a ± to a plane a line he drawn at rt. A to 
any line in the plane, the line drawn from its intersection witli this 
line to any point in the J_ will be ± to the Ihie in the plane.] (§ 408) 

Then, CD, AD, and BD, being ± to DF at D, lie in the 
same plane. 

[All the Jfe to a str. line at a given point lie in a plane J. to the 
line.] . (§ 402) 

Then, since points A and B lie in the plane of the lines 
AD, BD, and CD, AB lies in this plane. 

[A plane is a surface such that the str. line joining any two of its 
points lies entirely in the surface.] (§ 9) 

That is, AB and CD lie in the same plane. 
Again, AB and CD are ± BD, 

[A ± to a plane is ± to every str. line drawn in the plane through 
its foot.] (§ 898) 



.-. AB II CD, 
[Two Js to the same str. line are ||.] 



(§ 54) 
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(§ 418) 



419. Cor. I. If one of two parallel lines is perpendicular 
to a plane, the other is also peipendimkir to the plane. 

Given lines AB and CD II, and A c 

AB ± to plane MN. 
To Prove CD ± MN, 

Proof. A J. from C to MN will X B 

be II AB. 

[Two Js to the same plane are ||.] 
But through C, only one II can be drawn to AB, 

[Rut one str. line can be drawn through a given point || to a given 
str. line.] (§ 63) 

CD±MN 

420. Cor. n. If each of two straight lines is parallel to a 
third straight line, they are parallel to 
each other. 

Given lines AB and CD II line EF. 
To Prove AB II CD, 
(Draw plane MN ± EF, and prove 
AB II (7Z> by §§ 418 and 419.) 




M 










FX 



Prop. XIV. Theorem. 

421. Two planes perpendicxdar to the same straight line 
are parallel. 

My 1 



JV 



Given planes MN and PQ JL to line AB, 
To Prove MN II PQ. 

(Prove as in § 54 ; by § 404, but one plane can be drawn 
through a given point ± to a given str. line.) 
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Prop. XV. Theorem. 

422. If each of two intersecting lines is parallel to, a plane, 
their plane is parallel to the given plane. 




Given lines AB and AC, in plane MN, II to plane PQ. 
To Prove MNhPq, 

Proof. Draw line ADl^PQ, and lines DE and DF II to 
AB and AC, respectively; then DE and DF lie in plane PQ. 

[If a line and a plane are II, a || to the line through any point of the 
plane lies in the plane.] (§ 413) 

Whence, AD is ± to DE and DF. 

[A J_ to a plane is J. to every str. line drawn in the plane through 
its foot.] (§ 398) 

Therefore, ^ is J. to AB and AC, 

[A str. line L to one of two ||s is ± to the other.] (§66) 
AD1.MN, 

[A str. line _L to each of two str. lines at their point of intersection 
is ± to their plane.] - (§ 400) 

MNWPQ, 

[Two planes ± to the same str. line are ||.] (§ 421) 

EXERCISES. 

1. What is the locus (§ 141) of the perpendiculars to a given 
straight line at a given point ? 

2. What is the locus of points in space equally distant from the 
circumference of a given circle ? 

3. A line parallel to a plane is everywhere equally distant from it. ' 
(Fig. of Prop, IX. Draw lines AC and BD±MN, To prove 

AC = £D.) 
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Prop. XVI. Theorem. 

423. A straight line perpendicular to one of two parallel 
planes is perpendicular to the other also. 




Given MN and PQ II planes, and line AD ± PQ. 
To Prove AD1.MN, 

Proof. Pass two planes through ADy intersecting MN 
in lines AB and AC, and PQ in lines DE and DF^ 
respectively. 

Then, AB II DE, and AC II DF. 

[If two II planes are cut by a third plane, the intersections are ||.] 

(§414) 

But ^ is ± to DE and DF. 

[A ± to a plane is J. to every str. line drawn in the plane through 
its foot.] (§ 398) 

Whence, AD is ± to AB and AC 

[A str. line ± to one of two ||s is ± to the other.] (§ 56) 

.-. AD±MN. 

[A str. line ± to each of two str. lines at their point of intersection 
is ± to their plane.] (§ 400) 

^ 424. Cor. I. Two parallel planes are everywhere equally 
distant. (Note, p. 244.) 

Given MN and PQ II planes. (Fig. of Prop. XVI.) 
To Prove MN and PQ everywhere equally distant. 
Proof. All lines which are Jl to both planes are II. 
[Two _fe to the same plane are ||.] (§ 418) 

Therefore, these lines are all equal. 

[II lines included between II planes are equal.] (§ 416) 
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42& Cor. n. Through a given point a plane can he drawn 
parallel to a given plane, and hut one. 

Given point A and plane PQ, 

To Prove that a plane can be drawn 
through A II PQ, and but one. 

Proof. Draw line AB ± PQ, 

Through A pass plane JOT J. AB, 

Then Jl/iV^ will be II PQ. 

[Two planes ± to the same sir. line are jj.] (§ 421) 

If another plane could be drawn through A II PQ, it would 
be± JjB. 

[A Btr. line ± to one of two 1| planes is ± to the other also.] (§ 423) 
It would then coincide with MN, 

[Through a given point in a str. line, but one plane can be drawn 
_L to the line.] (§ 403) 

Then but one plane can be drawn through A II PQ. 
EXERCISES. 

4. What is the locus of points in space equally distant from the 
vertices of a given triangle ? - 

5. What is the locus of points in space ^equally distant from a 
given plane ? 

6. What is the locus of points in space equally distant from two 
parallel planes ? 



7. A line parallel to each of two intersecting planes 
is parallel to their intersection. 

(Pass a plane through AB \\ PB ; then use § 412.) 




s 



8. If two planes are parallel to a third plane, they are parallel to 
each other. (§§ 423, 421.) 

9. Line AB is perpendicular to plane MN at A. A line is drawn 
from A meeting any line CD of plane MN" at E. If line BE is per- 
pendicular to CD, prove AE perpendicular to CD, 

(Fig. of Prop. VIL) 
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Prop. XVII. Theorem. 

426. If two angles not in the same plane liave their sides 
parallel and extending in the same direction, they are equal, 
and their planes are parallel. 




Given A BAC and B'A'C in planes MN and PQ, respec- 
tively, with AB and AC II respectively to A'B' and A'O, and 
extending in the same direction. 

To Prove Z BAC = Z B'A'O, and MN II PQ. 

Proof. Lay off AB = A'B' and AC = A'C', and draw 
lines AA', BB\ CO, BC, and B^C\ 

Then since AB is equal and II to A'B\ ABB' A' is a O. 

[If two sides of a quadrilateral are equal and ||, the figure is a O.] 

(§ 110) 

Whence, A A' is equal and II to BB\ 

[The opposite sides of a O are equal.] (§ 106, I) 

Similarly, ACOA' is a O, and AA' is equal and II to CC. 
Then, BB' is equal and II to CO. 

[If each of two str. lines is || to a third str. line, they are || to each 
other.] (§420) 

Whence, BB'C'C is a O, and BC=B'C. 

AABC=AA'B'C'. 

[Two A are equal when the three sides of one are equal respectively 
to the three sides of the other.] (§ 69) 

ZBAC=ZB'A'C'. 

[In equal figures, the homologous parts are equal. ] (§ 66) 

Again, lines AB and AC are II to plane PQ. 

[If two str. lines are II, a plane drawn through one of them, not 
coinciding with the plane of the lis, is || to the other.] (§ 411) 
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MN II pq. 

[If each of two intersecting lines is || to a plane, their plane is || to 
the given plane.] (§ 422) 

Prop. XVIIT. Theorem. 

427. If two straight lines are cut by three parallel planes, 
the corresponding segments are proportional. 



Oiyen II planes MN, PQ, and MS intersecting lines AC 
and A'O in points A, B, C, and A\ B', O, respectively. 

To Prove AB^AB^ 
BC B'C 

Proof. Draw line AC -, and through AC and AC pass a 
plane intersecting PQ and ES in lines BD and CC, respec- 
tively. 

.-. BD II CC. 

[If two II planes are cut by a third plane, the intersections are ||.] 

(§ 414) 

AB^AD 
" BC" DC ^ ^ 

[A II to one side of a A divides the other two sides proportionally.] 

(§244) 

In like manner, ^ = (2) 

' DC B'C ^ ^ 

From (1) and (2), ^ = 

[Things which are equal to the same thing, are equal to each other. ] 

(Ax. 1) 
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DIEDBAL ANGLES. 

DEFINITIONS. 

428i A diedral angle is the amount of divergence of two 
planes which meet in a straight line. 

The line of intersection of the planes is . 
called the edge of the diedral angle, and the 
planes are called its faces. 

Thus, in the diedral angle between planes 
BD and BF, BE is the edge, and BD and BF 
the faces. 

A diedral angle may be designated by two letters on its 
edge ; or, if several diedral aiigles have a common edge, by 
four letters, one in each face and two on the edge, the 
letters on the edge being named between the other two. 

Thus, we may read the above diedral angle BE, or ABEC. 

Two diedral angles are said to be adjacent 
when they have the same edge, and a common 
face between them ; as, ABEC and CBED, 

Two diedral angles are said to be vertical 
when the faces of one are the extensions of 
the faces of the other. 

429. A plane angle of a diedral angle is the angle be- 
tween two straight lines drawn one in each 
face, perpendicular to the edge at the same Dp 
point. ^ , 

Thus, if lines AB and AC he drawn in faces 
DE and DF, respectively, of diedral angle A 
DG, perpendicular to DO at A, Z. BAC is a 
plane angle of the diedral angle. 

430. Let BAC and BA'C (Fig. of § 429) be plane A of 
diedral Z I>6?; then, AB II AlB and AC II A'O. (§ 54) 

Z BAC = Z BA'C. (§ 426) 

That is, all plane angles of a diedral angle are equal. 
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431. A plane perpendicular to the edge of a diedral angle 
intersects the faces in lines perpendicular to the edge 
(§ 398) ; hence, a plane perpendicular to the edge of a diedral 
angle intersects the faces in lines which include the plane angle 
of the diedral angle (§ 429). 

432. Two diedral angles are equal when their faces may 
be made to coincide. 




Prop. XIX. Theorem. 

433. Two diedral angles are equal if their plane angles are 
equoL 

c 



Given ABO and A'B'C plane A of diedral A BD and 

B'D\ respectively, and Z.ABC = /:A'BCr. 
To Prove diedral ZBD= diedral Z B'D', 
Proof. Apply diedral Z B'D' to BB in such a way that 

A'B' shall coincide with AB, and B'C with BO. 

Now BD and B'l^ are ± to the planes of A ABO and 

A'B'O, respectively. (§ 400) 

Whence, J5'Z>' will coincide with BD, (§ 399) 

Then, A'D^ will coincide with AD, and OD', with OD. 

(§ 395, III) 

Hence, JB'D' and BD are equal. (§ 432) 

434. Cor. I. (Converse of Prop. XIX.) If two diedral 
angles are equal, their plane angles are equal. (Fig. of 
Prop. XIX.) 

(Apply B'D^ to BD so that face A'D' shall coincide with 
AD, and CD' with CD, point B' falling at B.) 
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435. Cor. n. If two planes intersect, the vertical diedrai 
angles are equal. 

For their plane angles are equal. (§ 40) 

436. Defs. If a plane meets another plane in such a way 
as to make the adjacent diedral angles equal, each is called a 
right diedral angle, and the planes are said to be perpendicu- 
lar to each other. 

Thus, if plane PQ be drawn meeting 
plane MN in such a way as to make 
diedral A PRQM and PRQN equal, 
each of these is a right diedral Z, and 
MN and PQ are ± to each other. 




Prop. XX. Theorem. 

437. Through a given line in a plane, a plane can be 
drawn perpendicular to the given plane, and but one. 




(Prove as in § 25.) 



Prop. XXI. Theorem. 

438. If two planes are perpendicular to each other, a 
straight line drawn in one. of them perpendicular to their 
intersection is perpendicular to the other. 



R 




~7 



DIEDRAL ANGLES. 



257 



Oiven planes PQ and MN±y intersecting in line QR, and 
line AB in plane FQ ± QR, 

To Prove AB ± MN, 

Proof. Draw line OBC in plane MN JL QR. 

Then, ABC and ABC are plane A of diedral APRQN 
and PRQM, respectively. (§ 429) 

Now, if two planes are ± to each other, the adj. diedral 
A are equal (§ 436). 

That is, diedral ZPi2QiV^= diedral ZPi^QJf. 

Z ABC = Z ABC (§ 434) 

Whence, Z ABC is a rt. Z. (§ 24) 

Then ^5, being ± to 5(7 and BQ at 5, is ± MN. (§ 400) 

439. Cor. I. If two planes are perpendicular to each other, 
a 2^erpendicular to one of them at any point of their intersex- 
tion lies in the other, 

Oiven planes PQ and MN ±, intersecting in line QR, 
and line AB drawn from any point B . of QR ± MN, 
(Fig. of Prop. XXI.) 

To Prove that AB lies in PQ, 

Proof. If a line be drawn in PQ-from point ^ ± QR, it 
will be ± j/iV. ' ' (§ 438) 

But from point B but one ± can be drawn to MN, (§ 399) 
Therefore, AB lies in PQ. 

440. Cor. n. If two planes are perpendicular to each 
other, a perpendicular to one of them from any point of the 
other lies in the other. 

Oiven planes PQ and MN A.^ intersecting in line QR, and 
line AB drawn from any point A of PQ ± MN, (Fig. of 
Prop. XXI.) 

To Prove that AB lies in PQ, 
(The proof is left to the pupil.) 
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Prop. XXII. Theorem. 



441. If a straight line is perpendicular to a plane, everif 
plane drawn through' the line is perpendicular to the plane. 



0% 



7 



Q 



if 



CKven line AB ± plane MN, and PQ any plane drawn 
through AB, 

To Prove PQ ± MN, 

Proof. Let line Qi? be the intersection of PQ and 307; 
and draw line CBC in plane MN ± Qi?. 

We have AB ± Bq, (§ 398) 

Then, A ABC and ABG are plane A of diedral ^ Pi?Qi^ 



and PRQM) respectively. 

But A ABO and AB(7 are rt. A, 



,', ZABC=ZABC\ 
diedral Z PRQN= diedral Z PiJQJlf. 
. PQ ± MN, 

Prop. XXIII. Theorem. 



(§ 429) 
(§ 398) 

(§ 26) 

(§ 433) 

(§ 436) 



442. A plane perpendicular to each of two intersecting 
planes is perpendicular to their intersection. 
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Oiven planes PQ and ES ± to plane MN, and intersect- 
ing in line AB. 

To Prove AB ± MK 

(By § 439, a ± to MN at B lies in both PQ and PS.) 

Pbop. XXIV. Theobem. 

443. Every point in the biaecting plane of a diedral angle 
18 equally distant from its forces. 




Oiven P any point in bisecting plane BE of diedral 
Z ABDC, and lines PM and PN ± to AD and CD, respec- 
tively. 

To Prove PM=PN, 

Proof. Let the plane determined by PM and PN inter- 
sect planes ADy BE, and CD in lines FP, and -F'iV; 



respectively. 

Plane PMFNis ± to planes ^ and CD. (§ 441) 

Then, plane PMFJST is ± (§ 442) 
Whence, PFJif and PFJVTare plane of diedral ABDE 

and (75i>^, respectively. (§ 431) 

.-. Z Pi?W= Z PFK (§ 434) 
In A PFM and Pi^W, PP= PP. 
And, Z PPJif = Z PPJV: 

Also, ^4 PilfP and PJVP are rt. A (§ 398) 

.-. A PFM = A PFK (§ 70) 

PM=PN. (?) 
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444. Cor. I. (Converse of Prop. XXIV.) Any point 
which is loithin a diedral angle, and equally distant from its 
faces, lies in the bisecting plane of the diedral angle. 

Given point F within diedral Z.ABDC, equally distant 
from AD and CD, and plane BE determined by BD and P. 
(Fig. of Prop. XXIV.) 

To Prove that BE bisects diedral ZABDC. 

(Prove A PFM and PFN equal ; then Z PFM = Z PFN, 
and the theorem follows by § 433.) 

445. Cor. II It follows from §§ 443 and 444 that 

The locus of points in space equally distant from the faces 
of a diedral angle is the plane bisecting the diedral angle. 



Prop. XXV. Theorem. 

446. Through a given straight line without a plane, a plane 
can be drawn perpendicular to the given plane, and but one. 




Given line AB without plane MN, 

To Prove that a plane can be drawn through AB ± MN, 
and but one. 

Proof. Draw line ACJlMN, and let AD be the plane 
determined by AB and AC\ then, AD1.MN. (§ 441) 

If more than one plane could be drawn through AB JL MN, 
their common intersection, AB, would be ± MN, (§ 442) 

Hence, but one plane can be drawn through AB A. MN, 
unless AB is ± MN, 



Note. If line AB is ± MN^ an indefinitely great number of planes 
can be drawn through AB^^MN (§441). 
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447. Befs. Tlie projection of a point on a plane is the foot 
of the perpendicular drawn from the point to the plane. 

The projection of a line on a plane is the line which con- 
tains the projections of all its points. 

448. Cor. Tlie projection of a straight line on a plane in 
a straigJU line. 

Given line CD the projection (§ 447) of str. line AB on 
plane MN, (Fig. of Prop. XXV.) 
To Prove CD a str. line. 
Proof. Draw a plane through 

The J§ to MN from all points of AB will lie in this 
plane. (§ 440) 

Therefore, CD is a str. line. (§ 39G) 

Prop. XXVI. Theorem. 

449. The angle between a straight line and its projection 
on a plane is the least angle which it makes with any line 
drawn in the plane through its foot. 

1 1 

/! 

/ 
/ 

■h- 




N 



Given line BC the projection of line ^Z? on plane MN, 
and BD any other line drawn through B in MN. 
To Prove Z ABC < Z ABD. 

Proof. Lay off BD = BC, and draw lines AC and AD. 
In A ABC and ABD, AB = AB. 
And by hyp., BC = BD. 

Also, AC<AD. (§410) 

ZABC<ZABD. (§ 92) 

Note. /.ABC is called the angle between line AB and plane MN. 
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Prop. XXVII. Theorem. 

460. Two straight lines, not in the same plane, have one 
common perpendicular, and hut one; and this line is the 
shortest line that can he draivn hetween them. 

A KB 













/ 

— 1 — ' 


L 


H / 



Given lines yLB and CD, not in the same plaiie. 

To Prove that one common ± to AB and CD can be 
drawn, and but one ; and that this line is the shortest line 
that can be drawn between AB and CD. 

Proof. Through CD draw plane MN II AB. (§ 416) 

Through AB draw plane AH A.MN, and produce their 
intersection to meet CD at G. (§ 446) 

Draw line AG in plane AH ± GH, then, AG ± MN. 

(§ 438) 

.-. AG±CD. (§ 398) 

Also, GH II AB. (§ 412) 

.-. AG±AB. (§ 56) 

Then, AG is a common ± to AB and CD. 
If possible, let EKhe another common ± to AB and CD, 

and draw line EF 11 AB, and line KL in plane AH Jl GH 
Then, EF lies in plane MN. (§ 413) 

Also, EK is ± to ED and EF. (§ 56) 

Whence, EK is ± MN. (?) 
But KL is also ± MN. (§ 438) 

We should then have two Js from K to MN, which is 

impossible. (§ 409) 

Hence, but one common ± can be drawn to AB and CD. 
Again, EK > KL. (§ 410) 
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EK>AG. (§ 80) 

Hence, AO is the shortest line between and CD, 



Pbop. XXVIII. Theorem. 

461. Two diedral angles are to each other as their plane 
angles. 

Case I. When the plane angles are commensxirdble. 




Given ABC and A'B'C\ plane A of diedral A ABDC and 
A'B'D'C, respectively, and commensurable. 



To Prove 



ABDC ^ ZABC 
A'B'D'C' ZA'B'C 



Proof. Let Z-ABE be a common measure of A ABC and 
A'B'O; and suppose it to be contained 4 times in ZABC 
and 3 times in ZA'B'C 

ZABC ^4 
" ZA'B'C 3 



(1) 



Passing planes through edges BD and B'D', and the 
several lines of division of A ABC and A'B'C, respectively, 
diedral ZABDC will be divided into 4 parts, and diedral 
Z A'B'D'C into 3 parts, all of which part^ are equal. (§ 433) 



A'B'D'C 3 
From (1) and (2), ^j^^ = 



(?) 
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Ga4se II. When the plane angles are incommenmrable, 

^r^ 1^ lA' 





Given ABC and A'B'C plane A of diedral A ABDC and 
A'B'D'C'j respectively, and incommensurable. 

To Prove ABDC ^ Z ABC ^ 

A'B'D'C ZA'B'C 

Proof. Let Z ABC be divided into any number of equal 
parts, and let one of these parts be applied to Z A'B'O as a 
unit of measure. 

Since A ABC and A'B'C are incommensurable, a certain 
number of the parts will extend from A'B' to B'E, leaving 
a remainder ZEB'C < one of the equal parts. 

Pass a plane through B'D' and B'E , then since the plane 
A of diedral AA'B'D'E and ABDC are commensurable, 

ABDC ZABC ^ 
A^Wd^^ZAB^' (§451,Ca.eI) 

Now let the number of subdivisions of ZABC be indefi- 
nitely increased. 

Then the unit of measure will be indefinitely diminished, 
and the remainder Z EB'C will approach the limit 0. 



Then 



ABDC will approach the limit ^^^^ 



and 



A'B'D'E 
ZABC 



will approach the limit 



A'B'D'O 
ZABC 



ZA'B'E ZA'B'O 
By the Theorem of Limits, these limits are equal. (§ 188) 

. ABDC __ ZABC 
' ' A'B'D'C Z A'B'O 
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Note. It follows from § 461 that the plane angle may be taken as 
the measure of the diedral angle ; thus, if the plane angle contains n 
degrees, the diedral angle may be regarded as being of n degrees. 



EXERCISES. 

10. A straight line and a plane perpendicular to the same straight 
line are parallel. 

(Fig. of Prop. IX. Let plane determined by AB and AC inter- 
sect itf^V in CD.) 

11. If two planes are parallel, a line parallel to one of them through 
any point of the other lies in the other. 

(Fig. of Prop. X. Given planes MN and PQ II, and AB through 
any point A of MN\\ PQ. Prove that AB lies in MX by § 418.) 

' 4' 

12. If a straight line is para;llel to a plane, ^ 
any plane perpendicular to the line is perpendicu- 
lar to the plane. 

(Draw line CD ± QB, and prove it J_ MX.) 



13. If two parallels meet a plane, they make 
equal angles with it. 

(Given AB \\ CD; to prove ZABA' =ZCDC'.) 



14. If a straight line intersects two parallel planes, it makes equal 
angles with them. 

15. The angle between perpendiculars to the 
faces of a diedral angle from any point within 
the angle is the supplement of its plane angle. 

(Prove ZBD C the plane Z of diedral ZPQBS. ) 



16. If each of two intersecting planes be cut 
by two parallel planes, not parallel to their inter- 
section, their intersections with the parallel |^ 
planes include equal angles. 

(To prove Z ABC = Z DEF.) 
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POLYBDRAL ANGLES. 

DEFINITIONS. 

452. A polyedral angle is a figure composed of three or 
more triangles, called faces, having for their 
bases the sides of a polygon, and for their 
common vertex a point without its plane ; 
as 0-ABCD. 

The common vertex, 0, is called the ver- 
tex of the polyedral angle, and the polygon, 
ABOD, the base ; the vertical angles of the 
triangles, AOB, BOO, etc., are called the 
face angles, and their sides, OA, OB, etc., the edges. 

Note. The polyedral angle is not regarded as limited by the base ; 
thus, the face AOB is understood to mean the indefinite plane between 
the edges OA and OB produced indefinitely. 

A triedral angle is a polyedral angle of three faces. 
Two polyedral angles are called vertical when the edges 
of one are the prolongations of the edges of the other. 

453. A polyedral angle is called convex when its base is 
a convex polygon (§ 121). 

454. Two polyedral angles are equal when they can be 
applied to each other so that their faces shall coincide. 

455. Two polyedral angles are said to be symmetrical 
when the face and diedral 

angles of one are equal respec- 
tively to the homologous face 
and diedral angles of the other, 
if the equal parts occur in the 
reverse order. 

Thus, if face A AOB, BOC, 
and CO A are equal respectively to face A A^O'B', B'O'O, 
and C'OA', and diedral A OA, OB, and 00 to diedral 
A O'A', O'B', and O'C", triedral A 0-ABC and O'-A'B'O 
are symmetrical. 
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It is evident that, in general, two symmetrical polyedral 
angles cannot be placed so that their faces shall coincide. 

Prop. XXIX. Theorem. 
456. Two vertical polyedral angles are symmetrical. 




B B' 
Fig. 1. Fig. X. 



Given 0-ABC and (Fig. 1) vertical triedral A, 

To Prove 0-AB(7and O-A'B'O symmetrical. 

Proof. Face A AOB, BOO, etc., are equal, respectively, 
to face A A'OB', B'OO, etc. (§ 40) 

Again, diedral A OA and OA are vertical ; for AOB and 
A'OB' are portions of the same plane, as also are AOC and 
A'OO'i in like manner, diedral A OB and OB' are vertical ; 
etc. 

Then, diedral A OA, OB, etc., are equal, respectively, to 
diedral A 0A\ OB', etc. (§ 435) 

But the equal parts of the triedral A occur in the reverse 
order; as may be seen by conceiving O-A'B'C moved II to 
itself to the right, and then revolved, as shown in Fig. 2, 
about an axis passing through 0, until face OA'C comes 
into the same plane as before ; edge OB' being on this side 
of, instead of beyond, plane OA'C 

Hence, 0-ABC smd O-A'B'C are symmetrical (§ 455). 

In like manner, the theorem may be proved for any two 
polyedral A. 
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Ex. 17. If two parallel planes are cut by a third plane, the al- 
ternate-interior diedral angles are equal. 

(Prove the plane A of the alt. -int. diedral A equal.) 

Prop. XXX. Theorem. 

457. The sum of any two face angles of a triedral angle is 
greater than the third. 

Note. The theorem requires proof only in the case where the third 
face angle is greater than either of the others. 



O 




B 



Given in triedral Z 0-ABC, 

face Z AOO > face Z AOB or face Z BOC. 
To Prove ZAOB + Z BOC >ZAOC, 

Proof. In face AOC draw line OD equal to OB, making 
Z AOD = Z AOB ; and through B and D pass a plane cut- 
ting the faces of the triedral Z in lines AB, BG, and CA, 
respectively. 

In A AOB and AOD, OA = OA, 

And by cons., OB = OD, 

and ZAOB = ZAOD. 

.-. A AOB = A AOD. (?) 
AB = AD. (?) 

Now, AB + BC>AD + DC. (Ax. 4) 

Or, since AB = AD, BC > DC. 

Then, in A BOC and COD, OC = OC, 
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Also, 



0^= OD, and BC>Da 
Z BOC > Z ODD, 



(§ 91) 



Adding ZAOB to the first member of this inequality, 
and its equal ZAOD to the second member, we have 
ZAOB + ZBOOZAOD + Z COD. 
ZAOB + ZBOOZAOa 

Pbop. XXXI. Theorem. 

458. The sum of the face angles of any convex polyedral 
angle is less than four right angles, 

o 



Given 0-ABODE a convex polyedral Z. 

To Prove Z AOB + Z BOC + etc. < 4 rt. A 

Proof. Let ABODE be the base of the polyedral Z. 

Let 0' be any point within polygon ABODE, and draw 
lines O'A, O'B, O'C, O'D, and O'E, 

Then, in triedral ZA-EOB, 

Z OAE + Z OAB > Z O'AE + Z O'AB. (§ 457) 

Also, Z OB A + Z OBO > Z O^BA + Z O'BO ; etc. 

Adding these inequalities, we have the sum of the base A 
of the A whose common vertex is > the sum of the base 
A of the A whose common vertex is 0'. 

But the sum of aU the A of the A whose common vertex 
is is equal to the sum of all the A of the A whose com- 
mon vertex is 0'. (§ 84) 

Hence, the sum of the ^ at is < the sum of the A at 0'. 

Then, the sum of the ^4 at is < 4 rt. A, (§ 35) 
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Prop. XXXII. Theorem. 

469. If two triedral angles have the face angles of one 
equal respectively to the face angles of the other, their homolo- 
gous diedral angles are equal. 




Fig, 1. Fig. 2. Fig. S. 

Given, in triedral A 0-ABC and O'-A'B'C, 

ZAOB^ZA'O'B', ZBOO=ZB'0'a, 
and ZCOA = ZaO'A'. 
To Prove diedral ZOA = diedral Z O'A'. 
Proof. Lay off OA, OB, 00, 0'A\ O'B', and O'C all 
equal, and draw lines AB, BO, OA, A'B', B'O', and C'A'. 

A OAB = A O'A'B', (§ 63) 

AB = A'B'. (§ 66) 

Similarly, B0= B'C and OA = OA\ 

A ABO = A AB'O, (§ 69) 

.-. ZEAF^-ZE^AF", (?) 
On QA and 0'^' take AD=AD\ 
Draw line DE in face OAB± OA, 

Since A OAB is isosceles, Z OAB is acute, and hence DE 
will meet AB ; let it meet AB at E, 

Also, draw line DF in face OAOl. OA, meeting AO at F; 
and lines D'E' and D'F' in faces O'A'B' and 0'A'C±0'A', 
meeting A'B' and A'O' at E' and i^, respectively. 

Draw lines EF and E'F, 

Then, in rt. A^i>^ and A'D'E', 
AD = A'D'. 
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And since A OAB = A O'A'B', 

ZDAE = ZD'A'E', (?) 
A ADE = A A'b'E'. (§ 89) 

AE = A'E', and DE = D'E', (?) 
Similarly, AF= A'F', and DF= D'F\ 
Then, in A^^i^'and A'E'F', 

AE = A'E', AF= A'F', and Z EAF= Z ^'^'2^. 

AAEF=AA'E'F. (?) 
EF=E'F'. (?) 
Then, in A D^i?' and D'E'F, 

DE = D'^', i>2^= D'F', and JE;i^= JEJ'i^. 

.-. ADEF=AD'E'F. (?) 
ZEDF=:ZE'D'F, (?) 
But, ^;Z)i?' and E^'D'i^ are the plane A of diedral A OA 
and 0'^', respectively. (§ 429) 

diedral ZOA = diedral Z 0'^'. (§ 433) 

Note. The above proof holds for Fig. 3 as well as for Fig. 2 ; in 
Figs. 1 and 2, the equal parts occur in the same order, and in Figs. 1 
and 3 in the reverse order. 

460. Cor. If two triedral angles have the face angles of one 
equal respectively to the face angles of the other, 

1. They are equal if the equal parts occur in the same order. 
For if triedral Z O'-A'B'C (Fig. 2) be applied to 0-ABC 

so that diedral A O'A' and OA coincide, point 0' falling 
at 0, then since Z A'O'C = Z AOC, and Z A'O'B' =Z AOB, 
O'B' will coincide with OB, and O'C with 0(7. 

2. They are symmetrical if the equal parts occur in the 
reverse order, 

EXERCISES. 

18. It BC is the projection of line AB upon 
plane MN, and BD and BJ^ be drawn in the plane 
making ZCBD =Z CBE, i>roYe ZABD=Z ABE. 

(Lay off BD = BE, and draw lines AD, AE, 
CDy and CE. Prove AABD and ABE equal.) 
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19. If a plane be drawn through a diagonal 
of a parallelogram, the perpendiculars to it from 
the extremities of the other diagonal are equal. 

(Given plane EF through diagonal AC 
CJABCD ; to pTOYeBG=DH. Prove rt. A5(?0 
and DUO equal.) 

20. Two tried ral angles are equal when a face angle and the ad- 
jacent diedral angles of one are equal respectively to a face angle and 
the adjacent diedral angles of the other, and similarly placed. 

21. D is any point in perpendicular AF from 
A to side BC of triangle ABC. If line DE be 
drawn perpendicular to the plane of ABC, and 
line GH through E parallel to BC. prove line 
A£ perpendicular to GH. 

(Prove BC± to plane AED by § 438.) 

22. A is any point in face EG of diedral Z DEFG. 
If be drawn perpendicular to edge EF^ and AB 
perpendicular to face Z>F, prove the plane deter- 
mined by and BC perpendiciilar to EF. (Ex. 

23. From any point E within diedral Z CABD, 
EF and EG are drawn perpendicular to faces ABC 
and ABD, respectively, and GH perpendicular to 
face ABC at H Prove FH perpendicular to AB. 

(Prove that FH lies in the plane of EF and EG.) 



24. The three planes bisecting the diedral 
angles of a uiedral angle meet in a common 
straight line. 

(Let planes OAD and OBE intersect in line A 
OG. Prove G in plane OCF by § 444.) 



25. Any point in the plane passing through the bisector of an 
angle, perpendicular to its plane, is equally distant from the sides 
of the angle. 

26. Any face angle of a polyedral angle is less than the sum of 
the remaining face angles. 

(Divide the polyedral Z into triedral A by passing planes through 
any lateral edge.) 
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POLYBDRONS. 

DEFINITIONS. 

461. Apolyedron is a solid bounded by polygons. 

The bounding polygons are called the faces of the polye- 
dron; their sides are called the edges, and their vertices 
the vertices. 

A diagonal of a polyedron is a straight line joining any 
two vertices not in the same face. 

462. The least number of planes which can form a polye- 
dral angle is three. 

Whence, the least number of polygons which can bound 
a polyedron is four. 

A polyedron of four faces is called a tetraedron; of six 
faces, a hexaedron; of eight faces, an octaedron; of twelve 
faces, a dodecaedron; of twenty faces, an icosaedroyi. 

463. A polyedron is called convex when the section made 
by any plane is a convex polygon (§ 121). 

All polyedrons considered hereafter will be understood to 
be convex. 

464. The volume of a solid is its ratio to another solid, 
called the unit of volume, adopted arbitrarily as the unit of 
measure (§ 180). 

The usual unit of volume is a cube (§ 474) whose edge is 
some linear unit; for example, a cubic inch or a cubic foot. 

465. Two solids are said to be equivalent when their vol- 
umes are equal. 

273 



274 



SOLID GEOMETRY.— BOOK VII. 



PRISMS AND PARALLBLOPIPBDS. 




DEFINITIONS. 

466. A prism is a polyedron, two of whose faces are 
equal polygons lying in parallel planes, 
having their homologous sides parallel, 
the other faces being parallelograms (§ 110). 

The equal and parallel faces are called 
the bases of the prism, and the other faces 
the lateral faces; the edges which are not 
sides of the bases are called the lateral edges, and the sum 
of the areas of the lateral faces the lateral area. 

The altitude is the perpendicular distance between the 
planes of the bases. 

467. The following is given for convenience of reference : 
The bases of a prism are equal, 

468. It follows from the definition of § 466 that the lat- 
eral edges of a prism are equal and parallel, (§ 106, 1) 

469. A prism is called triangular, quadrangular, etc., 
according as its base is a triangle, quadrilateral, etc. 

470. A right prism is a prism whose lat- 
eral edges are perpendicular to its bases. 

The lateral faces are rectangles (§ 398). 
An oblique prism is a prism whose lateral 
edges are not perpendicular to its bases. 

471. A regular prism is a right prism whose base is a 
regular polygon. 

472. A truncated prism is a portion of a 
prism included between the base, and a plane, 
not parallel to the base, cutting all the lateral 
edges. 

The base of the prism and the section made 
by the plane are called the bases of the trun- 
cated prism. 
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473. A right section of a prism is a section made by a 
plane cutting all the lateral edges, and perpendicular to them. 

474. A parallelopiped is a prism whose 
bases are parallelograms; that is, all the 
faces are parallelograms. 

A right parallelopiped is a parallelopiped 
whose lateral edges are perpendicular to 
its bases. 

A rectangular parallelopiped is a right 
parallelopiped whose bases are rectangles ; 
that is, all the faces are rectangles. 

A cube is a rectangular parallelopiped whose six faces are 
all squares. 

Prop. I. Theorem. 

475. The sections of a prism made by ttoo parallel planes 
which cut all the lateral edges, are equal polygons. 





Given II planes CF and C'-F" cutting all the lateral edges 
of prism AB, 

To Prove section CDEFG = section OD'E'FG'. 
Proof. We have CD II CD', DE II D^E^, etc. (§ 414) 
CD = OD\ DE = nE\ etc. (§ 107) 

Also Z CDE = Z OD'E\ Z DEF= Z D'EF', eto. (§ 426) 

Then, polygons CDEFG and C'D'E'FG', being mutually 
equilateral and mutually equiangular, are equal. (§ 124) 
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476. Cor. The section of a prism made by a plane parair 
lei to the base is equal to the base. 

Prop. II. Theorem. 

477. Two prisms are equal when the foices including a trie- 
dral angle of one are equal respectively to the faces including 
a triedral ctngle of the other, and similarly placed. 




A B A' B' 



Given, in prisms AH and A^W, faces ABCDE, AG, and 
AL equal respectively to faces A'B'CD'E', A^G\ and A!V'y 
the equal parts being similarly placed. 

To Prove prism AH= prism A^H\ 

Proof. We have A EAB, EAF, and FAB equal respec- 
tively to A E'A'B', E'AT', and FA'B', (§ 66) 
triedral Z A-BEF= triedral Z A'-B'E'F'. (§ 460, 1) 

Then, prism A'H' may be applied to prism AH in such a 
way that vertices A', B', C, D\ E, 0\ F, and L' shall fall 
at A, B, C, D, E, G, F, and L, respectively. 

Now since the lateral edges of the prisms are II, edge 
OH will fall on CH, D'K on BK, etc. (§ 53) 

And since points G\ F, and i' fall at G, F, and L, respec- 
tively, planes LH and L^H coincide. (§ 395, II) 

Then points H and fall at H and K, respectively. 

Hence, the prisms coincide throughout, and are equal. 

478. Cor. Two right prisms are equal when they have 
equal bases and equal altitudes ; for by inverting one of the 
prisms if necessary, the equal faces will be similarly placed. 
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479. Sch. The demonstration of § 477 applies without 
change to the ease of two truncated prisms. 

Prop. III. Theorem. 

480. An oblique prism is equivalent to a right prism, Jiav- 
^^9 for its base a right section of the oblique pnsm, and for 
its altitude a lateral edge of the oblique prism. 




Given FK' sl right prism, having for its base FK a right 
section of oblique prism AD', and its altitude FF' equal to 
AA', a lateraLedge of AD'. 

To Prove AD'^FK'. 

Proof. In truncated prisms AK and A'K', faces FGHKL 
and F'&H'K'V are equal. (§ 475) 

Therefore, AK^ may be applied to AK so that vertices 
F\ 0\ etc., shaU fall at Fy G, etc., respectively. 

Then, edges A'F', B^G\ etc., will coincide in direction 
with AF, BG, etc., respectively. (§ 399) 

But since, by hyp., FF' = AA', we have AF = AF\ 

In like manner, BG = B'&, CH= OH', etc. 
. Hence, vertices A', B\ etc., will fall at A, B, etc., respec- 
tively. 

Then, A'K' and AK coincide throughout, and are equal. 
Now taking from the entire solid AK' truncated prism 
A'K\ there remains prism AD\ 

And taking its equal AK, there remains prism FK\ 
AD' ^FK\ 
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Psop. IV. Th£OKEM. 

48L The opposite lateral faces of a paroHetopiped are 
equal and parallel. 




Given AC and A*C the bases of parallelopiped AC. 
To Prove faces AB* and DC equal and II. 
Proof. AB is equal and I! to DC, and AA' to DD'. (§ 106, 1) 
Z A'AB = Z UDC, and AB' II DC. (§ 426) 
face AB = face DC. (§ 113) 

Similarly, we may prove AU and BC equal and II. 

482. Cor. Either face of a paraUdopiped may be taken as 
the base. 

Prop. V. Theorem. 

483. The plane passed through two diagonally opposite 
edges of a parallelopiped divides it into two equivalent trian- 
gular prisms. 




B 

Given plane AC passing through edges AA' and CC of 
parallelopiped A'C 

To Prove prism ABC-A' =c= prism ACD-A'. 
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Proof. Let EFGH be a right section of the parallelepiped, 
intersecting plane AA'OC in line EG, 

Now, face AB' II face DO. (§ 481) 

EFW GH . (§ 414) 

In like manner, EH.W FG, and EFGH is a O. 

A EFG = A EGH. (§ 108) 

Now, ABC-A' is =0= a right prism whose base is EFG 
and altitude AA', and ACD-A' is =c= a right prism whose 
base is EGH and altitude AA'. (§ 480) 

But these right prisms are equal, for they have equal 
bases and the same altitude. (§ 478) 

ABC-A' =0= ACD-A', 

Prop. VI. Theorem. 

484. The lateral area of a pnsm is equal to the perimeter 
of a right section multiplied by a lateral edge. 




Given DEFGHs, right section of prism AC 
To Prove lat. area AC = (DE -{-EF+ etc.) x AA, 
Proof. We have, AA' ± DE, (§ 398) 

area AA'B'B = DE x AA', (§ 309) 

Similarly, area BB'C'C =EFx BB' 

= EFxAA'',etc, (§ 468) 
Adding these equations, we have 

lat. area AC = DE x AA' + EF x AA' + etc. 
= (DE -{-EF+ etc.) x AA'. 
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485. Cor. The latercU area of a right prism is equal to 

the perimeter of the hose multiplied by the altitude. 

Prop. VII. Theorem. 

486. Two rectangular paraUelopipeds halving equal basses 
are to each other as their altitudes. 

Note. The phrase ** rectangular parallelepiped in the above 
statement signifies the volume of the rectangular parallelepiped. 

Case I. WJien the altitudes are commensurable. 



Given P and Q rect. parallelepipeds, with equal bases, 
and commensurable altitudes, AA* and BB'. 

To Prove ^ = ~ 

Q BB^ 

Proof. Let AC he b. common measure of AA^ and BB^, 
and suppose it to be contained 4 times in AA\ and 3 times 
in BB'. 

= (1) 
BB' 3 ^ ^ 

Through the several points of division of AA' and BB^ 
pass planes ± to lines AA' and BB', respectively. 

Then, rect. parallelepiped P will be divided into 4 parts, 
and rect. parallelopiped Q into 3 parts, all of which parts 
will be equal. (§ 478) 

(2) 



From (1) and (2), 



Q 
p 

q" 



3 
A A' 
BB'^ 
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Case II. When the altitudes are incommensurahle. 









/ 




f 






/ 

/ 


/ 



Given P and Q rect. parallelepipeds, with equal bases, and 
incommensurable altitudes, AA! and BB\ 

^» f =i|- 

Proof. Divide AAl into any number of equal parts, and 
vapply one of these parts to BB^ as a unit of measure. 

Since AA^ and BB^ are incommensurable, a certain num- 
ber of the parts will extend from B to (7, leaving a remainder 
CB' < one of the parts. 

Draw plane GI>1.BB\ and let rect. parallelepiped BD 
be denoted by Q'. 

Then since, by const., AA! and BC are commensurable, 
P ^AA' 
BC 



(§ 486, Case I) 



Now let the number of subdivisions of AA' be indefinitely 
increased. 

Then the length of each part will be indefinitely dimin- 
ished, and remainder CB' will approach the limit 0. 



Then, 
and 



P P 
— will approach the limit —y 

will approach the limit 
P AA' 



Q BB' 



(§ 188) 



487. Def. The dimensions of a rectangular parallele- 
piped are the three edges which meet at any vertex. 
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488. Sch. The theorem of § 486 may be expressed : 

If two rectangular parallelopipeds have two dimensions of 

one equal respectively to two dimensions of the other, they are 

to each other as their third dimensions. 



Prop. VIII. Theorem. 



489. Two rectangular parallelopipeds having equal altitudes 
are to each other as their bases. 

Q 





L - 


/ 

f 





A 


/ 


1 


c 







a' 



Given P and Q rect. parallelopipeds,- with the same alti- 
tude c, and the dimensions of the bases a, 6, and a\ b', 
respectively. 

P axb 



To Prove 



(§ 305) 



Q a' xb' 

Proof. Let be a rect. parallelepiped with the altitude 
c, and the dimensions of the base a' and b. 

Then since P and B have each the dimensions b and c, 
they are to each other as their third dimensions a and a'. 

(§ 488) 

That is, 1 = ^. (1) 



And since R and Q have each the dimensions a' and c, 

R^b 
Q b'' 

Multiplying (1) and (2), we have 

B Q' Q a'xb' 



(2) 
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490. Sch. The theorem of § 489 may be expressed : 
Two rectangular parallelopipeds having a dimension of one 

equal to a dimension of the other, are to each other as the 

products of their other two dimensions. 



Prop. IX. Theorem. 



491. Any two rectangular parallelopipeds are to each 
other as the products of their three dimensions. 




4)' 



a' 



4' 



Oiven P and Q rect. parallelopipeds with the dimensions 
a, hy c, and a', 6', c\ respectively. 

To Prove ^= axbxc 

Q a' X b' X c 

(Let ii^ be a rect. parallelopiped with the dimensions a', 

490 and 488.) 



b'f and c, and find values of — and — by 



EXERCISES. 

1. Two rectangular parallelopipeds, with equal altitudes, have the 
dimensions of their bases 6 and 14, and 7 and 9, respectively. Find 
the ratio of their volumes. 

2. Find the ratio of the volumes of two rectangular parallelopipeds, 
whose dimensions are 8, 12, and 21, and 14, 15, and 24, respectively. 

D.: C' 

3. The diagonals of a parallelopiped bisect each 
other. 

(To prove that AC and ^'C bisect each other. 
Prove AA'C'C a O by § 110.) 
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Prop. X. Theorem. 



492. If the unit of volume is the cube whose edge is the 
linear unit, the volume of a rectangular paraUelopiped is 
equal to the product of its three dimensions. 




A. 



Given a, h, and c the dimensions of rect. paraUelopiped 
P, and Q the unit of Tolume ; that is, a cube whose edge 
is the linear unit. 
To Prove toI. P= o x 6 x c 

P _ axb xc 
Q 



Proof. We have 



1x1x1 
= a X 6 X c. 
But since Q is the unit of volume, 
P 



(§ 491) 



Q 



= vol. p. 



(§ 464) 



vol. P = a X 6 X c 



493. Sch. L In all succeeding theorems relating to vol- 
umes, it is understood that the unit of volume is the cube 
whose edge is the linear unit, and the unit of surface the 
square whose side is the linear unit. (Compare § 306.) 



494. Cor. I 

of its edge. 



The volume of a cube is equal to the cube 



495- Cor* n. The volume of a rectangular paraUelopiped 
is equal to the product of its base and altitude, 
(The proof is left to the pupil.) 
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496. Sch. n. If the dimensions of the rectangular 
parallelepiped are multiples of the linear 
unit, the truth of Prop. X. may be seen 
by dividing the solid into cubes, each 
equal to the unit of volume. 

Thus, if the dimensions of rectangular 
parallelopiped P are 5 units, 4 units, and 
3 units, respectively, the solid can evi- 
dently be divided into 60 cubes. 

In this case, 60, the number which expresses the volume 
of the rectangular parallelopiped, is the product of 5, 4, and 
3, the numbers which express the lengths of its edges. 



it 



EXERCISES. 

4. Find the altitude of a rectangular parallelopiped, the dimen- 
sions of whose base are 21 and 30, equivalent to a rectangular paral- 
lelopiped whose dimensions are 27, 28, and 35. 

5. Find the edge of a cube equivalent to a rectangular parallelo- 
piped whose dimensions are 9 in., 1 ft. 9 in., and 4 ft. 1 in. 

6. Find the volume, and the area of the entire surface of a cube 
whose edge is 3 J in. 

7. Find the area of the entire surface of a rectangular parallelo- 
piped, the dimensions of whose base are 11 and 13, and volume 858. 

8. Find the volume of a rectangular parallelopiped, the dimen- 
sions of whose base are 14 and 9, and the area of whose entire surface 
is 620. 

9. Find the dimensions of the base of a rectangular parallelo- 
piped, the area of whose entire surface is 320, volume 336, and 
altitude 4. 

(Represent the dimensions of the base by x and y.) 

10. How many bricks, each 8 in. long, 2| in. wide, and 2 in. 
thick, will be required to build a wall 18 ft. long, 3 ft. high, and 
11 in. thick ? 



11. The diagonals of a rectangular parallelo- 
piped are equal. 

(Prove AA'C^C a rectangle.) 
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Prop. XI. Theorem. 

497. Tlie volume of any paraUelopiped is eqttal to the 
pi'oduct of its base and altitude. 

ci kL ^ 




Given AE the altitude of paraUelopiped AO. 

To Prove vol. AO = area ABCD x AE. 

Proof. Produce edges AB, A'B\ D'Oy and BO 

On AB produced, take FQ = AB ; and draw planes FK^ 
and GIT ± FG, forming right paraUelopiped FIT. 

FH' =0= AO. (§ 480) 

Produce edges HG, H'G', ICF, and /^F. 
On HG produced, take NM= HG\ and draw planes NP^ 
and ML^ ± NM, forming right paraUelopiped LN^. 

.'. LN^^FH'. (§ 480) 

LN'<^AO. 



Now since, by cons., FG is ± plane GW, planes LH and 


are ±. 


(§ 441) 


Then MM', being ± MN, is ± plane i^. 


(§ 438) 


Whence, Z LMM* is a rt. Z. 


(§ 398) 


Then, i^f is a rectangle. 


(§ 76) 


Therefore is a rectangular paraUelopiped. 




.-. vol. LN' = area LMNP x itOf. 


(§ 495) 


vol. AO = area Z^fJVP x MM\ 


(1) 
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But rect. LMNP = rect. FGHK\ for they have equal 
bases MN and GH, and the same altitude. (§ 114) 

Also, rect. FGHK^O ABCD ; for they have equal bases 
FG and AB, and the same altitude. (§ 310) 

LMNP^ABCD. 
Also, JOr = AE, (§ 424) 

Substituting these values in (1), we have 

vol. AC = area ABGD x AE. 

Prop. XII. Theorem. 

498. The volume of a tHmgular prism is equal to the 
product of its base and altitude. 




A. 



Given AE the altitude of triangular prism ABC-C 
To Prove vol. ABC-C = area ABC x AE. 
Proof. Construct parallelepiped ABCD-D\ having its 
edges II to ABy BC, and BB'y respectively. 

vol. ABC-a = ^ vol. ABCD-D' (§ 483) 
= ^ area ABCD x AE (§ 497) 
= area ABC x AE, (§ 108) 

EXERCISES. 

12. Find the lateral area and volume of a regular triangular prism, 
each side of whose base is 5, and whose altitude is 8. 

13. The square of a diagonal of a rectangular parallelopiped is 
equal to the sum of the squares of its dimensions. 

(Fig. of Ex. 11. To prove = jLP + Iff + AD\) 
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Pkop. XIII. Theorem. 



499. The volume of any prism is equal to the product of its 
base and altitude. 



Given any prism. 

To Prove its volume equal to the product of its base and 
altitude. 

Proof. The prism may be divided into triangular prisms 
by passing planes through one of the lateral edges and the 
corresponding diagonals of the base. 

The volume of each triangular prism is equal to the prod- 
uct of its base and altitude. (§ 498) 

Then, the sum of the volumes of the triangular prisms is 
equal to the sum of their bases multiplied by their common 
altitude. 

Therefore, the volume of the given prism is equal to the 
product of its base and altitude. 

500. Cor. I. Two prisms having equivalent bases and 

equal altitudes are equivalent 

501. Cor. n. 1. Two prisms having equal altitudes are 
to each other as their bases. 

2. Two prisms having equivalent bases are to each other as 
their altitudes. 

3. Any two prisms are to each other as the products of their 
bases by their altitudes. 




Ez. 14. Find the lateral area and volame of a regular hexagonal 
prism, each side of whose base is 3, and whose altitude is 9. 
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PYRAMIDS. 

DEFINITIONS. 

502. A pyramid is a polyedron bounded by a polygon, 
called the base, and a series of triangles 
having a common vertex. 

The common vertex of the triangular 
faces is called the vertex of the pyramid. 

The triangular faces are called the lateral 
faces, and the edges terminating at the vertex 
the lateral edges. 

The sum of the areas of the lateral faces is called the 
lateral area. 

The altitude is the perpendicular distance from the vertex 
to the plane of the base. 

503. A pyramid is called triangular, quadrangular, etc., 
according as its base is a triangle, quadrilateral, etc. 

504. A regular pyramid is a pyramid whose 
base is a regular polygon, and whose vertex 
lies in the perpendicular erected at the centre 
of the base. 

505. A truncated pyramid is a portion of 
a pyramid included between the base and a plane cutting 
all the lateral edges. 

The base of the pyramid and the section made by the 
plane are called the bases of the truncated pyramid. 

506. A frustum of a pyramid is a trun- 
cated pyramid whose bases are parallel. 

The altitude is the perpendicular distance 
between the planes of the bases. 

EXERCISES. 

15. Find the length of the diagonal of a rectangular parallelopiped 
whose dimensions are 8, 9, and 12. 

16. The diagonal of a cube is equal to its edge multiplied by VS. 
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Prop. XIV. Theorem. 
507. In a regular pyramid, 
I. The lateral edges are equal, 
II. The lateral faces are equal isosceles triangles. 



o 




B C 



(The theorem follows by §§ 406, I, and 69.) 

608. Def. The slant height of a regular pyramid is the 
altitude of any lateral face. 

Or, it is the line drawn from the vertex of the pyramid to 
the middle point of any side of the base. (§ 94, 1) 

Prop. XV. Theorem. 

509. Tlie lateral faces of a frustum of a regular pyramid 
are equal trapezoids, ^ 




Given AC sl frustum of regular pyramid 0-ABCDE, 
To Prove faces AB^ and BO^ equal trapezoids. 
Proof. We have A GAB = A OBC, (§ 507, II) 

We may then apply A OAB to A OBO in such a way 

that sides OB, OA, and AB shall coincide with sides OB, 

OC, and BC, respectively. 
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Now, A'B' II AB and B'C II BC, (?) 
Hence, fine A'B' will coincide with line B'C. (§ 53) 
Then, AB' and coincide throughout, and are equal. 

610. Cor. The lateral edges of a fi-ustum of a regular 
pyramid are equal, 

511. Def. The slant height of a frustum of a regular 
pyramid is the altitude of any lateral face. 

Prop. XVI. Theorem. 

512. The lateral area of a regular pyramid is equal to the 
perimeter of its base multiplied by one-half its slant heigJU, 

O 




Given slant height OH of regular pyramid 0-ABCDE, 
To Prove 

lat. area 0- ABODE = {AB BO ^ etc.) x ^ OIL 
(By § 508, OH is the altitude of each lateral face.) 

513. Cor. The lateral area of a frustum of a regular 
pyramid is equal to one-half the sum of 
the perimeters of its bases, multiplied by . tt^^d' 
its slant height / / j^, — rc\ 

Given slant height HH' of the frus- A^-ff -eTY/D 
turn of a regular pyramid AD', ir\L \f 

To Prove 

lat. area AD' = i (AB 4- A'B' -{-B0+ B'O' + etc.) x HH\ 
{HW is the altitude of each lateral face.) 
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EXERCISES. 

17. The volume of a cube is cu. ft. Find the area of its entire 
surface in square inches. 

18. The volume of a right prism is 2310, and its base is a right 
triangle whose legs are 20 and 21, respectively. Find its lateral area. 

19. Find the lateral area and volume of a right triangular prism, 
having the sides of its base 4, 7, and 9, respectively, and the altitude 8. 

20. The volume of a regular triangular prism is 96 \/3, and one 
side of its base is 8. Find its lateral area. 

21. The diagonal of a cube is 8\/3. Find its volume, and the 
area of its entire surface. 

(Represent the edge by x.) 

22. A trench is 124 ft. long, 2^ ft. deep, 6 ft. wide at the top, and 
5 ft. wide at the bottom. How many cubic feet of water will it con- 
tain ? (§§ 316, 499.) 

23. The lateral area and volume of a regular hexagonal prism are 
60 and 15 V3, respectively. Find its altitude, and one side of its base. 

(Represent the altitude by a;, and the side of the base by y.) 

Prop. XVII. Theorem. ^ 

614. If a pyramid be cut by a plane parallel to its base, 
I. TJie lateral edges and the altitude are divided propor- 
tionally. 

II. The section is similar to the ba^e. 




B 

Given plane A'C II to base of pyramid 0-ABCD, cutting 
faces GAB, OBC, CCD, and ODA in lines A'B', B'C, CPL^y 
and D^A\ respectively, and altitude OP at P'. 
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I. To Prove OA^OK^OC^^^QPI^, 

OA OB 00 OP 

Proof. Through pass plane MN II ABCD. 

,,M=OB^OC[^^^^qF^ (§427) 
OA OB 00 OF ^ 

II. To Prove section A'B'CD' similar to ABCD, 
Proof. We have A'B' II AB, B'O II BCy etc. (?) 

Z A'B'O = Z ^5(7, Z 5' CD' = Z 5(72), etc. (§ 426) 

Again, A OA'B', OB'C, etc., are similar to A OAB, OBC, 
etc., respectively. (§ 257) 

OA^ A'B' OB' B'O . ... 
QJ = ^' OB-^BO'''' 

^^^^ ^ = (§^^^'^> 

...^ = ^ = ^etc. (?) 
• AB BC CD ^ ^ 

Then, polygons A'B' CD' and ABCD are mutually equi- 
angular, and have their homologous sides proportional. 
Whence, A'B'O D' and ABCD are similar. (§ 252) 

515. Cor. I Since A'B'OD' and ^CZ) are similar, 
area A'B' CD' A!B^ 



But from (1), § 614, 



area ABCD Alt 
A'B' OA' 



(§ 322) 



(§514, 1) 



AB OA 
^OP 

op' 

area A'B'CD' ^6f\ 
area ABCD Qp"^ 

Hence, the area of a section of a pyramid^ parallel to the 
boM, 18 to the area of the base as the square of its distance 
from the vertex is to the square of the altitude of the pyramid. 
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516. Cor. n. If two pyramids have equal altitudes and 
equivalent bases, sections 
parallel to the bases equally 
distant from the vertices 
are equivalent. 

Given bases of pyramids 
0-^50 and O^-A'B'C =o=, 
and the altitude of each 
pyramid = H\ also DEF 
and D'E'F' sections = to 

the bases at distance h from and 0', respectively. 
To Prove area DEF = area D'E'F'. 

Proof. We have 




area DEF ^ W . area D'E'F' ^ 
&iea. ABC H^' SiTea,A'B'0' H^' 
area DEF area D'E'F' 



But by hyp., 



area ABC area A'B'C 
area ABC= area A'B'C. 
area DEF= area D'E'F', 



(§515) 
(?) 



Prop. XVIII. Theorem. 

517. 7\oo triangular pyramids having equal altitudes and 
equivalent bases are equivalent. 





Given o-al)c and o'-a'b'c' triangular pyramids with equal 
altitudes and =o= bases. 
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To Prove vol. o-abc = vol. o'-a'b'c'. 

Proof. Place the pyramids with their bases in the same 
plane, and let FQ be their common altitude. 

Divide FQ into any number of equal parts. 

Through the points of division pass planes II to the plane 
of the bases, cutting o-abc in sections def and ghk, and 
o'-aVc' in sections d'e'f and g^h'k\ respectively. 

/. def^ d'e^f, and ghk ^ gW, (§ 516) 

With dbc, def, and ghk as lower bases, construct prisms 
X, Yy and Z, with their lateral edges equal and II to acZ; 
and with d'e'f and g'h'k^ as upper bases, construct prisms 
^^T' and Z', with their lateral edges equal and II to a^d'. 

prism Y=c= prism Y, and prism Z=c= prism Z'. (§ 500) 
Hence, the sum of the prisms circumscribed about o-abc 
exceeds the sum of the prisms inscribed in o'-a'b'c' by 
prism X. 

But, o-abc is evidently < the sum of prisms X, Y, and 
Z; and it is > the sum of prisms =o= to F' and Z'^ respec- 
tively, which can be constructed with def and ghk as upper 
bases, having their lateral edges equal and II to ad. 

Again, o'-a'b'c' is > the sum of prisms Y' and ; and 
it is < the sum ot prisms =c= to X, F, and Z, respectively, 
which can be constructed with a'b'c', d'ef, and g'h'k' as 
lower bases, having their lateral edges equal and II to a^d'. 

That is, each pyramid is < the sum of prisms X, F, and 
Z, and > the sum of prisms F' and Z' ; whence, the differ- 
ence of the volumes of the pyramids must be < the dif- 
ference of the volumes of the two systems of prisms, 
or < volume X, 

Now by sufficiently increasing the number of subdivisions 
of FQ, the volume of prism X may be made < any assigned 
volume, however small. 

Hence, the volumes of the pyramids cannot differ by any 
volume, however small. 

.•. vol. o-abc = vol. o'-a'b'c'. 
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518. Cor. Since vol. o'-a'b'c' is > the total volume of 
tlie inscribed prisms, and < the total volume of the cir- 
cumscribed, the difference between vol. o'-a'b'c' and the 
total volume of the inscribed prisms is < the difference 
between the total volumes of the two systems of prisms, 
or < vol. X] and hence approaches the limit when the 
number of subdivisions is indefinitely increased. 

Peop. XIX. Theorem. 

519. A triangular pyramid is equivalent to one-third of a 
triangular prism having the same base and altitxide. 




B 



Given triangular pyramid 0-ABC, and triangular prism 
ABC-ODE having the same base and altitude. 

To Prove vol. 0-ABC = \ vol. ABC-ODE, 

Proof. Prism ABC-ODE is composed of triangular pyrar 
mid 0-ABC, and quadrangular pyramid 0-ACDE. 

Divide the latter into two triangular pyramids, 0-ACE 
and 0-CDE, by passing a plane through 0, (7, and E, 

Now, 0-ACE and 0-CDE have the same altitude. 

And since CE is a diagonal of O ACDE, they have equal 
bases, ACE and CDE. (§ 108) 

vol. 0-ACE = vol. 0-CDE. (§ 517) 

Again, pyramid 0-CDE may be regarded as having its 
vertex at C, and A ODE for its base. 

Then, pyramids 0-ABC and C-ODE have the same 
altitude. (§ 424) 
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They have also equal bases, ABC and ODE. (§ 467) 
vol. 0-ABC = Yol C'ODE, (?) 
Then, vol. 0-ABC = vol. 0-ACE = vol. 0-CDE, (?) 
vol. 0-^5(7 = i vol. ABC-ODE. 

520. Cor. The volume of a tnangular pyramid is equal to 
one-third the jn^oduct of its base and altitude. (§ 498) 

Prop. XX. Theorem. 

521. The volume of any pyramid is equal to one-third the 
product of its base and altitude. . 




(Prove as in § 499.) 

522. Cor. 1. Two pyramids having equivalent bases and 
equal altitudes are equivalent. 

2. Two pyramids having equal altitudes are to each other 
as their bases. 

3. Two pyramids having equivalent bases are to each other 
as their altitudes. 

4. Any two pyramids are to each other as the products of 
their bases by their altitudes. 

EXERCISES. 

24. The altitude of a pyramid is 12 in., and its base is a square 
9 in. on a side. What is the area of a section parallel to the base, 
whose distance from the vertex is 8 in. ? (§ 515.) 

25. The altitude of a pyramid is 20 in., and its base is a rectangle 
whose dimensions are 10 in. and 15 in., respectively. What is the dis- 
tance from the vertex of a section parallel to the base, whose area is 
64 sq. in. ? 
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Prop. XXI. Theorem. 



523. Two tetraedrons having a triedrcU angle of one equal 
to a triedral angle of the other, are to each other as the products 
of the edges including the equal triedral angles. 




To Prove 



Oiven V and F' the volumes of tetraedrons 0-ABC and 
O-A'B'C, respectively, having the common triedral Z 0. 

V ^ OA X OB X PC 

V OA' X OB' X OC 

Proof. Draw lines CP and CP ± to face OA'B', 
Let their plane intersect face OA'B' in line OPF*. 
Now, OAB and OA'B' are the bases, and CP and CP 

the altitudes, of triangular pyramids C-OAB and C-OA'B', 

respectively. 

V ^ area OAB x CP 
' V 



area OA'B' x CP' 
area OAB CP 



But, 



area OA'B' CP 
area OAB ^ OA x OB 
area OA'B' OA' x OB'' 



Also, A OCP and OCP are rt. A. 
Then, A OCP and OCP' are similar. 

CP ^OC 
" CP OC 



(§ 522, 4) 

(1) 
(§ 321) 

(§ 398) 
(§ 256) 



Substituting these values in (1), -we have 

V _ OAxOB OC OA X OBx OC 

V OA' X OB' 00' 



OA' X OB' X OC 
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Prop. XXII. Theorem. 



524. The volume of a frustum of a pyramid is equal to the 
sum of its hoses and a mean proportional hettveen its bases, 
multiplied by one-third its altitude, 

O 



Given B the area of the lower base, b the area of the 
upper base, and H the altitude, of AC\ a frustum of any 
pyramid 0-AC. 

To Prove vol. AC'=(B-^b-{- VBlTb) x^H. (§ 233) 

Proof. Draw altitude OP, cutting A'C at Q. 

Now, vol. = vol. 0-AC - vol. 0-A'C' 




3 



= Bx OQ)-bxiOQ ( 

=:BxiH-\-Bx^OQ-b x^OQ 
= BxiH-h(B-b)x^OQ. 



. (1) 
(§ 515) 



(§ 521) 



But, B:b = OP':OQ\ 

Taking the square root of each term. 



V5: V6= OP: OQ. 
... VB-Vb:^/b=OP- OQiOQ 

= H: OQ. 
(V^-V6) X OQ = VbxIL 
Multiplying both members by (V^ -f V^), 



(§ 232) 



(§ 241) 
(§ 238) 



(B-b)xOQ = (VB^ -\'h) X IL 
Substituting this value in (1), we have 



vol. AC' = Bx iH-{-(VBx^ -f X i // 



= (jB + 6+V5^) x^H, 
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Prop. XXIII. Theorem. 

525. Tlie volume of a truncated triangular prism is equal 
to the product of a right section by one-third tlie sum of the ' 
lateral edges. 




Oiven GHC and DKL rt. sections of truncated triangular 
prism ABC'DEF, 
To Prove 

vol. ABG-DEF = area GHC x \ {AD + BE-\- OF), 
Proof. Draw line DM± KL, 

The given truncated prism consists of the rt. triangular 
prism OHC-DKL, and pyramids D-EKLF and O-ABHG. 
vol. GHC-DKL = area GHC x GD (§ 498) 

= 2iiesiGHCx\{GD-\'HK-\-CL), (1) 
since the lateral edges of a prism are equal (§ 468). 

Now DM is the altitude of pyramid D-EKLF, (§ 438) 
.-. vol. D-EKLF = area EKLF x | DM (§ 521) 

But KL is the altitude of trapezoid EKLF (§ 398) 

.-. vol. D-EKLF =i(KE + LF) x KL x \DM. (§ 316) 
Rearranging the factors, we have 

vol. D-EKLF = (I KL x DM) x \ (KE -f LF) 

= area DKL x ^ (KE + LF) (§ 312) 
= area GHC x i {KE -f LF), (2) 
In like manner, we may prove 

vol. C-ABHG = area GHC x ^ {AG + BH), (3) 
Adding (1), (2), and (3), the sum of the volumes of the 

solids GHC-DKL, D-EKLF, and C-ABHG is 

area GHC x i {AG + GD + BH+HK-\-KE-^ CL + LF), 
,', vol. ABC-DEF= area GHC x ^ {AD -h BE -\- CF), 
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526. Cor. The volume of a truncated right triangular 
prism is equal to the product of its base by one-third the sum 
of the lateral edges. 

EXERCISES. 

26. Each side of the base of a regular triangular 
pyramid is 6, and its altitude is 4. Find its lateral 
edge, lateral area, and volume. 

Let OAB be a lateral face of the regular tri- ^ 
angular pyramid, and G the centre of the base ; 
draw line CD±AB; also, lines OC^ AC, and OD. 

Now, ^0 = — (§356)= — = 2V3. 

Vs Vs 

. .-. lat. edge OA = ^AC^ + 0C'\^ 272) = V12 4- 16 = ^M = 2 V7. 
/. slant ht. OD = V OA^ - A&(% 273) = V28 - 9 = Vl9. 
/. lat. area of pyramid = 9 Vl9 (§ 612). 
Again, CD = -y/AG'^-A^ = Vl2 - 9 = V3. 

area of base = J x 18 x VS (§ 350) = 9 V3. 

vol. of pyramid = J x 9 V3 x 4 (§ 520) = 12 V3. 

27. Find the lateral edge, lateral area, and volume of a frustum of 
a regular quadrangular pyramid, the sides of whose bases are 17 and 
7, respectively, and whose altitude is 12. 

Let ABB' A' be a lateral face of the frustum, and and 0' the 
centres of the bases; draw lines OC±AB, 
0'C'±A'B\ C'D± OC, and A' E ± AB ; also, A' 
lines 00' and CO. /^\ 

Now, CD =00- O'C = 8J - 3i = 5. ^//' jO' 

Slant ht. CC / \ \d' jl2 

= V'C&+C'ff= V25 + 144= Vl69 = 13. C \""jy 

lat. area frustum V 
= i (68 + 28) X 13 (§ 513) = 624. 

Again, AE = AC - A'C = 8J - 3J = 5, and A'E = CG = 13. 

lat. edge AA' =VZ^ + = V25 + 169 = Vl94. 
Again, area lower base = 17^, area upper base = 7^, and a mean 
proportional between them = Vn-^ x 7^ =17x7 = 119. 
.-. vol. frustum =(289 + 49 + 119) x 4 (§ 524) = 1828. 
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Find the lateral edge, lateral area, and volume 

28. Of a regular triangular pyramid, each side of whose base is 12, 
and whose altitude is 15. 

29. Of a regular quadrangular pyramid, each side of whose base 
is 3, and whose altitude is 6. 

30. Of a regular hexagonal pyramid, each side of whose base is 4, 
and whose altitude is 9. 

31. Of a frustum of a regular triangular pyramid, the sides of 
whose bases are 18 and 6, respectively, and whose altitude is 24. 

32. Of a frustum of a regular quadrangular pyramid, the sides of 
whose bases are 9 and 6, respectively, and whose altitude is 10. 

33. Of a frustum of a regular hexagonal pyramid, the sides of 
whose bases are 8 and 4, respectively, and whose altitude is 12. 

34. Find the volume of a truncated right triangular prism, the sides 
of whose base are 6, 12, and 13, and whose lateral edges are 3, 7, and 
6, respectively. 

35. Find the volume of a truncated regular quadrangular prism, a 
side of wliose base is 8, and whose lateral edges, taken in order, are 2, 
6, 8, and 4, respectively. 

(Pass a plane through two diagonally opposite lateral edges, divid- 
ing the solid into two truncated right triangular prisms.) 

36. Find the volume of a truncated right triangular prism, whose 
lateral edges are 11, 14, and 17, having for its base an isosceles triangle 
whose sides are 10, 13, and 13, respectively. 

37. The slant height and lateral edge of a regular quadrangular 
pyramid are 26 and \/674, respectively. Find its lateral area and 
volume. 

38. The altitude and slant height of a regular hexagonal pyramid 
are 15 and 17, respectively. Find its lateral edge and volume. 

(Represent the side of the base by x.) 

39. The lateral edge of a frustum of a regular hexagonal pyramid 
is 10, and the sides of its bases are 10 and 4, respectively. Find its 
lateral area and volume. 

40. Find the lateral area and volume of a frustum of a regular 
triangular pyramid, the sides of whose bases are 12 and 6, respectively, 
and whose lateral edge is 5. 
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41. Find the lateral area and volume of a regular quadrangular 
pyramid, the area of whose base is 100, and whose lateral edge is 13. 

42. Prove the lateral surface of a pyramid greater than its base, when 
the perpendicular from the vertex to the base falls within the base. 

(From foot of altitude draw lines to the vertices of the base ; each A 
formed has a smaller altitude than the corresponding lateral face.) 

43. If ^, F, Q, and H are the middle points of edges AB, AD, 
CD, and BG, respectively, of tetraedron ABCD, prove EFGH a 
parallelogram. (§ 130.) 

44. Two tetraedrons are equal if a diedral angle and the adjacent 
faces of one are equal, respectively, to a diedral angle and the adjacent 
faces of the other, if the equal parts are similarly placed. 

(Figs, of §459. Given faces OAB, OAC, and diedral Z OA equal, 
respectively, to faces O'A B', Q'A'C, and diedral Z O'A'.) 

Dl 

45. The section of a prism made by a plane 
parallel to a lateral edge is a parallelogram. 

(Given section EE'F'F \\ AA . Prove EE* || to 
plane CD' ; then use § 412.) 




46. The point of intersection of the diagonals 
of a parallelopiped is called the centre of the par- 
allelepiped. (Ex. 3.) 

Pi'ove that any line drawn through the centre 
of a parallelopiped, terminating in a pair of oppo- 
site faces, is bisected at that point. 

47. The volume of a regular prism is equal to its lateral area, 
multiplied by one-half the apothem of its base. (§ 350.) 

48. The volume of a regular pyramid is equal to its lateral area, 
multiplied by one-third the distance from the centre of its base to any 
lateral face. 

(Pass planes through the lateral edges and the centre of the base.) 

49. Find the area of the entire surface and the volume of a trian- 
gular pyramid, each of whose edges is 2. 

50. The areas of the bases of a frustum of a pyramid are 12 and 
75, respectively, and its altitude is 9. What is the altitude of the 
pyramid ? 

(Let altitude of pyramid = x ; then x — 9 is the ± from its vertex 
to the upper base of the frustum ; then use § 515.) 
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51. Tlie bases of a frustum of a pyramid are rectangles, whose sides 
are 27 and 16, and 9 and 6, respectively, and the line joining their 
centres is perpendicular to each base. If the altitude of the frustum 
is 12, find its lateral area and volume. 

(From the centre of each base draw J& to two of its sides ; in this 
way the altitudes of the lateral faces may be found.) 

52. A frustum of any pyramid is equivalent to the sum of three 
pyramids, having for their common altitude the altitude of the frus- 
tum, and for their bases the lower base, the upper base, and a mean 
proportional between the bases, of the frustum. (§ 524.) 

53. The upper base of a truncated parallelepiped is a parallelo- 
gram. 

54. The sum of two opposite lateral edges 
of a truncated parallelopiped is equal to the 
sum of the other two lateral edges. 

(Let planes AC and BD' intersect in 00'. 
Find the length of 00' in terms of the lateral 
edges by § 132.) 

55. The volume of a truncated parallelo- 
piped is equal to the area of a right section 
multiplied by one-fourth the sum of the lateral 
edges. 

(By proof of § 483, a rt. section of a paral- 
lelopiped is a ZI7 ; divide the solid into two 
truncated triangular prisms, and apply Ex. 64.) 

56. The volume of a truncated parallelopiped is equal to the area 
of a right section, multiplied by the distance between the centres of 
the bases. 

(By Ex. 64, the distance between the centres of the bases may be 
proved equal to one-fourth the sum of the lateral edges.) 



57. If ABCD is a rectangle, and EF any 
line not in its plane parallel to AB^ the vol- 
ume of the solid bounded by figures ABCD^ 
ABFE, CDEF, ADE, and BCF, is 
\hx ADx {2AB + EF), 
where h is the perpendicular from any point of 
EF to ABCD, (§ 626.) 






f 
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58. If ABCD and EFGH are rectangles 
lying in parallel planes, AB^ and BC being 
parallel to EF and FG^ respectively, the solid 
bounded by the figures ABCD, EFGHy ABFE, 
BCGF, CDHG, and DAEH, is called a rec- 
tangular pinsmoid. 

ABCD and EFGH are called the hoses of 
the rectangular prismoid, and the perpendicular 
distance between them the altitude. 

Prove the volume of a rectangular prismoid equal to the sum of its 
bases, plus four times a section equally distant 'from the bases, multi- 
plied by one-sixth the altitude. 

(Pass a plane through CD and EF, and find volumes of solids 
ABCD-EF and EFGH-CD by Ex. 67.) 

59. Find the volume of rectangular prismoid the sides of whose 
bases are 10 and 7, and 6 and 5, respectively, and whose altitude is 9. 

60. Two tetraedrons are equal if three faces of one are equal, re- 
spectively, to three faces of the other, if the equal parts are similarly 
placed. (§ 460, 1.) 

61. The perpendicular drawn to the lower 
base of a truncated right triangular prism from 
the intersection of the medians of the upper 
base, is equal to one-third the sum of the 
lateral edges. 

(Let P be the middle point of DL, and draw 
PQ ±ABC 'y express LM in terms of PQ and 
ON by § 132.) 

62. The three planes passing through the lateral edges of a tri- 
angular pyramid, bisecting the sides of the base, meet in a common 
straight line. 

(Fig. of Ex. 24, p. 272. The intersections of the planes with the 
base of the pyramid are the medians of the base.) 

63. A monument is in the form of a frustum of a regular quad- 
rangular pyramid 8 ft. in height, the sides of whose bases are 3 ft. and 
2 ft., respectively, surmounted by a regular quadrangular pyramid 
2 ft. in height, each side of whose base is 2 ft. What is its weight, 
at 180 lb. to the cubic foot ? 

64. Find the area of the base of a regular quadrangular pyramid, 
whose lateral faces are equilateral triangles, and whose altitude is 5. 

(Represent lateral edge and side of base by a;.) 
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65. A plane passed through the centre of a parallelopiped divides 
it into two equivalent solids. (Ex. 66. ), 

66. The sides of the base, AB^ BG, and CA, 
of truncated right triangular prism ABC-DEF 
are 16, 4, and 12, respectively, and the lateral 
edges AD, BE, and OF are 16, 7, and 10, re- 
spectively. Find the area of upper base DEF. 

(Draw EH±CF, and HG and FK±AD, 
Find area DEF by § 324.) 

67. The volume of a triangular prism is equal to a lateral face, 
multiplied by one-half its perpendicular distance from any point in 
the opposite lateral edge. 

(Draw a rt. section of the prism, and apply § 626.) 

68. The sum of the squares of the four ^ 
diagonals of a parallelopiped is equal to the 
sum of the squares of its twelve edges. 

(To prove AC^ -hA^d^ +Wd^ -\- B^ 
equal to i AA^ + i AB^ 4 AD\ Apply 
Ex. 79, p. 228, to OAA'C'C.) 

69. The altitude and lateral edge of a frustum of a regular tri- 
angular pyramid are 8 and 10, respectively, and each side of its upper 
base is 2\/3. Find its volume and lateral area. 



70. If ABCD is a tetraedron, the section made 
by a plane parallel to each of the edges AB and 
CD is a parallelogram. (§ 412.) q 

(To prove EFGH a O,) 



71. In tetraedron ABCD, a plane is drawn through edge CD per- 
pendicular to AB, intersecting faces ABC and ABD in CE and ED, 
respectively. If the bisector of Z CED meets CD at F, prove 

CF :DF = area ABC : area ABD, (§ 249.) 

72. The sum of the perpendiculars drawn to the faces from any 
point within a regular tetraedron (§ 536) is equal to its altitude. 

(Divide the tetraedron into triangular pyramids, having the given 
point for their common vertex.) 
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A 



73. The planes bisecting the diedral angles 
of a tetmedron intersect in a common point. 




c 

74. If the four diagonals of a quadrangular prism pass through a 
common point, the prism is a parallelopiped. 

(In Fig. of Ex. 68, let AC, A'C, BD\ and B'D pass through a 
common point. To prove ^C" a parallelopiped. Prove AG d,0.) 

SIMILAR POLYEDRONS. 

527. Def. Two polyedrons are said to be similar when 
tliey have the same number of faces similar each to each 
and similarly placed, and have their homologous polyedral 
angles equal. 

Prop. XXIV. Theorem. 

528. TJie ratio of any two homologous edges of two similar 
polyedrons is equal to the ratio of any other two homologous 
edges. 




Given, in similar polyedrons AF and AF\ edge AB 
homologous to edge A^B\ and edge EF to edge E^F^ ; and 
faces AO and DF similar to faces J.'C" and D^F^, respec- 
tively. 

(By § 253,2,^1 = ^.) 
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529. Cor. I. Any two homolorjous faces of two similar 
polyedrons are to each otJier as tlie squares of any two homolo- 
gous edges. 

(to prove ^^^A^CD^ = gee § 322.^ 

530. Cor. n. Tlie entire surfaces of two similar polyedrons 
are to each other as the squares of any two homologous edges. 

(to Drove area ABCD 4- area CDEF etc. ^ EF^ \ 
\ ^ area ^'JB'C'Z>' -f- area 0'i>'^'F' etc. e'F''') 

Pbop. XXV. Theokem. 

531. Two tetraedrons are similar when the faces including 
a triedral angle of one are similar, respectively, to the faces 
including a triedral angle of the other, and similarly placed. 




o 

Given, in tetraedrons ABCD and A'B'CD', face ABC 
similar to A'B'C, ACD to A'C'D'y and ABB to A'D'B'. 
To Prove ABCD and A'B'C'D' similar. 
Proof. From the given similar faces, we have 

BC^^AC^CD^^AD^^BD^ m 
B'C A'C CD' A'D' B'D*' ^'^ 
Hence, faces BCD and B'CD' are similar. (§ 259) 

Again. ABAC, CAD, and D^iB are equal, respectively, 
to Jb'.VC\ CA'D\ and DA'B'. (?) 
Then, triedral J A-BCD and A'-B'CD' are equal. 

(§ 460, 1) 

Similarly, any two homologous triedral A are equal. 
Therefore, ABCD and A' B'CD' are simUar (§ 527). 
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Prop. XXVI. Theorem. 

532. Two tetraedrons are similcti' when a diedral angle of 
one is equal to a diedral angle of the other, and the faces 
including the equal diedral angles similar each to each, and 
similarly placed. 




Given, in tetraedrons ABCD and A^B'OD^ diedral Z ^5 
equal to diedral Z A'B' ; and faces ABC and ABD similar 
to faces A'B'C and A'B'D', respectively. 

To Prove ABCD and A'B'C'D' similar. 

Proof. Apply tetraedron A'B'OD' to ABCD so that die- 
dral ZA^B' shall coincide with its equal diedral ZAB, 
point A' falling at A. 

Then since Z B'A'C = Z BAC and Z B'A'D' = Z BAD, 
edge A'C will coincide with edge AC, and A'D' with AD. 
ZC'A'D' = ZCAD. 

Again, from the given similar faces, 

a^^a^^a^d;^ 

AC AB ad' ^'^ 
Hence, A CA'D' is similar to A CAD. (§ 261) 

Then, the faces including triedral Z A'-B'C'D' are similar 

respectively to the faces including triedral Z A-BCD, and 

similarly placed. 

Therefore, ABCD and A'B'C'D' are similar. (§ 531) 



Ex. 75. If a tetraedron be cut by a plane parallel to one of its 
faces, the tetraedron cut off is similar to the given tetraedron. 
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Prop. XXVII. Theorem. 

533. Two similar polyedrons may he decomposed into the 
same number of tetraedrons, similar each to each, and simi- 
larly placed. 




Given AF and A^F' similar polyedrons, vertices A and A' 
being homologous. 

To Prove that they may be decomposed into the same 
number of tetraedrons, similar each to each, and similarly 
placed. 

Proof. Divide all the faces of AF, except the ones hav- 
ing .4 as a vertex, into A ; and draw lines from A to their 
vertices. 

In like manner, divide all the faces of A'F', except the 
ones having A' as a vertex, into A similar to those in AFj 
and similarly placed. (§ 267) 

Draw lines from A' to their vertices. 

Then, the given polyedrons are decomposed into the same 
number of tetraedrons, similarly placed. 

Let ABCF Siiid A'B'O'F be homologous tetraedrons. 

A ABC and BCF are similar, respectively, to AA'B'C 
and B'C'F. (§ 267) 

And since the given polyedrons are similar, the homolo- 
gous diedral A BC and B'O are equal. 

Therefore, ABCF and A'B'CF are similar. (§ 532) 

In like manner, we may prove any two homologous 
tetraedrons similar. 

Hence, the given polyedrons are decomposed into the 
same number of tetraedrons, similar each to each, and 
similarly placed. 
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Prop. XXVIII. Theorem. 

534. Two similar tetraedrons are to each other as the cubes 
of their homologous edges. 






Given Fand V the volumes of similar tetraedrons ABCD 
and A'B'CD', vertices A and A' being lioniologous. 

To Prove * 



Proof. Since the triedral Ad^t A and A are equal, 
V ABxACx AD 



V A'B'xA'CxA'D' 
- AC AD 



(§ 523) 



A'B' AC AD' 



-p . AG AB , AD AB ^^yc^. 

F ^ ^J5 ^ ^5 AB" 



F' AB' AB' AB' a^B^ 

535. Cor. Any two similar polyedrons are to each other as 
the cubes of their homologous edges. 

For any two similar polyedrons may be decomposed 
into the same number of tetraedrons, similar each to each 
(§ 533). 

Any two homologous tetraedrons are to each other as the 
cubes of their homologous edges. (§ 534) 

Then, any two homologous tetraedrons are to each other 
as the cubes of any two homologous edges of the polyedrons. 

(§ 528) 
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REGULAR POLYBDRONS. 

536. Def . A regular polyedron is a polyedron whose faces 
are equal regular polygons, and whose polyedral angles are 
all equal. 

Prop. XXIX. Theorem. 

637. Not more than Jive regular convex polyedrons are 
possible, 

A convex polyedral Z must have at least three faces, and 
the sum of its face A must be < 360° (§ 458). 

1. With equilateral triangles. 

Since the Z of an equilateral A is 60°, we may form a con- 
vex polyedral Z by combining either^, 4, or 5 equilateral A, 

Not more than 5 equilateral A can be combined to form a 
convex polyedral Z. (§ 458) 

Hence, not more than three regular convex polyedrons can 
be bounded by equilateral A. 

2. With squares. 

Since the Z of a square is 90°, we may form a convex 
polyedral Z by combining 3 squares. 

Not more than 3 squares can be combined to form a con- 
vex polyedral Z. , (?) 

Hence, not more than one regular convex polyedron can 
be bounded by squares. 

3. With regular pentagons. 

Since the Z of a regular pentagon is 108°, we may form a 
convex polyedral Z by combining 3 regular pentagons. 

Not more than 3 regular pentagons can be combined to 
form a convex polyedral Z. (?) 

Hence, not more than one regular convex polyedron can 
be bounded by regular pentagons. 

Since the Z of a regular hexagon is 120°, no convex polye- 
dral Z can be formed by combining regular hexagons. (?) 
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Hence, no regular convex polyedron can be bounded by 
regular hexagons. 

In like manner, no regular convex polyedron can be 
bounded by regular polygons of more than six sides. 

Therefore, not more than five regular convex polyedrons 
are possible. 

Prop. XXX. Theorem. 

638. With a given edge, to construct a regular polyedron. 

We will now prove, by actual construction, that five regu- 
lar convex polyedrons are possible : 

1. The regular tetraedron, bounded by 4 equilateral A. 

2. The regular hexaedron, or cube, bounded by 6 squares. 

3. The regular octaedron, bounded by 8 equilateral A. 

4. The regular dodecaedron, bounded by 12 regular pen- 
tagons. 

5. The regular icosaedron, bounded by 20 equilateral A. 
1. To constmct a regular tetraedron, 
Oiven line AB. 

Required to construct with AB as an 
edge a regular tetraedron. 

Construction. Construct the equilateral 
A ABC, ^ 

At its centre E, draw line ED ± ABO, 
and take point D so that AB = AB, 

Draw lines AD, BD, and CD, 

Then, solid ABCD is a regular tetraedron. 

Proof. Since A, B, and C are equally distant from Ej 

AD = BD= CD, (§ 406, 1) 

Hence, the six edges of the tetraedron are all equal. 
Then, the faces are equal equilateral A. (§ 69) 

And since the A of the faces are all equal, the triedral A 
whose vertices are A, B, (7, and D are all equal. (§ 460, 1) 
Therefore, solid ABCD is a regular tetraedron. (§ 536) 
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2. To construct a regular heocaedron, or cube. 
Oiven line AB. 

Eequired to construct with AB as an 
edge a cube. 

Construction. Construct square ABCD; 
and draw lines AE, BF, CG, and DH, eacli 
equal to AB, and ± ABCD, _ 

Draw lines EF, FO, OH, and HE i, then, 
solid ^IG' is a cube. 

Proof. By cons., its faces are equal squares. 

Hence, its triedral A are all equal. 

3. To construct a regular octaedron. 
Oiven line AB. 

Required to construct with AB as an 
edge a regular octaedron. 

Construction. Construct the square 
ABCD ', through its centre O draw line 
EF± ABCD, making OE=OF= OA. 

Draw lines EA, EB, EC, ED, FA, FB, 
FC, and FD ; then solid AEFC is a regular octaedron. 
Proof. Draw lines OA, OB, and OD. 
Then in rt. A AOB, AOE, and AOF, by cons., 
0A = 0B= 0E= OF. 
.-. A AOB = A AOE = A AOF. 
.'. AB = AE = AF. 



(§ 460, 1) 




CO 



Then, the eight edges terminating at E and F are all 



equal. 



(§ 406, I) 



Thus, the twelve edges of the octaedron are all equal, and 
the faces are equal equilateral A. (?) 

Again, by cons., the diagonals of quadrilateral BEDF 
are equal, and bisect each other at rt. A. 

Hence, BEDF is a square equal to ABCD, and OA is _L 
to its plane. (§ 400) 

Then, pyramids A-BEDF and E-ABCD are equal ; and 
hence polyedral A A-BEDF and E-ABCD are equal. 



REGULAR POLYEDRONS. 



315 



In like manner, any two polyedral A are equal. 
Therefore, solid AEFC is a regular octaedron. 
4. To construct a regular dodecaedron. 




E 



D 
Fig, U 




1^ 



Fig, S, 



Oiyen line AB. 

Bequired to construct with AB as an edge a regular do- 
decaedron. 

Construction. Construct regular pentagon ABODE (Fig.^ 
1) ; and to it join five equal regular pentagons, so inclined as 
to form equal triedral A at A, B, C, D, and E. (§ 460, 1) 

Then there is formed a convex surface AK composed of 
six regular pentagons, as shown in lower part of Fig. 1. 

Construct a second surface A'K' equal to AKy as shown 
in upper part of Fig. 1. 

Surfaces AK and A'K' may be combined as shown in 
Fig. 2, so as to form at a triedral Z equal to that at A, 
having for its faces the regular pentagons about vertices F 



Then, solid AK is a regular dodecaedron. 

Proof. Since G' falls at 6r, and diedral Z FG and face 
A FGH and FGD' (Fig. 2) are equal respectively to the 
diedral Z and face A of triedral Z F, the faces about vertex 
G will form a triedral Z equal to that at F, 

In this way, it may be proved that at each of the vertices 
Hy Kf etc., there is formed a triedral Z equal to that at F, 

Therefore, solid AK is a regular dodecaedron. 



and F' in Fig. 1. 



(§ 460, 1) 
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5. To construct a regular icosaedron. 



2< 




a 



Fig. 1. 



Fig. S, 



Fig. S, 



Oiven line AB. 

Required to construct with AB as an edge a regular 
icosaedron. 

Construction. Construct regular pentagon ABODE (Fig. 
1) ; at its centre draw line OF ± ABODE, making 
AF=AB, and draw lines AF, BF, OF, DF, and EF. 

Then, F-ABODE is a polyedral Z composed of five equal 
equilateral A. (§§ 406, I, 69) 

Then construct two other polyedral A, A-BFEOH and 
E-AFDKG, each equal to F-ABODE; and place them as 
shown in upper part of Fig. 2, so that faces ABF and AEF 
of A-BFEOH, and faces AEF and DEF of E-AFDKG, 
shall coincide with the corresponding faces of F-ABODE. 

Then there is formed a convex surface GO, composed of 
ten equilateral A. 

Construct a second surface G'O* equal to GO, as shown 
in lower part of Fig. 2. 

Surfaces GO and G'O' may be combined as shown in 
Fig. 3, so that edges GH and HB shall coincide with edges 
G'ff and ITB', respectively. 

Then, solid GO is a, regular icosaedron. 

Proof. Since diedral A AH, E'H^, and F'H^ are equal to 
the diedral A of polyedral ZF, the faces about vertices 
Hamd H' form a polyedral Z at ^ equal to that at F. 
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Then, since diedral AFB, AB, HE, and F'B (Fig. 3) are 
equal to the diedral A of polyedral Z-F, the faces about 
vertex B form a polyedral Z equal to that at F] and it may 
be shown that at each of the vertices C, Z>, etc., there is 
formed a polyedral Z equal to that at F, 

Therefore, solid GQ is a regular icosaedron. 

539. Sch. To construct the regular polyedrons, draw the 
following figures on cardboard ; cut them out entire, and on 
the interior lines cut the cardboard half through ; the edges 
may then be brought together to form the respective solids. 




Tetraedbon. Hexa-edron. Octabdron. 




DODECAEDRON. 



EXERCISES. 

76. The volume of a pyramid whose altitude is 7 m. is 686 cu. in. 
Find the volume of a similar pyramid whose altitude is 12 in. 
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77. If the volume of a prism whose altitude is 9 ft. is 171 cu. ft., 
find the altitude of a similar prism whose volume is 50f cu. ft. 

(Represent the altitude by x.) 

78. Two bins of similar form contain, respectively, 375 and Q48 
bushels of wheat. If the first bin is 3 ft. 9 in. long, what is the length 
of the second ? 

79. A pyramid whose altitude is 10 in., weighs 24 lb. At what 
distance from its vertex must it be cut by a plane parallel to its base 
so that the frustum cut off may weigh 12 lb. ? 

80. An edge of a polyedron is 56, and the homologous edge of a 
similar polyedron is 21. The area of the entire surface of the second 
polyedron is 135, and its volume is 162. Find the area of the entire 
surface, and the volume, of the first polyedron. 

81. The area of the entire surface of a tetraedron is 147, and its 
volume is 686. If the area of the entire surface of a similar tetrae- 
dron is 48, what is its volume ? 

(Let X and y denote the homologous edges of the tetraedrons.) 

82. The area of the entire surface of a tetraedron is 75, and its 
volume is 500. If the volume of a similar tetraedron is 32, what is 
the area of its entire surface ? 

83. The homologous edges of three similar tetraedrons are 3, 4, 
and 5, respectively. Find the homologous edge of a similar tetrae- 
dron equivalent to their sum. 

(Represent the edge by «.) 

84. State and prove the converse of Prop. XXVII. 

85. The volume of a regular tetraedron is equal to the cube of its 
edge multiplied by 3^'n/2. 

86. The volume of a regular tetraedron is 18 v^. Find the area of 
its entire surface. (Ex. 85. ) 

(Represent the edge by x.) 

87. The volume of a regular octaedron is equal to the cube of its 
edge multiplied by \ V2. 
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DEFINITIONS. 




540. A cylindrical surface is a surface generated by a 
moving straight line, which constantly intersects a given 
plane curve, and in all its positions ' 
is parallel to a given straight line, 
not in the plane of the curve. 

Thus, if line AB moves so as to 
constantly intersect plane curve 
AD, and is constantly parallel to 
line MNf not in the plane of the 
curve, it generates a cylindrical 
surface. 

The moving line is called the generatrix, and the curve 
the directrix. 

Any position of the generatrix, as EF, is called an element 
of the surface. 

A cylinder is a solid bounded by a cylin- 
drical surface, and two parallel planes. 

The parallel planes are called the bases 
of the cylinder, and the cylindrical surface 
the lateral surface. 

The altitude of a cylinder is the perpen- 
dicular distance between the planes of its 
bases. 

A right cylinder is a cylinder the elements of whose lateral 
surface are perpendicular to its bases. 

A circular cylinder is a cylinder whose base is a circle. 

319 
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A plane is said to be tangent to a cylinder when it con» 
tains one, and only one, element of the lateral surface. 

541. It follows from the definition of a cylinder (§ 540) 
that 

The elements of the lateral surface of a cylinder are equal 
and parallel. (§ 415) 

Prop. I. Theorem. 

542. A section of a cylinder made by a plane passing 
through an element of the lateral surface is a parallelogram. 




Given ABCD a section of cylinder AF, made by a plane 
passing through AB, an element of the lateral surface. 

To Prove section ABCD a O. 

Note. It should be observed that, with the above hypothesis, CD 
simply represents the intersection of plane AG with the cylindrical 
surface, and may be a curved line ; it must be proved that it is a str. 
line II AB. 

Proof. AD and BC are str. lines, and II. (§§ 396, 414) 

Now draw str. line CE in plane AC II AB\ then, CE is an 
element of the cylindrical surface. (§§ 541, 53) 

Then since CE lies in plane AC, and also in the cylin- 
drical surface, it must be the intersection of the plane with 
the cylindrical surface. 

Then, CD is a str. line II AB, and ABCD is a O. 



543. Cor. A section of a right cylinder made by a plane 
perpendicular to its base is a rectangle. 
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Pbop. 11. Theorem. 
544. Hie bases of a cylinder are equal. 




Given cylinder AB\ 

To Prove base A'B' = base AB, 

Proof. Let E^, F*, and (?' be any three points in the perim- 
eter of base A^B\ and draw EE\ FF', and GO* elements 
of the lateral surface. 

Draw lines EF, FG, GE, E'F*, FG', and G'E'. 



Now, EE' and FF' are equal and II. (§ 541) 

Then, .E;j5;'i^'i^isaO. (?) 

E'F = EF. (?) 

Similarly, E'G' = EG and F'G' = FG. 

AE'F'G' = AEFG, (?) 



Then, base A'B' may be superposed upon base AB so that 
points E', F', and G' shall fall at E, F, and G, respectively. 

But E' is any point in the perimeter of A'B'. 

Then, every point in the perimeter of A'B' will fall some- 
where in the perimeter of AB, and base A'B' = base AB. 

546. Cor. I. The sections of a circular cylinder made by 
planes parallel to its bases are equal circles. 

For each may be regarded as the upper base of a cylinder 
whose lower base is a O. 

546. Def. The axis of a circular cylinder is a straight 
line drawn between the centres of its bases. 
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547. Cor. n. The axis of a circular cylinder is parallel 
to the elements of its lateral surface. 

Given AA the axis, and jBjB' an ele- 
ment of the lateral surface, of circular 
cylinder BO. 

To Prove II BB\ 

Proof. Let BB^OG be a section made 
by a plane passing through BB^ and A ; 
then BB'G'Q is a O. " (§ 542) 

B'0 = Ba (?) 

Then since BC is a diameter of QBC, and (D5(7 and 
B'O are equal, B^O is a diameter of OB'C, and passes 
through A'. 

Hence, AB and J.'^' are equal and II. (?) 
Then, ABB' A' is a O. (?) 
AA' II BB'. 

54B. Cor. in. The axis of a circular cylinder passes 
through the centimes of all sections parallel to the bases. 

Prop. III. Theorem. 

549. A right circular cylinder may he generated by the 
revolution of a rectangle about one of its sides as an a^is. 




Given rect. ABCD. 

To Prove the solid generated by the revolution of ABCD 
about AD as an axis a rt. circular cylinder. 
Proof. All positions of BC are II AD. 
Again, AB and CD generate (D ± AD. (§ 402) 

Then, these (D are II, and ± BC. (§§ 421, 419) 

Whence, ABCD generates a rt. circular cylinder. 
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550. Defs. From the property proved in § 549, a right 
circular cylinder is called a cylinder of revolution. 

Similar cylinders of revolution are cylinders generated 
by the revolution of similar rectangles about homologous 
sides as axes. 

Prop. IV. Theorem. 

551. A plane drawn through an element of the lateral sur- 
face of a circular cylinder and a tangent to the base at its 
extremity y is tangent to the cylinder. 




Given AA' an element of the lateral surface of circular 
cylinder AB', line CD tangent to base AB at A, and plane 
CD' drawn through AA' and CD. 

To Prove CD' tangent to the cylinder. 

Proof. Let E be any point in plane CD', not in AA', 
and draw through E a plane II to the bases, intersecting CD' 



in line EF, and the cylinder in O FR. (§ 545) 

Draw axis 00' ; then 00' is II AA'. (§ 547) 
Let the plane of 00' and A A' intersect the planes of AB 

and FII in radii OA and OF, respectively. (§ 548) 

Then, GF II OA and FE II AD. (§ 414) 

.-. Z GFE = Z OAD. (§ 426) 

But Z OAD is a rt; Z. (§ 170) 

Then, FE is ± GF, and tangent to O FIL (§ 169) 
Whence, point E lies without the cylinder. 



Then, all portions of CD', not in AA', lie without the 
cylinder, and CD' is tangent to the cylinder. 
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552. Cor. A plane tangent to a circular cylinder intersects 
the planes of the bases in lines which are tangent to the Inises, 



Ez. 1. The sections of a cylinder made by two parallel planes 
wliich cut all the elements of its lateral surface are equal. 




THE CONE. 

DEFINITIONS. 

553. A conical surface is a surface generated by a moving 
straight line, which constantly intersects 
a given plane curve, and passes through 
a given point not in the plane of the 
curve. 

Thus, if line OA moves so as to con- 
stantly intersect plane curve ABC, and 
constantly passes through point O, not 
in the plane of the curve, it generates a 
conical surface. 

The moving line is called the generairix, and the curve 
the directrix. 

The given point is called the vertex, and any position of 
the generatrix, as OB, is called an element of the surface. 

If the generatrix be supposed indefinite in length, it will 
generate two conical surfaces of indefinite extent, O-A^B'C 
and 0-ABC. 

These are called the upper and lower nappes, respectively. 

A cone is a solid bounded by a conical surface, and a 
plane cutting all its elements. 

The plane is called the base of the cone, and 
the conical surface the lateral surface. 

The altitude of a cone is the perpendicular 
distance from the vertex to the plane of the 
base. 

A circular cone is a cone whose base is a circle. 
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The axis of a circular cone is a straight line drawn from 
the vertex to the centre of the base. 

A right circular cone is a circular cone whose axis is per- 
pendicular to its base. 

A frustum of a cone is a portion of a cone included 
between the base and a plane parallel to 
the base. 

The base of the cone is called the lower 
base, and the section made by the plane the 
upper base, of the frustum. 

The altitude is the perpendicular distance 
between the planes of the bases. 

A plane is said to be tangent to a cone, or frustum of a 
cone, when it contains one, and only one, element of the 
lateral surface. 

Prop. V. Theorem. 

554r. A right circular cone may be generated by the revo- 
lution of a light triangle about one of its legs as an axis. 



A 




Given G the rt. Z of rt. A ABC. 

To Prove the solid generated by the revolution of ABC 
about AC as an axis a right circular cone. 
(The proof is left to the pupil.) 

555. Defs. From the above property, a right circular 
cone is called a cone of revolution. 

Similar cones of revolution are cones generated by the 
revolution of similar right triangles about homologous legs 
as axes. 
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Prop. VI. Theorem. 

556. A section of a cone made by a plane passing through 
, the vertex is a triangle. 




Given OCD a section of cone OAB made by a plane pass- 
ing through vertex 0. 
To Prove section OCD a A. 

Proof. We have CD a str. line. (§ 396) 

Now draw str. lines in plane OCD from to C and D; 
these str. lines are elements of the conical surface. (§ 550) 

Then, since these str. lines lie in plane OCD, and also 
in the conical surface, they must be the intersections of the 
plane with the conical surface. 

Then, OC and OD are str. lines, and OCD is a A. 

Prop. VII. Theorem. 

657. A section of a circular cone made by a plane parcdlel 
to the base is a circle. 




Given A'B'C a section of circular cone S-ABG, made by 
a plane II to the base. 
To Prove A'B'O a O. 
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Proof. Draw axis OS, intersecting plane A'B'O at 0'. 

Let A* and B' be any two points in perimeter A'B'C. 

Let the planes determined by these points and OS inter- 
sect the base in radii OA and OB, the section in lines O'A* 
and O^B', and the lateral surface in lines SA'A and SB'B, 
respectively. 

Then, SA'A and SB'B are str. lines. (§ 556) 

Now, O'A' II OA and O'B' II OB. (§ 414) 

Then, A SO' A' and SO'B' are similar to ASOA and 



SOBy respectively. 

. O'A' 



OA 



= 4? and 



SO 
O'A' 



O'B' 
OB 
O'B' 



SO' 

so' 



(§ 257) 



(§ 143) 



OA OB 

But, OA = OB, 

Then, O'A' = O'B' ; and as A' and B' are any two points 
in perimeter A'B'O, section A'B'O is a O. 



558. Cor. The axis of a circular cone passes through the 
centre of every section parallel to the base, 

Pbop. VIII. Theorem. 

559. A plane drawn through an element of the lateral sur- 
face of a circular cone and a tangent to the base at its extremity, 



is tangent to the cone, 




Oiven OA an element of the lateral surface of circular 
cone OAB, line CD tangent to base AB at A, and plane 
GOD drawn through OA and CD. 
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To Prove OCD tangent to the cone. 
(Prove that E lies without the cone.) 

660. Cor. A plane tangent to a circular cone intersects the 
plane of the base in a line tangent to the base, 

THE SPHERE. 

DEFINITIONS. 

561. A sphere is a solid bounded by a surface, all points 
of which are equally distant from a point within called the 
centre. 

A radius of a sphere is a straight line drawn from the 
centre to the surface. 

A diameter is a straight line drawn through the centre, 
having its extremities in the surface. 

562. It follows from the definition of § 561 that all radii 
of a sphere are equal. 

Also, all its diameters are equal, since each is the sum of 
two radii, 

563. Two spheres are equal when their radii are equal. 
For they can evidently be applied one to the other so 

that their surfaces shall coincide throughout. 
Conversely, the radii of equal spheres are equal. 

564. A line (or a plane) is said to be tangent to a sphere 
when it has one, and only one, point in common with the 
surface ; the common point is called the point of contact. 

A polyedron is said to be inscribed in a sphere when all 
its vertices lie in the surface of the sphere ; in this case the 
sphere is said to be circumscribed about the polyedron. 

A polyedron is said to be circumscnbed about a sphere 
when all its faces are tangent to the sphere ; in this case 
the sphere is said to be inscribed in the polyedron. 

565. A sphere may be generated by the revolution of a semi- 
circle about its diameter as an axis. 
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For all points of such a surface are equally distant from 
the centre of the O. (?) 

Prop. IX. Theorem. 
566. A secticyti of a sphere made by a plane is a circle. 



P 




Given ABC a section of sphere AFC made by a plane. 
To Prove ABC a O. 

Proof. Let be the centre of the sphere, and draw line 
00' ± to plane ABC 

Let A and B be any two points in perimeter ABC, and 
draw lines OA, OB, O'A, and O'B. 

Now, OA = OB. (?) 

.-. O'A^O^B. (§ 407,1) 

But A and B are aiiy two points in perimeter ABC. 

Therefore, ABC is a O. 

567. Defs. A great circle of a sphere is a section made 
by a plane passing through the centre ; 
as ABC. 

A small circle is a section made by a 
plane which does not pass through the ^ 
centre. 

The diameter perpendicular to a circle 
of a sphere is called the a^is of the circle, p' 
and its extremities are called the poles. 

568. Cor. I. The axis of a circle of a sphere passes through 
the centre of the circle. 
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569. Cor. n. All great circles of a sphere are equal. 
Tor their radii are radii of the sphere. 

670. Cor. in. Every great circle bisects the sphere and its 
surface. 

For if the portions of the sphere formed by the plane of 
the great O be separated, and placed so that their plane sur- 
faces coincide, the spherical surfaces falling on the same 
side of this plane, the two spherical surfaces will coincide 
throughout ; for all points of either surface are equally dis- 
tant from the centre. 

671. Cor. IV. Any two great circles bisect ea/ih other. 
For the intersection of their planes is a diameter of the 

sphere, and therefore a diameter of each O. (§ 152) 

672. Cor. V. Betiveen any two points on the surface of a 
sphere, not the extremities of a diameter, an arc of a great 
circle, less than a semi-circumference, can be drawn, and but 
one. 

For the two points, with the centre of the sphere, deter- 
mine a plane which intersects the surface of the sphere in 
the required arc. 

Note. If the points are the extremities of a diameter, an indefi- 
nitely great number of arcs of great (D can be drawn between them ; 
for an indefinitely great number of planes can be drawn through the 
diameter. 

673. Def. The distance between two 
points on the surface of a sphere, not at 
the extremities of a diameter, is the arc of 
a great circle, less than a semi-circum- 
ference, drawn between them. 

Thus, the distance between points C and 
D is arc OED, and not arc CAFBD. A 

574. Cor. VI. An arc of a circle may be drawn through 

any three points on the surface of a sphere. 

For the three points determine a plane which intersects 
the surface of the sphere in the required arc. 
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Pbop. X. Theorem. 

675. All points in the circumference of a circle of a sphere 
are equally distant from each of its poles. 




p' 



Given P and P' the poles of O ABC of sphere APC. 

To Prove all points in circumference ABC equally distant 
(§ 573) from P, and also from P. 

Proof. Let A and B be any two points in circumference 
ABC, and draw arcs of great © PA and PB. 
Draw axis PP, intersecting plane ABC at 0. 
Draw lines OA and OB, and chords PA and PB, 
Now is the centre of O ABC. (§ 568) 

0A= OB. (?) 
.-. chord PA = chord PB. (§ 406, I) 

arc PA = arc P5. ^ (§ 157) 

But A and B are an^/ two Jipints in circumference ABC. 

Therefore, all points in circumference ABC are equally 
distant from P. 

In like manner, all points in circumference ABC are 
equally distant from P. 

676. Def. The polar distance of a circle of a sphere is the 
distance (§ 573) from the nearer of its poles, or from either 
pole if they are equally near, to the circumference. 

Thus, in figure of Prop. X, the polar distance of O ABC 
is arc PA. 
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577. Cor. All points in the circumfer- 
ence of a great circle of a sphere are a^ a 
quadranfs distance from either pole. 

Given P a pole of great Q ABC of 
sphere APC, B any point in circumfer- 
ence A BC, and PB an arc of a great O. 

To Prove arc PB a quadrant (§ 146). 

Proof. Let be the centre of the sphere, and draw radii 
OB and OP. 

Then, Z POB is a rt. Z. (§ 398) 

Whence, arc PB is a quadrant. (§ 191) 

The above proof holds for either pole of the great O. 

Note. An arc of a circle may be drawn on the surface of a sphere 
by placing one foot of the compasses at the nearer pole of the circle, 
the distance between the feet being equal to the chord of the polar 
distance. 

Prop. XI. Theorem. 

578. If a point on the surface of a sphere lies at a qmdr 
ranfs distance from each of two points in the arc of a great 
circle, it is a pole of that arc. 

Note. The term quadrant, in Spherical Geometry, usually signi- 
fies a quadrant of a great circle. 

P 




Given point P on surface of sphere APC, AJi an arc of 
great O ABC, and PA and PB quadrants. 

To Prove P a pole of arc AB. 

(PO is J- to OA and OB ; then use § 400.) 
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Prop. XII. Theorem. 



579. The intersection of two spheres is a circle, whose 
centre is in the straight line joining the centres of the spheres, 
and whose plane is perpendicular to that line. 



Given two intersecting spheres. 

To Prove their intersection a O, whose centre is in the 
line joining the centres of the spheres, and whose plane is 
JL to this line. 

Proof. Let and 0' be the centres of two (D, whose 
common chord is AB; draw line 00', intersecting ^jB at C. 

Then, 00' bisects AB at rt. A. (§ 178) 

If we revolve the entire figure about 00' as an axis, the 
(D will generate spheres whose centres are and 0'. (§ 565) 

And AC will generate a O ± 00', whose centre is O, 
which is the intersection of the two spheres. (§ 402) 



580. A plane perpendicular to a radius of a sphere at its 
extremity is tangent to the sphere. 




Prop. XIII. Theorem. 




(The proof is left to the pupil ; compare § 169.) 
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SSL Cor. (Converse of Prop. XIII.) A plane tangent to 
a sphere is perpendicular to the radius drawn to the point of 
contact (Fig. of Prop. XIII.) 

(The proof is left to the pupil ; compare § 170.) 

Prop. XIV. Theorem. 

582. Tlirough four points, not in the same plane, a spherkgL — 
surface can he made to pass, and hut one, 

A 




Given A, B, C, and D points not in the same plane. 

To Prove that a spherical surface can be passed through 
A, B, C, and D, and but one. 

Proof. Pass planes through A, B, C, and D, forming 
tetraedron ABCD, and let K be the middle point of CD. 

Draw lines KE and KF in faces ACD and BCD, respec- 
tively, ± CD ; and let E and F be the centres of the cir- 
cumscribed © of A ACD and BCD, respectively. (§ 222) 

Then plane EI(1^ is ± CD. (§ 400) 

Draw line EG A. ACD, and line FH±BCD ', then EG 
and FH lie in plane EKF. (§ 439) 

Then EG and FH must meet at some point 0, unless 
they are II ; this cannot be unless ACD and BCD are in the 
same plane, which is contrary to the hyp. (§ 418) 

Now 0, being in EG, is equally distant from A, C, and Z>; 
and being in FH, is equally distant from B, C, and D. 

(§ 406, 1) 

Then is equally distant from A, B, C, and D ; and a 
spherical surface described with as a centre, and OA as a 
radius, will pass through A, B, C, and D, 
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Now the centre of any spherical surface passing through 
Bf C, and D must be in each of the J§ EG and FH. 
Then as JEG and FH intersect in but one point, only one 
spherical surface can be passed through A, B, C, and D, 

583. Defs. The angle between two intersecting curves is 
the angle between tangents to the curves at their point of 
intersection. 

A spherical angle is the angle between two intersecting 
arcs of great circles. 

Prop. XV. Theorem. 

584. A spherical angle is measured by an arc of a great 
circle having its vertex as a pole, included between its sides 
produced if necessary. 








Given .45Cand AB^C arcs of great © on the surface of 
sphere AC, lines AD and AD^ tangent to ABC and A'BC, 
respectively, and JBJB' an arc of a great O having ^ as a 
pole, included between arcs ABC and AB'C. 
To Prove that ZDAD' is measured by arc BB', 
Proof. Let be the centre of the sphere, and draw 



diameter AOC and lines OB and OB'. 

Now, arcs AB and AB' are quadrants. (§ 577) 

Whence, AAOB and AOB' are rt. A. (?) 

Therefore, OB II AD and OB' II AD'. (§§ 170, 54) 

.-. Z DAD' = Z BOB'. (§ 426) 

But /.BOB' is measured by arc BB'. (?) 



Then, jLDAD' is measured by arc BB'. 
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585. Cor. I (Fig. of Prop. XV.) Plane BOB is ± OA. 

(§ 400) 

Then planes ABQ and BO:Bf are ±. (§ 441) 

Now a tangent to arc at jB is ± BOBf. (§ 439) 

Then it is ± to a tangent to arc BB' at B, (§ 398) 

Then, spherical Z ^J5jB' is a rt. Z. (§ 583) 

That is, an arc of a great cirde drawn from the pole of a 
great cirde is perpendicular to its circumference. 

586. Cor. n. The angle between two arcs of great cirdes 

■ is the plane angle of the diedral angle between their planes, 

(§ 429) 

SPHERICAL POLYGONS AND SPHERICAL PYRAMIDS. 
Definitions. 

587. A spherical polygon is a portion 
of the surface of a sphere bounded by 
three or more arcs of great circles; as 
ABCD, 

The bounding arcs are called the sides 
of the spherical polygon, and are usually 
measured in degrees. 

The angles of the spherical polygon are the spherical 
angles (§ 583) between the adjacent sides, and their verti- 
ces are called the vertices of the spherical polygon. 

A diagonal of a spherical polygon is an arc of a great 
circle joining any two vertices which are not consecutive. 

A spherical triangle is a spherical polygon of three sides. 

A spherical triangle is called isosceles when it has two 
sides equal; equilateral when all its sides are equal; and 
right-angled when it has a right angle. 

588. The planes of the sides of a spherical polygon form 
a polyedral angle, whose vertex is tlie centre of the sphere, 
and whose face angles are measured by the sides of the 
spherical polygon (§ 192). 
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Thus, in the figure of § 587, the planes of the sides of 
the spherical polygon form a polyedral angle, 0-ABCD, 
whose face A AOB, BOC, etc., are measured by arcs AB, 
BC, etc., respectively. 

A spherical polygon is called convex when the polyedral 
angle formed by the planes of its sides is convex (§ 453). 

589. A spherical pyramid is a solid bounded by a spherical 
polygon and the planes of its sides j as 0-ABCD, figure of 
§ 587. 

The centre of the sphere is called the vertex of the spheri- 
cal pyramid, and the spherical polygon the base. 

Two spherical pyramids are equal when their bases are 
equal. 

For they can evidently be applied one to the other so as 
to coincide throughout. 

590. If circumferences of great circles be drawn with 
the vertices of a spherical triangle as poles, they divide the 
surface of the sphere into eight spherical triangles. 

Thus, if circumference B'O'B" be 
drawn with vertex A of spherical 
A ABO as a pole, circumference 
A^C'^A'^ with JB as a pole, and circum- 
ference A'B"A"B' with (7 as a pole, ^ 
the surface of the sphere is divided 
into eight spherical A; A'B'C, 
A'B"a, A"B'0', and A^'B^'C on the 
hemisphere represented in the figure, the others on the oppo- 
site hemisphere. 

Of these eight spherical A, one is called the polar triangle 
of ABOf and is determined as follows : 

Of the intersections. A' and A'\ of circumferences drawn 
with B and O as poles, that which is nearer (§ 573) to /I, 
A', is a vertex of the polar triangle ; and similarly for 
the other intersections. 

Thus, A'B'C is the polar A of ABC. 
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591. Two spherical polygons, on the same or equal 
spheres, are said to be symmetrical when the sides and an- 
gles of one are equal, respectively, to the sides and angles 
of the other, if the equal parts occur in the reverse order. 

Thus, if spherical A ABC and . 



respectively, to sides A'B', B'O', and 
C'A', and A A, B, and C to A A\ B', and (7, and the equal 
parts occur in the reverse order, the A are symmetrical. 

It is evident that, in general, two symmetrical spherical 
polygons cannot be placed so as to coincide throughout. 



592. If one spherical triangle is the polar triangle of an- 
other, then the second spherical triangle is the polar tHangle 
of the first 



Given A'B'O' the polar A of spherical A ABC; A, B, and 
C being the poles of arcs B'C, OA', and A'B', respectively. 

To Prove ^JBCthe polar A of spherical A A'B'C. 

Proof. B is the pole of arc A'O, 

Whence, A' lies at a quadrant's distance from B. (§ 577) 
Again, C is the pole of arc A'B'. 
AVhence, A' lies at a quadrant's distance from C, 
Therefore, A' is the pole of arc BO. (§ 578) 

Similarly, B' is the pole of arc CA, and C of arc AB, 
Then, ABC is the polar A of A'B'C. 



A'B'C, on the same or equal spheres, 
have sides AB, BC, and CA equal, 




Prop. XVI. Theorem. 
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For of the two intersections of the circumferences having 
B' and O, respectively, as poles, A is the nearer to A' ; and 
similarly for the other vertices. (§ 590) 

Note. Two spherical triangles, each of which is the polar triangle 
of the other, are called polar triangles. 

Prop. XVII. Theorem. 

593. In two polar triangles, each angle of one is measured 
by the supplemeyit of thai side of the other of which it is the 
pole, 

X 




' Given A, C, A', B', and O' the A, expressed in degrees, 
of polar A ABC and A'B'C -, A being the pole of JB'(7, , 
B of C'A\ of A'B', A' of BC, B' of OA, and C of AB. 

Let sides BC, CA, AB, B'C, CA', and A'B', expressed 
in degrees, be denoted by a, b, c, a', b', and c', respectively. 

To Prove 

A = 180° - a', JB = 180° -b', C = 180° - c', 
A' = 180° - a, jB' = 180° - b, C = 180° - c. 
Proof. Produce arcs^JB and AC to meet arc B'C at D 
and E, respectively. 

Since B' is the pole of arc AE, and C of arc AD, arcs B^E 
and CD are quadrants. , (§ 577) 

.-. arc B'E + arc CD = 180°. 
Or, arc DE + arc J5' (7 = 180°. 

But since A is the pole of arc JB'C, arc DE is the measure 
otZA (§ 584) 

.-. A-ha'^ 180°, or ^ = 180° - a'. 

In like manner, the theorem may be proved for any Z of 
either A. 
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Prop. XVIII. Theorem. 

594. Any side of a spherical triangle is less than the sum 
of the other two sides. 




Given AB any side of spherical A ABC. 

To Prove AB<AO-{' BC. 

(By § A57,ZAOB<ZAOC'h^BOC', and these ^ are 
measured by sides AC, and BC, respectively.) 

Prop. XIX. Theorem. 

595. TJie sum of the sides of a convex spherical polygon is 
less than 360°. 




Given convex spherical polygon ABCD. 

To Prove AB^- BC CD DA< 360°. 

(By § 458, sum of AAOB, BOC, COD, and DOA is 
< 360°.) 

Prop. XX. Theorem. 

596. The sum of the angles of a spherical triangle is greater 
than two, and less than six, right angles. 
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A' 




a' 



Given A, B, and the A, expressed in degrees, of spheri- 
cal A ABC. 

To Prove A + + C > 180°, and < 540°. 

Proof. Let A'B'C be the polar A of spherical AABC, 
A being the pole of B'C, B of CA', and C of A'B\ 

Also, let sides JB'(7, OA', and A'B', expressed in degrees, 
be denoted by a', b', and c', respectively. 

Then, A = 180° -a', 

B = 180° - b\ 

C = 180°-c'. (§ 593) 

Adding these equations, we have 

A + ^ + C = 540° - (a' + b' + cy (1) 
... A + B+(7<540°. 
Again, a'-^b'-^c'< 360°. (§ 595) 

Whence, by (1), A-hB + C > 180°. 

597. Cor. A spherical triiwrjle may have one, two, or 
three rigid angles, or one, two, or three obtuse angles. 

DEFINITIONS. 

598. A spherical triangle having two right angles is 
called a bi-rectangular triangle, and one having three right 
angles a trirrectangular triangle, 

599. Two spherical polygons on the same sphere, or 
equal spheres, are said to be mutually equilateral, or mutur 
ally equiangular, when the sides or angles of one are equal, 
respectively, to the homologous sides or angles of the other, 
whether taken in the same or in the reverse order. 
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Prop. XXL Theorem. 

600. If two spherical triangles on the same sphere, or equal 
spheres, are mutually equiangular, their polar triangles are 
mutually equilateral. 



Given ABC and DEF mutually equiangular spherical A 
on the same sphere, or equal spheres, A A and D being 
homologous ; also, AB'C the polar A of ABO, and D'E'F^ 
of DEF, A being the pole of B'C, and D of E'F^. 

To Prove AB'C and D'E'F mutually equilateral. 

Proof. A A and D are measured by the supplements of 
sides B'C and E'F, respectively. (§ 593) 

But by hyp., ZA = ZD, 



In like manner, any two homologous sides of A^B'C and 
D'E'F may be proved equal. 

Then, AB'C and D'E'F are mutually equilateral. 

601. Cor. (Converse of Prop. XXI.) If two spherical tri- 
angles on the same sphere, or equal spheres, are mutually 
equilateral, their polar triangles are mutually equiangular, 

(The proof is left to the pupil ; compare § 600.) 



602. If two spherical triangles on the same spJiere, or equal 
spheres, have two sides and the ind^ided angle of one equal, 
respectively, to two sides and the included angle of the other, 

I. Tliey are equal if the equal parts occur in the same 

"der. 




... B'C^E'F, 



(§ 31, 2) 



Prop. XXII. Theorem. 
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II. They are symmetrical if the equal parts occur in the 
reverse order. 




I. Given ABC and DEF spherical A on the same sphere, 
or equal spheres, having 

AB = DE, AC^DF, and Z^ = Z2>; 
the equal parts occurring in the same order. 

To Prove A ABC = A DEF, 

Proof. Superpose A ABC upon A DEF in such a way 
that Z A shall coincide with its equal Z D ; side AB fall- 
ing on side DE, and side AC on side DF, 

Then, since AB = DE and AC = DF, point B will fall 
on point E, and point C on point i^. 

Whence, arc BC will coincide with arc EF, (§ 572) 

Hence, ABC and Z>^i^ coincide throughout, and are equal. 

II. Given ABC and D'E'F' spherical A on the same 
sphere, or equal spheres, having 

AB = UE\ AC=D'F, and Z^ = ZZ)'; 
the equal parts occurring in the reverse order. 
To Prove ABC and D'E'F symmetrical. 
Proof. Let DEF be a spherical A on the same sphere, 
or an equal sphere, symmetrical to D'E'F, having 

DE = D'E', DF = DF, and ZD = ZD'; 
the equal parts occurring in the reverse order. 
Then, in spherical A ABC and DEF, we have 
AB^^DE, AC = DF, and Z^ = Z2>; 
and the equal parts occur in the same order. (Ax. 1) 

. A ABC = A DEF. (§ 602, I) 

Therefore, A ABC is symmetrical to AD'E'F'. 
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Prop. XXIII. Theorem. 

603. If two spherical triangles on the same sphere, or equal 
spheres, have a side and two adjacent angles of one equal, 
respectively, to a side and two adjacent angles of the other, 

I. Tliey are equal if the equal parts occur in the same order, 
II. Tliey are symmetrical if the equal parts occur in the 
reverse order, 

(The proof is left to the pupil ; compare § 602.) 

Prop. XXIV. Theorem. 

604. If two spherical triangles on the same sphere, or equal 
spheres, are mxUudlly equilateral, they are mutually equiangular. 




Given ABC and DEF mutually equilateral spherical A 
on equal spheres ; sides BC and EF being homologous. 

To Prove ABC and D^i^ mutually equiangular. 

Proof. Let and 0' be the centres of the respective 
spheres, and draw lines OA, OB, OC, O'D, O'E, and O'F. 

Now the triedral A 0-ABC and O'-DEF have their ho- 
mologous face A equal. (§ 192) 
.-. diedral ZOA= diedral Z O'B, (§ 459) 

But the Z between arcs AB and AC is the plane Z of 
diedral Z OA, and the Z between arcs DE and DF is the 
plane Z of diedral Z O'D. (§ 586) 

.-. Z BAC = ZEDF. (§ 434) 

In like manner, any two homologous A of ABC and DEF 
may be proved equal. 

Whence, ABC and DEF are mutually equiangular. 
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Note. The theorem may be proved in a similar manner when the 
given spherical ^ are on the same sphere. 

605. Cor. If two spherical triangles on the same sphere, 
or equal spheres, are mutually equilateral, 

1. They are equal if the equal parts occur in the same order. 

2. They are symmetrical if the equal parts occur in the 
reverse order. 

Prop. XXV. Theorem. 

606. If two spherical triangles on the same sphere, or equal 
spheres, are mutually equiangidar, they are mutually equi- 
lateral. 




Given ABC and DEF mutually equiangular spherical 
A on the same sphere, or equal spheres. 

To Prove ABC and DEF mutually equilateral. 

Proof. Let ABO be the polar A of ABC, and D'E'F 
of DEF, 

Then, since ABC and DEF are mutually equiangular, 
A' BO and UE'F are mutually equilateral. (§ 600) 

Then ABC and UE^F are mutually equiangular. 

(§ 604) 

But ABC is the polar A of AB'O, and DEF of D'E^F. 

(§ 592) 

Then ABC and DEF are mutually equilateral. (§ 600) 

607. Cor. I. If two spherical triangles on the same sphere, 
or equal spheres, are mutually equiangular, 

1. They are equal if the equal parts occur in the same order, 

2, TJiey are symmetrical if the equal parts occur in the 
reverse order. 
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606. Cor. n. If three diameters of a 
sphere be so drami that each is perpen- 
dicular to the other two, the planes deter- 
mined by them divide the surface of the 
sphere into eight equal tri-rectangvlar tn- 
angles, 

(Prove by § 607, 1. By § 585, each 
Z of each spherical A is a rt. Z.) 

609. Cor. in. The surface of' a sphere is eight times the 
surface of one of its tri-rectangular triangles. 

Prop. XXVI. Theorem. 

610. In an isosceles spherical triangle the angles opposite 
the equal sides are equal. 

Given, in spherical A ABC, AB = AC. 
To Prove ZB = ZC 

Proof. Draw AD an arc of a great O, bisecting side BC 
at D. 

In spherical A ABD and ACD, AD = 
Also, AB=zAC and BD = CD. 

Then, ABD and ACD are mutually equiangular. (§ 604) 
.-. Zj5 = Z C. 

611. Cor. I. An isosceles spherical triangle is equal to the 
spherical triangle which is symmetrical to it. 

For the equal parts occur in the same order. 

612. Cor. n. (Converse of Prop. XXVI.) If two angles 
of a spherical triangle are equal, the sides opposite are equal. 
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Given; in spherical A ABC, ZB = Z C. a 

To Prove AB = AC. / \ 

Proof. Let A'B'O be the polar A of / \ 

ABO; B being the pole of AO, and (7 of / / \\ 

AB\ ^^'\ 

Then, AC is the sup. of Z JB, and AW -^c 

of Z a (§ 593) 

.-. AO = AB\ (§ 31, 2) 

.-. Z 5' = Z C. (§ 610) 
But ulBC is the polar A of AB'0\ B' being the pole of 

. AC, and O of AB. (§ 592) 

Then AB is the sup. of Z C, and of Z JB'. (?) 

^5 = ^(7. (?) 



Prop. XXVII. Theorem. 

613. If two angles of a spherical triangle are unequal^ the 
sides opposite are unequal, and the greater side lies opposite 
the greater angle. 




Given, in spherical A ABC, Z ABC >ZC. 
To Prove AC>AB. 

(Prove by a method analogous to that of § 99. Draw BD 
an arc of a great O meeting AC at D, and making Z CBD 
equal to Z C.) 

614. Cor. (Converse of Prop. XXVII.) If two sides of a 
spherical triangle are unequal, the angles opposite are unequal, 
and the greater angle lies opposite the greater side. 

(Prove by Reductio ad Absurdum.) 
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Pkop. XXVIII. Theorem. 

615. The shortest line on the surfcLce of a sphere between 
two given points is the arc of a great cirde, not greater than a 
semi-circumference, which joins the points. 




Given points A and B on the surface of a sphere, and AB 
an arc of a great O, not > a semi-circumference. 

To Prove AB the shortest line on the surface of the 
sphere between A and B. 

Proof. Let C be any point in arc AB. 

Let DCF and ECG be arcs of small © with A and 5, 
respectively, as poles, and AC and BC as polar distances. 

Now arcs DCF and ECO have only point C in common. 

For let F be any other point in arc DCF, and draw arcs 
0% great © AF and BF. 

AF=AC (§ 575) 

But, AF-\-BF>AC-\-BC (§ 594) 

Subtracting arc AF from the first member of the inequal- 
ity, and its equal arc AC from the second member, 

BF > BC, or BF > BO. (§ 575) 

Whence, F lies without small O ECO, and arcs DCF and 
ECO have only point C in common. 

We will next prove*that the shortest line on the surface 
of the sphere from Ato B must pass through C 

Let ADEB be any line on the surface of the sphere 
between A and B, not passing through C, and cutting arcs 
DCF and ECO at D and E, respectively. 

Then, whatever the nature of line AD, it is evident that 
an equal line can be drawn from A to C 
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In like manner, whatever the na,ture of line BE, an equal 
line can be drawn from B to (7. 

Hence, a line can be drawn from A to B passing through 
C, equal to the sum of lines AD and BE, and consequently 
< line ADEB by the portion DE. 

Therefore, no line which does not pass through C can be 
the shortest line between A and B. 

But by hyp., C is any point in arc AB. 

Hence, the shortest line from A to B must pass through 
every point of AB, 

Then, the arc of a great O AB is the shortest line on the 
surface of the sphere between A and B. 

EXERCISES. 

2. If the sides of a spherical triangle are 77°, 123°, and 96°, how 
many degrees are there in each angle of its polar triangle ? 

3. If the angles of a spherical triangle are 86°, 131°, and 68°, how 
many degrees are there in each side of its polar triangle ? 

MEASUREMENT OF SPHERICAL POLYGONS. 
Definitions. 

616. A lum is a portion of the surface of ^ 
a sphere bounded by two semi-circumfer- 
ences of great circles ; as ACBD. 

The angle of the lune is the angle between 
its bounding arcs. 

617. A spherical wedge is a solid bounded b 
by a lune and the planes of its bounding arcs. 

The lune is called the ha^e of the spherical wedge. 

618. It is evident that two lunes on the same sphere, or 
equal spheres, are equal when their angles are equal. 

619. It is evident that two spherical wedges in the same 
sphere, or equal spheres, are equal when the angles of the lunes 
which form their bases are equal. 
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Prop. XXIX. Theorem. 

620. The spherical triangles corresp(ynding to a pair of 
veHical triedral angles are symmetrical. 



Given AOA\ BOB', and C0(7 diameters of sphere AC', 
also, the planes determined by them, intersecting the sur- 
face in circumferences ABA'B', BCB'C, and CA(7A'. 

To Prove spherical A ABC and A'B'O symmetrical. 

Proof. A AOB, BOC, and CO A are equal, respectively, 
to A A' OB', B'Oa, and C'OA'. (§ 40) 

Then, AB = A'B', BC = B'C, and CA = C'A'. (§ 192) 

But the equal parts of ABC and A'B'C occur in the 
reverse order. 

Whence, ABC and A'B'C are symmetrical. (§ 605, 2) 

Prop. XXX. Theorem. 

621. Ttco spherical triangles corresponding to a pair of 
vertical triedral angles are equivalent. 



Given AOA', BOB', and COC diameters of sphere AB, 
also, the planes determined by them, intersecting the sur- 
face in arcs AB, BC, CA, A'B', B'O, and C'A'. 




A 
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To Prove area ABC = area A'B' O. 

Proof. Let P be the pole of the small O passing through 
points A, By and C, and draw arcs of great (D FA, PB, 
and PC. 

PA = PB = Pa (§ 575) 

Draw the diameter of the sphere PP', and the arcs of 
great ®P'A', P'B', and P'C ] then, spherical A P^B and 
P'A'B' are symmetrical. (§ 620) 

But spherical A PAB is isosceles. 

A PAB = A PA'B'. (§ 611) 

In like manner, 

APBC=APB^C and A PC^ = A P'C'^'. 
Then the sum of the areas of A PAB, PBC, and PC A 
equals the sum of the areas of PA'B, FBC\ and PCA\ 
.-. area ABC = area A'BC\ 

622. Sch. If P and P' fall without spherical A ABC and 
A'B'C, we should take the sum of the areas of two isos- 
celes spherical A, diminished by the area of a third. 

623. Cor. I. Two symmetrical spherical triangles are equiv- 
alent. 

624. Cor. n. Spherical pyramids 0-APB, 0-BPC, and 
0-CPA are equal, respectively, to spherical pyramids 
O^A'PB', 0-BPC, and 0-C'PA'. (§ 589) 

vol. 0-ABC= vol. O-A'B'C. 
Whence, the sphencal pyramids corresponding to a pair of 
vertical tnedral angles are equivalent. 

EXERCISES. 

4. The sum of the angles of a spherical hexagon is greater than 8, 
and less than 12, right angles. (§ 596.) 

5. The sum of the angles of a spherical polygon of n sides is 
greater than 2 7i — 4, and less than 2 m, right angles. 

6. The arc of a great circle drawn from the vertex of an isosceles 
spherical triangle to the middle point of the base, is perpendicular to 
the base, and bisects the vertical angle. 
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Prop. XXXI. Theorem. 

625. Tico hines on the same sphere, or equal spheres, are 
to ea^h other as their angles. 

Note. The word *Ww7ie,'' in the above statement, signifies the 
area of the lune. 

Case I. When the angles are commensurable. 




Given ACBD and ACBE lanes on sphere AB, having 
their A CAD and CAE commensurable. 



To Prove 



ACBD A CAD 



ACBE Z CAE 

Proof. Let Z CAa be a common measure of A CAD and 
CAE, and let it be contained 5 times in Z CAD, and 3 times 
in Z CAE, 

ZCAD ^B 
' ' Z CAE 3 



(1) 



Producing the arcs of division of Z CAD to B, lune ACBD 
will be divided into 5 parts, and lune ACBE into 3 parts, 
all of which parts will be equal. (§ 618) 

ACBD ^5 
ACBE 3 



(2) 



From (1) and (2), 



ACBD ^ A CAD 
ACBE Z CAE' 



(?) 



Note. The theorem may be proved in a similar manner when the 
given limes are on equal spheres. 



THE SPHERE. 



353 



Case n. Wheyi the angles are incommensurable. 



A 




B 



(Prove as in §§ 189 or 244. Let Z CAD be divided into 
any number of equal parts, and apply one of these parts to 
Z CAE as a unit of measure.) 

626. Cor. I. The surface of a lune is to the surface of the 
sphere as the a)igle of the lune is to four right angles. 

For the surface of a sphere may be regarded as a lune 
whose Z is equal to 4 rt. A 

627. Cor. n. If the unit of measure for angles is the right 
angle, the area of a lune is equal to twice its angle, multiplied 
by the area of a tri-rectangiilar triangle. 

Oiven L the area of a lune ; A the numerical measure of 
its Z referred to a rt. Z as the unit of measure ; and T the 
area of a tri-rectangular A. 

To Prove L = 2Ax T. 

Proof. The area of the surface of the sphere is 8 T. 



628. Sch. I. Let it be required to find the area of a lune 
whose Z is 50°, on a sphere the area of whose surface is 72. 

The Z of the lune referred to a rt. Z as the unit of 
measure is |; and T is of 72, or 9. 

Then the area of the lune is 2 x | X 9, or 10. 



L ^A 
"ST 4* 



(§ 609) 
(§ 625) 
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629. Def . A tri-rectangular pyramid is a spherical pyra- 
mid whose base is a tri-rectangular triangle. 

630. Sch. n. It may be proved, as in § 625, that 

Two spherical tvedges in the same sphere, or equal spheres, 
are to each other as the angles of the lunes which form tJieir 
bases. - 

(The proof is left to the pupil ; see § 619.) 

631. Sch. m. It may be proved that 

If the unit of measure for angles is the right angle, the 
volume of a spherical wedge is equal to twice the angle of Uie 
lune which forms its base, multiplied by tlie volume of a tri- 
rectangular pyramid. 

(The proof is left to the pupil ; see §§ 626 and 627.) 

632. Def. The spherical excess of a spherical triangle is 
the excess of the sum of its angles above 180° (§ 596). 

Thus, if the of a spherical A are 65°, 80°, and 95°, its 
spherical excess is 65° + 80° + 95° — 180°, or 60°. 



633. If the unit of measure for angles is the rigJit angle, 
the area of a spherical triangle is equal to its spheHcal excess, 
multiplied by the area of a tri-rectangular triangle. 



Given A, B, and C the numerical measures of the A of 
spherical A ABC, referred to a rt. Z as the unit of measure, 
and T the area of a tri-rectangular A. 

To Prove area ABC= {A -h B C -2) x T. 



Prop. XXXII. Theorem. 




A 
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Proof. Complete circumferences ABA!B\ ACA'O', and 
BCB'Oy and draw diameters AA\ BB\ and (7(7. 
Then, since ABA^C is a lune whose Z is A, we have 

area ABC + area ABC = 2 ^ x T (§ 626). (1) 
And since BAB'C is a Ixine whose Z is B, 

area AB(7 + area AB'C =:2Bx T. (2) 
Again, area A'B'C = area ^5(7. (§ 620) 

Adding area ABC to both members, we have 

area ABC+ area A'B'C= area of lune CBCA 

= 2CxT. (3) 
Adding (1), (2), and (3), and observing that the sum of 
the areas of A ABC, A'BC, AB'C, and A'B'C is equal to 
the area of the surface of a hemisphere, or 4 T, we have 
2area^5(7 + 4r=(2^-f-2jB4-2(7) x T. 
area ABC-\-2 T = (A B C) x T, 

area ABC== (A + B C -2) xJT. 

634. Sch. I. Let it be required to find the area of a 
spherical A whose A are 105°, 80°, and 95°, on a sphere the 
area of whose surface is 144. 

The spherical excess of the spherical A is 100°, or ^ re- 
ferred to a rt. Z as the unit of measure ; and the area of a 
tri-rectangular A is ^ of 144, or 18. 

Then the area of the spherical A is x 18, or 20. 

635. Sch. n. It may be proved, as in § 633, that 

If the unit of measure for angles is the right angle, the 
volume of a triangular spherical pyramid is equal to the 
spherical excess of its base, multiplied by the volume of a 
tri-rectangular pyramid. 

(The proof is left to the pupil ; see §§ 624 and 630.) 

EXERCISES. 

7. What is the volume of a spherical wedge the angle of whose 
base is-127° 30', if the volume of the sphere is 112 ? 

8. In figure of Prop. XVII., prove A' = 180° - a. 
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Prop. XXXIII. Theorem. 

636. If the unit of measure for angles is the right angle, 
the area of any spherical polygon is equal to the sum of its 
angles, diminished by as many times ttvo right angles as the 
figure has sides less two, multiplied by tJie area of a tri- 
rectarigalar triatigle. 



Given K the area of any spherical polygon, n the number 
of its sides, s the sum of its A referred to a rt. Z as the 
unit of measure, and T the area of a tri-rectangular A. 

To Prove if = [s - 2 (ti - 2)] x T. 

Proof. The spherical polygon can be divided into 7i — 2 
spherical A by drawing diagonals from any vertex. 

Now, if the unit of measure for A is the rt. Z, the area 
of each spherical A is equal to the sum of its A, less 2 rt. A, 
multiplied by T, (§ 633) 

Hence, if the unit of measure for A is the rt. Z, the sum 
of the areas of the spherical A is equal to the sum of their 
A, diminished by n — 2 times 2 rt. A, multiplied by T. 

But the sum of the A of the spherical A is equal to the 
sum of the A of the spherical polygon. 

Whence, ir=: [s - 2 (n - 2)] x T. 

637. Sch. It may be proved, as in § 636, that 
If the unit of measure for angles is the right angle, the 
volume of any spherical pyramid is equal to the sum of the 
angles of its base, diminished by as many times two right 
angles as the base lias sides less two, multiplied by the volume 
of a tri-rectangular pyramid. 
(The proof is left to the pupil.) 
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EXERCISES. 

9. The area of a lune is 28|. If the area of the surface of the 
sphere is 120, what is the angle of the lune ? 

10. Find the area of a spherical triangle whose angles are 103°, 
112°, and 127°, on a sphere the area of whose surface is 160. 

11. Find the volume of a triangular spherical pyramid the angles 
of whose base are 92°, 119°, and 134° ; the volume of the sphere 
being 192. 

12. What is the ratio of the areas of two spherical triangles on the 
same sphere whose angles are 94°, 135°, and 146°, and 87°, 105°, and 
118°, respectively ? 

13. The area of a spherical triangle, two of whose angles are 78° 
and 99°, is 34|. If the area of the surface of the sphere is 234, what 
is the other angle ? 

14. The volume of a triangular spherical pyramid, the angles of 
whose base are 105°, 126°, and 147°, is 60 J ; what is the volume of the 
sphere ? 



15. The sides opposite the equal angles of a bi- 
rectangular triangle are quadrants. (§ 442.) 




16. The sides of a spherical triangle, on a sphere 

the area of whose surface is 156, are 44°, 63°, and 97°. Find the area 
of its polar triangle. 

17. Find the area of a spherical hexagon whose angles are 120°, 
139°, 148°, 156°, 162°, and 167°, on a sphere the area of whose surface 
is 280. 

18. Find the volume of a pentagonal spherical pyramid the angles 
of whose base are 109°, 128°, 137°, 153°, and 158° ; the volume of the 
sphere Iseiug 180. 

19. The volume of a quadrangular spherical pyramid, the angles 
of whose base are 110°, 122°, 135°, and 146°, is 12f ; what is the 
volume of the sphere ? 

20. The area of a spherical pentagon, four of whose angles are 
112°, 131°, 138°, and 168°, is 27. If the area of the surface of the 
sphere is 120, what is the other angle? 

21. If two straight lines are tangent to a sphere at the same point, 
their plane is <angent to the sphere. (§ 400.) 
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22. The sum of the arcs of great circles drawn from any point 
within a spherical triangle to the extremities of any side, is less than 
the sum of the other two sides of the triangle. 

(Compare § 48.) 

23. How many degrees are there in the polar distance of a circle, 
whose plane is 5\/2 units from the centre of the sphere, the diameter 
of the sphere being 20 units ? 

(The radius of the O is a leg of a rt. A, whose hypotenuse is the 
radius of the sphere, and whose other leg is the distance from its 
centre to the plane of the O.) 

24. The chord of the polar distance of a circle of a sphere is 6. If 
the radius of the sphere is 6, what, is the radius of the circle ? 



/ 







25. If side AB of spherical triangle ABC is a 
quadrant, and side BC less than a quadrant, prove 

less than 90°. 

26. The polar distance of a circle of a sphere is 60°. If the 
diameter of the circle is 6, find the diameter of the sphere, and the 
distance of the circle from its centre. 

(Represent radius of sphere by 2 x.) 

27. Any point in the arc of a great circle 
bisecting a spherical angle is equally distant 
(§ 573) from the sides of the angle. 

(To prove arc PM = arc PN. Let E be 
a pole of arc AB^ and F of arc BC. Spherical 
^ BPE and BPF are symmetrical by § 602, 
n., and PE = PF) 

28. A point on the surface of a sphere, equally distant from the 
sides of a spherical angle, lies in the arc of a great circle bisecting 
the angle. . 

(Fig. of Ex. 27. To prove ZABP=/. CBP. Spherical A BPE 
and BPF are symmetrical by § 605, 2.) 

29. The arcs of great circles bisecting the angles of a spherical 
triangle meet in a point equally distant from the sides of the triangle. 
(Exs. 27, 28, p. 358.) 

30. A circle may be inscribed in any spherical triangle. 

31. State and prove the theorem for spherical triangles analogous 
to Frop. IX., I., Book I. 
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32. State and prove the theorem for spherical triangles analogous 
to Prop, v., Book L 

33. State and prove the theorem for spherical triangles analogous 
to Prop. L., Book I. (Ex. 32.) 

34. If PA, PB, and PC are three equal arcs of great circles drawn 
from point P to the circumference of great circle ABC, prove P a pole 
of ABC. 

{PA and PB are quadrants by Ex. 15, p. 367.) 

35. The spherical polygons corresponding to a pair of vertical poly- 
edral angles are symmetrical. (§ 456.) 

36. A sphere may be inscribed in, or circumscribed about, any 
tetraedron. (Ex. 73, Book VII.) 

37. What is the locus of points in space at a given distance from 
a given straight line ? 

38. Equal small circles of a sphere are equally distant from the 
centre. 

39. State and prove the converse of Ex. 38. 

40. The less of two small circles of a sphere is at the greater dis- 
tance from the centre i 

41. State and prove the converse of Ex. 40. 

42. What is the locus of points on the surface of a sphere equally 
distant from the sides of a spherical angle ? 

43. If two spheres are tangent to the same plane at the same 
point, the straight line joining their centres passes through the point 
of contact. 

44. Tlie distance between the centres of two spheres \yhose radii 
are 25 and 17, respectively, is 28. Find the diameter of their circle 
of intersection, and its distance from the centre of each sphere. 

45. If a polyedron be circumscribed about each of two equal 
spheres, the volumes of the polyedrons are to each other as the areas 
of their surfaces. 

(Find the volume of each polyedron by dividing it into pyramids.) 

46. Either angle of a spherical triangle is greater than the differ- 
ence between 180° and the sum of tlie other two angles. 

(Fig. of Prop. XX. To prove Z^> 180° - (Z^ + Z C), or 
>(Z ^ 4- Z C) - 180°, according? asZ^+ZCis<or> 180°. In 
the latter case, A'C + A'B'>B'C'\ then use § 593.) 
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MEASUREMENT OF THE CYLINDER, CONE, 
AND SPHERE. 

THE CYLINDER. 
Definitions. 

638. The lateral area of a cylinder is the area of its 
lateral surface. 

A right section of a cylinder is a section made by a plane 
perpendicular to the elements of its lateral surface. 

639. A prism is said to be inscribed in a cylinder when its 
lateral edges are elements of the cylindrical surface. 

In this case, the bases of the prism are inscribed in the 
bases of the cylinder. 

A prism is said to be circumscribed about a cylinder when 
its lateral faces are tangent to the cylinder, and its bases lie 
in the same planes with the bases of the cylinder. 

In this case, the bases of the prism are circumscribed 
about the bases of the cylinder. 

640. It follows from § 363 that 
If a prism whose base is a regular 

polygon be inscribed in, or drcum- 
scribed about, a circular cylinder 
(§ 540), and the number of its faces 
be indefinitely increased, 

1. The lateral area of the prism 
ajjjjroaches the lateral area of the cyl- 
inder as a limit. 
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2. Tlie volume of the prism approaches the volume of the 
cylinder as a limit. 

3. The perimeter of a right section of the prism approaches 
the perimeter of a right section of the cylinder as a limit,* 

Prop. I. Theorem. 

641. Tlie lateral area of a circular cylinder is equal to the 
perimeter of a right section multiplied by an element of the 
lateral surface. 



Oiven S the lateral area, P the perimeter of a rt. section, 
and E an element of the lateral surface, of a circular 
cylinder. 

To Prove S=:PxE, 

Proof. Inscribe in the cylinder a prism whose base is a 
regular polygon, and let S' denote its lateral area, and P 
the perimeter of a rt. section. 

Then, since the lateral edge of the prism is E, 

S' = P'xE, (§ 484) 

Now let the number of faces of the prism be indefinitely 
increased. 

Then, /S" approaches the limit S, 

and P' xE approaches the limit P x E, 640, 1, 3) 

By the Theorem of Limits, these limits are equal. (§ 188) 
,'. S = PxE. 

♦ For rigorous proofs of these statements, see Appendix, p. 386. 
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642. Cor. L The lateral area of a cylinder of revolution 
is equal to the circumference of its base muUiplied by its 
altitude. 

643. Cor. n. If 8 denotes the lateral area, T the total 
area, H the altitude, and R the radius of the base, of a 
cylinder of revolution, 

S = 2irRH. (§368) 
And, r = 2 irBH + 2 nIP (§ 371) = 2 irR(H + R). 

Prop. II. Theorem. 

644. The volume of a circular cylinder is equal to the prod- 
uct of its base and altitude. 



Given V the volume, B the area of the base, and H the 
altitude, of a circular cylinder. 
To Prove F= By.H, 

Proof. Inscribe in the cylinder a prism whose base is a 
regular polygon, and let V denote its volume, and B the 
area of its base. 

Then, since the altitude of the prism is H, 

V = B'xR. (§ 499) 

Now let the number of faces of the prism be indefinitely 
increased. 

Then, V approaches the limit V. (§ 640, 2) 

And, B' X H approaches the limit B x H, (§ 363, II) 
.-. V=BxH. (?) 
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645. Cor. If V denotes the volume, H the altitude, and 
It the radius of the base, of a circular cylinder, 

F= ttB'H. (?) 

Prop. III. Theorem. 

646. The lateral or total areas of two similar cylinders of 
revolution (§ 550) are to each other as the squares of their 
altitudes, or as the squares of the radii of their bases ; and 
their volumes are to each other a* the cubes of their altitudes, 
or as the cubes of the radii of their bases. 




Given S and s the lateral areas, T and t the total areas, 
V and V the volumes, H and h the altitudes, and R and r 
the radii of the bases, of two similar cylinders of revolution. 

To Prove ^ = 11=^=^, and 1=^=^. 
Proof. Since the generating rectangles are similar, 

j = ^ (§ 253,2) 

= 4v^- (§ 240) 

h + r 

.: ~ = — — - (§ 643)=— X— = -j = -rY. 

T_ 2^R(n+R) (.QiosIt^R_^_B^, 
t ~ 2^{h + r) r~ r'' h^' 
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EXERCISES. 

1. Find the lateral area, total area, and volume of a cylinder of 
revolution, the diameter of whose base is 18, and whose altitude is 16. 

2. The radii of the bases of two similar cylinders of revolution are 
24 and 44, respectively. If the lateral area of the first cylinder is 720, 
what is the lateral area of the second ? 

3. Find the altitude and diameter of the base of a cylinder of 
revolution, whose lateral area is 168 w and volume 604 ir. 

(Substitute the given values in the formulae of §§ 643 and 646, 
and solve the resulting equations.) 

4. Find the volume of a cylinder of revolution, whose total area 
is 170 T and altitude 12. 

5. How many cubic feet of metal are there in a hollow cylindrical 
tube 18 ft. long, whose outer diameter is 8 in., and thickness 1 in.? 

(Find the difference of the volumes of two cylinders of revolution. 
w = 3.1416.) 

6. The cross-section of a tunnel, 2i miles in length, is in the form 
of a rectangle 6 yd. wide and 4 yd. high, surmounted by a semicircle 
whose diameter is equal to the width of the rectangle ; how many 
cu. yd. of material were taken out in its construction ? (» = 3.1416.) 

7. The volume of a cylinder of revolution is equal to its lateral 
area multiplied by one-half the radius of its base. 

THE CONE. 

DEFINITIONS. 

647. The lateral area of a cone, or frustum of a cone, is 
the area of its lateral surface. 

The slant height of a cone of revolution is the straight 
line drawn from the vertex to any point in the circumfer- 
ence of the base. 

The slant height of a frustum of a cone of revolution is 
that portion of the slant height of the cone included between 
the bases of the frustum. 

648. A pyramid is said to be inscribed in a cone when its 
lateral edges are elements of the conical surface ; the base 
of the pyramid is inscribed in the base of the cone, and its 
vertex coincides with the vertex of the cone. 
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A pyramid is said to be circumscribed about a cone when 
its lateral faces are tangent to the cone, and its base lies in 
the same plane with the base of the cone ; the base of the 
pyramid is circumscribed about the base of the cone, and 
its vertex coincides with the vertex of the cone. 

649. A frustum of a pyramid is said to be inscribed in a 
frustum of a cone when its lateral edges are elements of the 
lateral surface of the frustum of the cone. 

In this case, the bases of the frustum of the pyramid are 
inscribed in the b'ases of the frustum of the cone. 

A frustum of a pyramid is said to be circumscribed about 
a frustum of a cone when its lateral faces are tangent to the 
frustum of the cone, and its bases lie in the same planes 
with the bases of the frustum of the cone. 

In this case, the bases of the frustum of the pyramid are 
circumscribed about the bases of the frustum of the cone. 

650. It follows from § 363 that 

If a pyramid whose base is a regidar polygon be inscribed 
in, or circumscribed about, a circular cone 
(§ 553), and the number of its faces be in- 
definUely increased, , 

1. The lateral area of the pyramid ap- 
proaches the lateral area of the cone as a 
limit 

2. Tlie volume of the pyramid approaches 
the volume of the cone as a limit* 

661- It follows from the above that 

If a frustum of a pyramid whose base is a regular polygon 
be inscribed in, or circumscribed about, a frustum of a drew- 
lar cone, and the number of its faces be indefinitely increased, 

1. The lateral area of the frustum of the pyramid ap- 
proaches the lateral area of the frustum of the cone as a limit. 

2. The volume of the fmstum of the x>yramid approaches 
the volume of thefncstum of the cone as a limit. 

♦ For rigorous proofs of these statements, see Appendix, p. 388. 
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Prop. IV. Theorem. 

652. The lateral area of a cone of revolution is equal to 
the circumference of its base, multiplied by one-Jialf its slant 
height. 




Given S the lateral area, C the circumference of the base, 
and L the slant height, of a cone of revolution. 
To Prove JS=CxiL, 

Proof. Circumscribe about the cone a regular pyramid; 
let S' denote its lateral area, and C the perimeter of its base. 

Now the sides of the base of the pyramid are bisected at 
their points of contact with the base of the cone. (§ 174) 

Then, the slant height of the pyramid is the same as the 
slant height of the cone. (§ 508) 

.-. S' = C' x^L. (§512) 

Now let the number of faces of the pyramid be indefi- 
nitely increased. 

Then, S' approaches the limit S, (§ 650, 1) 

And C x^L approaches the limit O x i L. (§ 363, I) 
.-. S=CxiL, (?) 

653. Cor. If S denotes the lateral area, T the total 
area, L- the slant height, and B the radius of the base, of 
a cone of revolution, 

S=.27rRxiL(?) =irRL. 
And, T = ttRL + wR^ (?) = 'irR(L + R). 

Prop. V. Theorem. 

654. The volume of a circular cone is equal to the area of 
its basCf multiplied by one-third its altitude. 
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Given V the volume, B the area of the base, and H the 
altitude, of a circular cone. 
To Prove V=Bx^H, 
(Inscribe a pyramid whose base is a regular polygon.) 

655. Cor. If V denotes the volume, H the altitude, and 
E the radius of the base, of a circular cone, 

V=^7rE'H, (?) 

Prop. VI. Theorem. 

656. The lateral or total areas of two similar cones of revo- 
lution are to each other as the squares of their slant heights, or 
as the squares of their altitudes, or as the squares of the radii 
of their bases; and their volumes are to each other as the cubes 
of their slant heights, or as the cubes of their altitudes, or as 
cubes of the radii of their bases. • 




Given S and s the lateral areas, T and t the total areas, V 
and V the volumes, L and I the slant heights, H and h the 
altitudes, and R and r the radii of the bases, of two similar 
cones of revolution (§ 555). 

To Prove _ = = _ = and = = 
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Prop. VII. Theorem. 

667. The lateral area of a frustum of a cone of revolution 
is equal to the sum of the circumferences of its bases, mvXtiplied 
by one-half its slant height 




Given S the lateral area, C and c the circumferences of 
the bases, and L the slant height, of a frustum of a cone of 
revolution. 

To Prove S = {C + c)x\L, 

Proof. Circumscribe about the frustum of the cone a 
frustum of a regular pyramid ; let /S" denote its lateral area, 
and C and c' the perimeters of its bases. 

Now the sides of the bases of the frustum of the pyra- 
mid are bisected at their points of contact with the bases of 
the frustum of the cone. (§ 174) 

Then, the slant height of the frustum of the pyramid is 
the same as the slant height of the frustum of the cone. 

(§ 508) 

... >S'=((7'4-c') x^L. (§513) 

Now let the number of faces of the frustum of the 
pyramid be indefinitely increased. 

Then, aS" approaches the limit S, (§ 651, 1) 

and {O X \ L approaches the limit {C-\-c) x\L, 

(§ 363, 1) 

... S={C + c)x\L, (?) 
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658. Cor. I. If S denotes the lateral area, L the slant 
height, and R and r the radii of the bases, of a frustum of 
a cone of revolution, 

S = (2wB'}-27rr)xiL (?) =7r(^+ r)L. 

659. Cor. II. We may write the first result of § 658 

But, 27r X ^(R-^-r) is the circumference of a section 
equally distant from the bases. (§ 132) 

Whence, the lateral area of a fimstum of a co7ie of revolu- 
tion is equal to the circumference of a section equally distant 
from its bases, multiplied by its slant height. 

Prop. VIII. Theorem. 

660. Tfie volume of a frustum of a circular cone is equal 
to the sum of its bases and a mean proportional between its 
bases, multiplied by one-third its altitude. 




Given V the volume, B and b the areas of the bases, and 
H the altitude, of a frustum of a circular cone. 

To Prove V={B + b + VBx^) x \H. 

(Inscribe a frustum of a pyramid whose base is a regular 
polygon. Then apply § 524.) 

661. Cor. If V denotes the volume, H the altitude, and 
B and r the radii of the bases, of a frustum of a circular cone, 
B = irBS b = 7rr2, and VBx1> =V^i^^ = wBr. (?) 
Then, 

F= (ttB^ + ttt^ 4- TrBr) X ^H^iiriR' + 7^ + Br)H. 
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EXERCISES. 

8. Find the lateral area, total area, and volume of a cone of revo- 
lution, the radius of whose base is 7, and whose slant height is 26. 

9. Find the lateral area, total area, and volume of a frustum of 
a cone of revolution, the diameters of whose bases are 16 and 6, and 
whose altitude is 12. 

10. The slant heights of two similar cones of revolution are 9 and 
15, respectively. If the volume of the second cone is 626, what is the 
volume of the first ? 

11. Find the volume of a cone of revolution, whose slant height is 
29 and lateral area 680 tt. 

12. Find the lateral area of a cone of revolution, whose volume is 
320 TT and altitude 16. 

13. The altitude of a cone of revolution is 27, and the radius of its 
base is 16. What is the diameter of the base of an equivalent cylinder 
of revolution, whose altitude is 16 ? 

14. The area of the entire surface of a frustum of a cone of revolu- 
tion is 306 T, and the radii of its bases are 11 and 6. Find its lateral 
area and volume. 

15. The volume of a frustum of a cone of revolution is 6020 ir, its 
altitude is 60, and the radius of its lower base is 16. Find the radius 
of its upper base and its lateral area. 

16. Find the altitude and lateral area of a cone of revolution, 
whose volume is 800 ir, and whose slant height is to the diameter of 
its base as 13 to 10. 

17. The total areas of two similar cylinders of revolution are 32 
and 162, respectively. If the volume of the second cylinder is 1458^ 
what'is the volume of the first ? 

(Let X and y denote the altitudes of the cylinders.) 

18. The volumes of two similar cones of revolution are 343 and 612, 
respectively. If the lateral area of the first cone is 196, what is the 
lateral area of the second ? 

19. A cubical piece of lead, the area of whose entire surface \& 
384 sq. in., is melted and formed into a cone of revolution, the radius 
of whose base is 12 in. Find the altitude of the cone. 

20. A tapering hollow iron column, 1 in. thick, is 24 ft. long, 10 in. 
in outside diameter at one end, and 8 in. in diameter at the other; 
how many cubic inches of metal were used in its construction ? 

(Find the difference of the volumes of the frustums of two cones 
of revolution. ir = 3.1416.) 
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21. If the altitude of a cone of revolution is three-fourths the 
radius of its base, its volume is equal to its lateral area multiplied 
by one-fifth the radius of its base. 

THE SPHERE. 

DEFINITIONS. 

662. A zone is a portion of the surface of a sphere in- 
cluded between two parallel planes. 

The circumferences of the Ciircles which bound the zone 
are called the bases, and the perpendicular distance between 
their planes the altitude. 

A zone of one base is a zone one of whose bounding planes 
is tangent to the sphere. 

A spherical segment is a portion of a sphere included be- 
tween two parallel planes. 

The circles which bound it are called the bases, and the 
perpendicular distance between them the altitude. 

A spherical segment of one base is a spherical segment one 
of whose bounding planes is tangent to the sphere. 

663. If semicircle ACEB be revolved 
about diameter AB as an axis, and CD 
and EF are lines ± AB, arc CE generates 
a zone whose altitude is DF, figure CEFD 
a spherical segment whose altitude is DF, 
arc ACdi, zone of one base, and figure ACD 
a spherical segment of one base. 

664. If a semicircle be revolved about its diameter as an 
axis, the solid generated by any sector of 

the semicircle is called a spherical sector. Qs^rrfrr^ 
Thus, if semicircle ACDB be revolved j / \ 



about diameter AB as an axis, sector OCD 
generates a spherical sector. I 




The zone generated by the arc of the \ j 
sector is called the base of the spherical j 
sector. B 




372 



SOLID GEOMETRY— BOOK IX. 



Prop. IX. Theorem. 

665. The area of the surface generated by the revolution of 
a straight line about a straight line in its plane, not parallel to 
and not intersecting it, as an axis, is equal to its projection on 
the axis, multiplied by the circumference of a circle, tvhose 
radius is the perpendicular erected at the middle point of the 
line and terminating in the axis. 




Given str. line AB revolved abont str. line FM in its 
plane, not II to and not intersecting it, as an axis; lines 
AC and BD ± FM, and EF the ± erected at the middle 
point of AB terminating in FM. 

To Prove area AB* = CDx2irEF. (§ § 276, 368) 

Proof. Draw line AG ± BD, and line EH ± CD, 

The surface generated by AB is the lateral surface of a 

frustum of a cone of revolution, whose bases are generated 

by AC and BD, 

area AB = ABx27r EH. (§ 659) 

But A ABG and EFH are similar. (§ 262) 

AB ^ EF^ 
" AG EH ^'^ 
.'. AB X EH= AG X EF (§ 232) 

= CD X EF. (?) 

Substituting, we have 

area AB=CD x2irEF. 

* The expression ** area AB " is used to denote the area of the sur- 
face generated by AB. 
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Prop. X. Theorem. 



666. If an isosceles triangle he revolved about a straight 
line in its plane, not parallel to its base, as an axis, which 
passes through its vertex without intersecting its surface, the 
volume of the solid generated is equal to the area of the surface 
generated by the base, multiplied by one-third the altitude. 




Given isosceles A GAB revolved about str. line OF in its 
plane, not II to base AB, as an axis ; and line OCl. AB. 
To Prove vol. GAB * = area AB x i GC. 
Proof. Draw lines AD and BE ± OF, and produce BA 
to meet Oi^at F, 

Now, vol. GBF = vol. OBE + vol. BEF 

= i-irBE^ X OE + i^rSF X EF (§ 655) 

= \irB^ X {GE + EF) = \TrBE x BE x OF. 
But BE X OF = GC x BF, for each expresses twice the 
area of AOBF. (?) 
.-. vol. GBF = \ ttBE xOOx BF 
But ttBE X BF is the area of the surface generated by BF. 

(§ 653) 

.-. vol. GBF = area BF x i GC. (1) 

Similarly, vol. OAF = area AF x ^ GC. (2) 

Subtracting (2) from (1), we have 

vol. GAB == (area BF— area AF) x^OC 

= area AB x i GC. 

♦ The expression **vol. OAB" is used to denote the volume of the 
solid generated by OAB. 
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Prop. XI. Theorem. 

667. The area of a zone is equal to Us altitude mvMijdied 
by the circumference of a great circle. 




\ 



M 
A' 

0' 



Given arc AB fevolved about diameter OM as an axis, 
lines AA^ and BB^ _L OM, and B the radius of the arc. 
To Prove area of zone generated by AB = A^B^ x 2 wR, 
Proof. Divide arc AB into three equal arcs, AC, CD, 
and DB, and draw chords AC, CD, and DB, 

Also, draw lines CO and DD'±OM, and line OE±AO, 
.-. area AC = A'C x 2 wOE, 

area CD = CD' x 2 ttOE, etc. (§ 665) 
Adding these equations, we have 
area of surface generated by broken line ACDB 

= (A'C + CD' + etc.) x 2 nOE = A'B' x 2 ttO^. 
Now let the subdivisions of arc AB be bisected indefinitely. 
Then, area of surface generated by broken line ACDB 
approaches area of surface generated by arc AB as a limit. 

(§ 363,1*) 

And, A'B' X 2wOE approaches A'B' x 2TrR as a limit. 

(§ 364, 1*) 

* The broken line ACDB is called a regular broken line^ and is said 
to be inscribed in arc AB ; the theorems of §§ 363, I, and 364, 1, are 
evidently true when, instead of the perimeter of a regular inscribed 
polygon, we have a regular broken line inscribed in an arc. 

For a rigorous proof of the statement that the area of the surface 
generated by ACDB approaches the area of the surface generated by 
arc AB as a limit, see Appendix, p. 390. 



MEASUBEMENT OF THE SPHERE. 375 



Then, area of zone generated by arc AB = A'B' x 2 wE. 

(§ 188) 

668. Sch. The proof of § 667 holds for any zone which 
lies entirely on the surface of a hemisphere ; for, in that 
case, no chord is II OM, and § 665 is applicable. 

Since a zone which does not lie entirely on the surface of 
a hemisphere may be considered as the sum of two zones^ 
each of which does lie entirely on the surface of a hemi- 
sphere, the theorem of § 667 is true for any zone. 

669. Cor. I. If S denotes the area of a zone, h its alti- 
tude, and E the radius of the sphere, 

S = 2irEh. 

670. Cor. n. Since the surface of a sphere may be re- 
garded as a zone whose altitude is a diameter of the sphere^ 
it follows that 

The area of the surface of a sphere is equal to its diameter 
multiplied by the circumference of a great circle. 

671. Cor. in. Let S denote the area of the surface of 
a sphere, E its radius, and D its diameter. 

Then, S = 2 E x 2 7rE(?) = 4: irEK 

That is, the area of the surface of a sphere is equal to the 
square of its radius midtiplied by 4 tt. 

Again, S = 'jrx(2Ey = irL^. 

That is, the area of the surface of a sphere is equal to the 
square of its diameter multiplied by tt. 

672- Cor. IV. The surface of a sphere is equivalent to 
four great circles. 

For wE^ is the area of a great O. (?) 

673. Cor. V. The areas of the stirfaces of two spheres 
are to each other as the squares of their radii y or as the squares 
of their diameters. 

(The proof is left to the pupil ; compare § 372.) 
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EXERCISES. 

22. Find the area of the surface of a sphere whose radius is 12. 

23. Find the area of a zone whose altitude is 13, if the radius of 
the sphere is 16. 

24. Find the area of a spherical triangle whose angles are 125^ 
133°, and 156°, on a sphere whose radius is 10. 

Prop. XII. Theorem. 

674. The volume of a spherical sector is equal to the area 
of the zone which forms its base, multiplied by oiie4hird the 
radius of the sphere. 








Given sector OAB revolved about diameter OM as an 
axis, and R the radius of the arc. 

To Prove volume of spherical sector generated by OAB 
= area of zone generated by AB x ^ -B. 

Proof. Divide arc AB into three equal arcs, AC, CD, and 
DB, and draw chords AC, CD, and DB, 

Also, draw lines DC and OD, and line OE ± AC 
.-. vol. OAC= area ACy^\ OE, 

vol. OCD = area CDx\ OE, etc. (§ 666) 
Adding these equations, we have 

volume of solid generated by polygon OACDB 
= (area AC + area CD + etc.) x i OE 
= area ACDB x | OE. 
Now let the subdivisions of arc AB be bisected indefi- 
nitely. 
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Then, volume of solid generated by polygon OACDB 
approaches volume of solid generated by sector OAB as a 
limit. (§ 363, II *) 

And area of surface generated by ACDB x \ OE ap- 
proaches area of surface generated by arc AB x ^ jR as a 
limit. (§§ 363, 1, 364, It) 

Then, volume of solid generated by sector OAB 

= area of zone generated by arc AB x ^ B. (?) 

675. Sch. It is evident, as in § 668, that the theorem of 
§ 674 holds for any spherical sector. 

676. Cor. I. If V denotes the volume of a spherical sec- 
tor, h the altitude of the zone which forms its base, and R 
the radius of the spHere, 

F = 2 X i (§ 669) = I TrR'h, 

677. Cor. n. Since a sphere may be regarded as a 
spherical sector whose base is the surface of the sphere. 

The volume of a sphere is equal to the area of its surface 
multiplied by one-third its radius, 

67a Cor. in. Let V denote the volume of a sphere, R 
its radius, and D its diameter. 

Then, F= 4 X i (§ 671) = | irR^. 

That is, the volume of a sphere is equal to the cube of its 
radius multiplied by ^ tt. 

Again, F= 7rZ>2 X (§ 671) = ^ttD^. 

That is, the volume of a sphere is equal to the cube of its 
diameter multiplied by \ ir, 

* The polygon OACDB is called a regular polygonal sector, and is 
said to be inscribed in sector OAB ; the theorem of § 363, II, is evi- 
dently trae when, instead of a regular inscribed polygon, we have a 
regular polygonal sector inscribed in a sector. 

For a rigorous proof of the statement that the volume of the solid 
generated by OACDB approaches the volume of the solid generated 
by sector OAB as a limit, see Appendix, p. 391. 

t See note foot of p. 374, 
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679. Cor. IV. The volumes of two spheres are to eaoh 
other as the cubes of their radii, or as the cubes of their diame- 
ters. 

(The proof is left to the pupil.) 

680. Cor. V. The volume of a spherical pyramid is equal 
to the area of its base multiplied by one-third the radius of the 
sphere. 

Given P the volume of a spherical pyramid, K the area 
of its base, and M the radius of the sphere. 



Proof. Let n denote the number of sides of the base of 
the spherical pyramid, s the sum of its A referred to a rt. Z 
as the unit of measure, T the area of a tri-rectangular A, 
T' the volume of a tri-rectangular pyramid, S the area of 
the surface of the sphere, and V its volume. 



To Prove 



Then, 



Also, 



P 
K 

V 
S 
P 
K 
P 



[g„2(n-2)] xT' _r 
[s_-2(n-2)] xT" T' 
8 T ^ T 
ST T 



(§§636,637) 



(§ 609) 




;^(§§ 671, m)^\R. 



Prop. XIII. Problem. 



681. Oiven the radii of the bases, and the altitude, of a 
sphencal segment, to find its volume. 
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Oiven O the centre of arc ADB, lines AA' and BB' ± to 
diameter OMy AA' =^ r', BB' = r, A'B' = h, and figure 
ADBB'A' revolved about OM as an axis. 

Eeqnired to express volume of spherical segment gener- 
ated by ADBB'A' in terms of r, r', and h. 

Solution. Draw lines OA, OB, and AB -, also, line 00 ± 
AB, and line AE ± BB' ; and denote radius OA by E, 

Now, vol. ADBB'A' = vol. ACBD + vol. ABB' A', (1) 

Also, vol. ACBD = vol. OADB - vol. OAB. 

But, vol. OADB = I TT^. (§ 676) 

And, vol. OAB = area AB x ^ 00 (§ 666) 

= ^x27r 0(7x^0(7 (§ 665) 

.-. vol. AODB = lirR% - I TT OC'A 

But, R^-'O^^AC' (§ 273) 

= a^5)^ (?) 

.-. vol. -4(7i>5 = |7r xiZB'x^ = i7rZB'^. 
Now, A^ = + Ze" (?) 

= _ ^')2 4. u\ (?) 
vol. -4(72)5 = ^ TT [(r - r')2 + A^]^. 
Also, vol. ^B5'^' = i TT (r^ + r'2 + rr') h. (§ 661) 
Substituting in (1), we have 
vol. ADBB'A' 

= i [(r - r'Y J^h^-\h-\-\ir{27^ + 2r'2 + 2n^') h 
= ■J-7r(r2 - 2rr' + r'^ + ^2 ^ + 2r'^ + 2rr') h 
= -J-7r(3r2 + 3r'2)^ + ^7rA3 
= ^w{r' + r'^h-{-i7rh\ 
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682. Cor. If r denotes the radius of the base, and h the 
altitude, of a spherical segment of one base, its volume is 

EXERCISES. 

25. Find the volume of a sphere whose radius is 12. 

26. Find the volume of a spherical sector, the altitude of whose 
base is 12, the diameter of the sphere being 25. . ^ 

27. Find the volume of a spherical segment, the radii of whose 
bases are 4 and 5, and whose altitude is 9. 

28. Find the radius and volume of a sphere, the area of whose 
surface is 324 ir. ^ A ' 

29. Find the diameter and area of the surface of a sphere whose 
volume is -iJ^ ir. 

30. The surface of a sphere is equivalent to the lateral surface of 
its circumscribed cylinder. 

31. The volume of a sphere is two-thirds the volume of its circum- 
scribed cylinder. 

32. A spherical cannon-ball 9 in. in diameter is dropped into a 
cubical box filled with water, whose depth is 9 in. How many cubic 
inches of water will be left in the box ? (ir = 3.1416.) 

33. What is the angle of the base of a spherical wedge whose 
volume is ^ ir, if the radius of the sphere is 4 ? ^I,' 

34. Find the volume of a quadrangular spherical pyramid, the 
angles of whose base are 107°, 118°, 134°, and 146°; the diameter of 
the sphere being 12. 

35. The surface of a sphere is equivalent to two-thirds the entire 
surface of its circumscribed cylinder. 

36. Prove Prop. IX. when the straight line is parallel to the axis. 

37. Find' the area of the surface and the volume of a sphere 
inscribed in a cube the area of whose surface is 486. 

38. How many spherical bullets, each f in. in diameter, can be 
formed from five pieces of lead, each in the form of a cone of revolu- 
tion, the radius of whose base is 6 in., and whose altitude is B in. ? 

39. A cylindrical vessel, 8 in. in diameter, is filled to the brim with 
water. A ball is immersed in it, displacing water to the depth of 2 J in. 
Find the diameter of the ball. 
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40. If a sphere 6 in. in diameter weighs 351 ounces, what is the 
weight of a sphere of the same material whose diameter is 10 in. ? 

41. If a sphere whose radius is 12J in. weighs 3125 lb., what is the 
radius of a sphere of the same material whose weight is 8 19 J lb. ? 

42. The altitude of a frustum of a cone of revolution is 3J, and the 
radii of its bases are 5 and 3 ; what is the diameter of an equivalent 
sphere ? 

43. Find the radius of a sphere whose surface is equivalent to the 
entire surface of a cylinder of revolution, whose altitude is lOJ, and 
radius of base 3. 

44. The volume of a cylinder of revolution is equal to the area of 
its generating rectangle, multiplied by the circumference of a circle 
whose radius is the distance to the axis from the centre of the 
rectangle. 

45. ^Jfae volume of a cone of revolution is equal to its lateral area, 
multiplied by one-third the perpendicular from the vertex of the right 
angle to the hypotenuse of the generating triangle. 

46. Two zones on the same sphere, or equal spheres, are to each 
other as their altitudes. 

47. The area of a zone of one base is equal to the area of the circle 
whose radius is the chord of its generating arc. (§ 270, 2.) 

48. If the radius of a sphere is i?, what is the area of a zone of one 
base, whose generating arc is 45° ? (Ex. 55, p. 210.) 



49. If the altitude of a cone of revolution is 15, and 
its slant height 17, find the total afea of an inscribed 
cylinder, the radius of whose base is 5. 

(Let the cone and cylinder be generated by the revo- 
lution of rt. A ABC and rect. CDEF about u4C as an 
axis.) 




50. Find the area of the surface and the volume of a sphere cir- 
cumscribing a cylinder of revolution, the radius of whose base is 9, 
and whose altitude is 24. 

51. An equilateral triangle, whose side is 6, revolves about one of 
its sides as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 

52. A cone of revolution is inscribed in a sphere whose diameter 
is J the altitude of the cone. Prove that its lateral surface and vol- 
ume are, respectively, f and the surface and volume of the sphere. 
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53. Find the volume of a sphere circumscribing a cube whose 
volume is 64. 

54. A cone of revolution is circumscribed about a 
sphere whose diameter is two-thirds the altitude of the 
cone. Prove that its lateral surface and volume are, 
respectively, three-halves and nine-fourths the surface 
and volume of the sphere. 



55. If the radius of a sphere is 25, find the lateral 
area and volume of an inscribed cone, the radius of 
whose base is 24. 

(Two solutions.) 

56. If the volume of a sphere is ^ir, find the lateral . area and 
volume of a circumscribed cone whose altitude is 18. 

57. Find the volume of a spherical segment of one base whose 
altitude is 6, the diameter of the sphere being 30. 



58. A square whose area is A revolves about its diago- 
nal as an axis. Find the area of the entire surface, and c 
the volume, of the solid generated. 




59. The altitude of a cone of revolution is 9. At what distances 
from the vertex must it be cut by planes parallel to its base, in order 
that it may be divided into three equivalent parts ? (§ 666.) 

(Let V denote the volume of the cone, x the distance from the 
vertex to the nearer plane, and y the distance to the other.) 

60. Given the radius of the base, i?, and the total area, T, of a 
cylinder of revolution, to find its volume. 

(Find H from the equation 7= 2 iri?fr+ 2 iri?2.) 

61. Given the diameter of the base, 2), and the volume, F, of a 
cylinder of revolution, to find its lateral area and total area. 

62. Given the altitude, and the volume, F, of a cone of revo- 
lution, to find its lateral area. 

63. Given the slant height, i, and the lateral area, 8^ of a cone 
of revolution, to find its volume. 
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64. A circular sector whose central angle is 45° and radius 12 
revolves about a diameter perpendicular to one of its boundmg radii. 
Find the volume of the spherical sector generated. 

65. Given the area of the surface of a sphere, S, to find its 
volume. 

66. Given the volume of a sphere, F, to find the area of its 
surface. 

67. A right triangle, verbose legs are a and 6, revolves about its 
hypotenuse as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 



68. The parallel sides of a trapezoid are 12 and 26, 
respectively, and its non-parallel sides are 13 and 15. 
Find the volume generated by the revolution of the 
trapezoid about its longest side as an axis. C 

(Represent BE by x,) 



69. An equilateral triangle, whose altitude is revolves about one 
of its altitudes as an axis. Find the area of the surface, and the 
volume, of the solids generated by the triangle, and by its inscribed 
circle. (Ex. 21, p. 161.) 

70. Find the lateral area and volume of a cylinder of revolution, 
whose altitude is equal to the diameter of its base, inscribed in a cone 
of revolution whose altitude is and radius of base r. 

(Represent altitude of cylinder by x.) 

71. Find the lateral area and volume of a cylinder of revolution, 
whose altitude is equal to the diameter of its base, inscribed in a 
sphere whose radius is r. 

72. An equilateral triangle, whose side is a, revolves 
about a straight line drawn through one of its vertices 
parallel to the opposite side. Find the area of the en- 
tire surface, and the volume, of the solid generated. 

(The solid generated is the difference of the cylinder 
generated by BCHG, and the cones generated by ABG 
and AGH.) 

73. The outer diameter of a spherical shell is 9 in., and its thick- 
ness is 1 in. What is its weight, if a cubic inch of the metal weighs 
Jib.? (ir = 3.1416.) 
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74. Find the diameter of a sphere in which the area of the sur- 
face and the volume are expressed by the same numbers. 

75. A regular hexagon, whose side is a, revolves about its longest 
diagonal as an axis. Find the area of the entire surface, and the 
volume, of the solid generated. 

76. The sides AB and BG oi rectangle ABCD are 6 and 8, respec- 
tively. Find the volumes generated by the revolution of triangle 
AGD about sides AB and BG as axes. 

77. The sides of a triangle are 17, 25, and 28. Find the volume 
generated by the revolution of the triangle about its longest side as 
an axis. (§ 324.) 

78. A frustum of a circular cone is equivalent to three cones, 
whose common altitude is the altitude of the frustum, and whose 
bases are the lower base, the upper base, and a mean proportional 
between the bases of the frustum. (§ 660.) 

79. The volume of a cone of revolution is equal to the area of its 
generating triangle, multiplied by the circumference of a circle whose 
radius is the distance to the axis from the intersection of the medians 
of the triangle. (§140.) 

80. If the earth be regarded as a sphere whose radius 
is B, what is the area of the zone visible from a point 
whose height above the surface is H? (§ 271, 2.) 

81. The sides AB and BG of acute-angled 
triangle ABG are "n/241 and 10, respectively. ^^^^'^^ 
Find the volume of the solid generated by the ^^■^""^^^^'^ / ' e 
revolution of the triangle about an axis in its \~ Ih" / ~'g' 
plane, not intersecting its surface, whose dis- \ \ / 

tances from A^ B^ and G are 2, 17, and 11, v. Jp 

respectively. ^ 

82. A projectile consists of two hemispheres, connected by a 
cylinder of revolution. If the altitude and diameter of the base of the 
cylinder are 8 in. and 7 in., respectively, find the number of cubic 
inches in the projectile. (ir = 3.1416.) 

83. A segment of a circle, whose bounding arc is a 
quadrant, and whose radius is r, revolves about a diameter 
parallel to its bounding chord. Find the area of the entire 
surface, and the volume, of the solid generated. 
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84. If any triangle be revolved about an axis in its plane, not 
parallel to its base, which passes through its vertex without intersect- 
ing its surface, the volume of the solid generated is equal to the area 
of the surface generated by the base, multiplied by one-third the 
altitude. 






Fig.l, Fig,t. Fig.S. 

(Compare § 666. Case I., Figs. 1 and 2, when a side coincides with 
the axis ; there are two cases according as AD falls on BC, or BO 
produced. Case 11. , Fig. 3, when no side coincides with the axis; 
prove by Case I.) 

85. If any triangle be revolved about an axis which passes through 
its vertex parallel to its base, the 
volume of the solid generated is equal 
to the area of the surface generated 
by the base, multiplied by one-third 
the altitude. 

(Compare Ex. 72, p. 383. There 
are two cases according as AD falls 

on BC, or BC produced.) ^^ff- 1- Fig. i. 




86. Find the area of the surface of the 
sphere circumscribing a regular tetraedron, 
whose edge is 8. 

(Draw lines DOE and ^Oi^ ± to ^ABC 
and BCD^ respectively.) G 



C 
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APPENDIX. 

PROOF OF STATEMENT MADE IN ELEVENTH LINE, 
PAGE 201. 

683. Theorem. The circumference of a circle is shorter than 
the perimeter of any circumscribed polygon, '^^^^E 

Given polygon ABCD circumscribed about a O. 

To Prove circumference of shorter than 
perimeter ABCD. 

Proof. Of the perimeters of the O and of its 
circumscribed polygons, there must be one perime- A 
ter such that all the others are of equal or greater length. 

But no circumscribed polygon can have this perimeter. 

For, if we suppose polygon ABCD to have this perimeter, and draw 
a tangent to the O, meeting CD and DA at points E and jP, respec- 
tively, then since str. line EF is < broken line EDF^ the perimeter of 
circumscribed polygon ABCEF is < perimeter ABCD. 

Hence, the circumference of the is < the perimeter of any cir- 
cumscribed polygon. 

PROOFS OF THE LIMIT STATEMENTS OF §640. 

684. We assume the following : 

A portion of a plane is less than any other surface having the same 
boundaries. 

685. Theorem. The total surface of a circular cylinder is less 
than the total surface of any circumscribed 

prism. 

Given prism AC circumscribed about 
circular cylinder EG. 

To Prove total surface EG < total sur- 
face AC. 

Proof. Of the total surfaces of the 
cylinder and of its circumscribed prisms, 
there must be one total surface such that 
the area of every other is either equal to 
or > it. 
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But no circumscribed prism can have this total surface. 

For suppose prism AC to have this total surface; and let 
BCDFE — be a circumscribed prism, verbose face EF* intersects 
faces AB' and AD' in lines EE' and FF'^ respectively. 

Now, face EF' is < sum of faces AE', AF', AEF, and A'E'F^. 

(§684) 

Whence, total surface of prism BCDFE — is < total surface of 
prism AC, 

Then, total surface of cylinder ECr is < total surface of any cir- 
cumscribed prism. 

Proofs of the Limit Statements of § 640. 

686. Let L denote the lateral edge, H the altitude, 8 and s the 
the lateral areas, V and v the volumes, E and e the perimeters of rt. 
sections, and B and h the areas of the bases of the circumscribed and 
inscribed prisms, respectively ; also, S' the lateral area of the cylinder, 
F' its volume, E' the perimeter of a rt. section, and B' the area of the 
base. 

1. We have, 8 + 2 B> -^2 BK (§685) 

8-{-2{B^B')>S', 

Again, the total surface of the inscribed prism is < the total surface 
of the cylinder. (§ 684) 

.-. /S' + 2jB'>8 + 26, or /S''>s + 2 (6 - B'). 

Then, 8 •\-2{B - B')> 8' > s ^-2(1) - B'). 

Now if the number of faces of the prisms be indefinitely increased, 
5 - JB' and 6 - B' approach the limit 0. (§ 363, II) 

Again, the difference between the perimeters of the bases of the 
prisms approaches the limit 0. (§ 363, I) 

Then, the total surface of the circumscribed prism continually de- 
creases, but never reaches the total surface of the inscribed prism ; 
and the total surface of the inscribed prism continually increases, but 
never reaches the total surface of the circumscribed prism. (§ 684) 

Then, the difference between 8 -^-2 B and s + 2 6 can be made less 
than any assigned value, however small. 

Whence, aS^ + 2 5 - (« + 2 6) , or /S' - s + 2 (B - 6), approaches the 
limit 0. 

But B -h approaches the limit 0. (§ 363, II) 

Wlience, 8—8 approaches the limit 0. 

Then, 8' is intermediate in value between two variables, the differ- 
ence between which approaches the limit 0. 
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Then, the difference between either variable and S^, that is, 
/8'+ 2 (5 - J50 - ^' and /S" - « - 2 (6 - B'), 
approaches the limit 0. 

Whence, S — and S' — s approach the limit 0. 
Hence, S and s approach the limit S'. 

2. We have, V = B x H 2ind v = b x H, (§ 499) 
Whence, V- v = B x H- h x H- (B - 6) x H. 

Now if the number of faces of the prisms be indefinitely increased, 
B — b, and therefore V—v, approaches the limit 0. (§ 363, II) 

But V is evidently > v, and < V, 
Then, V — V' and V — v approach the limit 0. 
Whence, V and v approach the limit V, 

3. We have, S = E x L and 8 = ex L. (§ 484) 

Then, = ^ and e = ; or, - e = 

L L L 

Now if the number of faces of the prisms be indefinitely increased, 
8 — 8^ and therefore E — e, approaches the limit 0. (§ 640, 1) 

But E\ the perimeter of a rt. section of the cylinder, is < ^; for. 
the theorem of § 683 is evidently true when for the O is taken any 
closed curve whose tangents do not intersect its surface j also, 
is > (Ax. 4) 

Then, E — E' and E' — e approach the limit 0. 

Whence, E and e approach the limit E^. 



PROOFS OF THE LIMIT STATEMENTS OF § 650. 

687. Theorem. The total surface of a circular cone is less than 
the total surface of any circtims&ribed pyramid. 

Given pyramid S-ABCD circumscribed 
about circular cone S-EF. 

To Prove total surface S-EF<^ total sur- 
face S-ABCD. 

Proof. Of the total surfaces of the cone 
and of its circumscribed pyramids, there must 
be one total surface such that the area of every 
other is either equal to or > it. 

But no circumscribed pyramid can have this total surface. 

For suppose pyramid S-ABCD to have this total surface ; and let 
S-BCDFE be a circumscribed pyramid, whose face SEF intersects 
faces SAB and SAD in lines SE and SF^ respectively. 
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Now, face SEF is < sum of faces SAE, SAF, and AEF. (§ 684) 
Whence, total surface of pyramid S-BCDFE is < total surface 
of pyramid S-ABCD. 

Then, total surface of cone S-EF is < total surface of any circum- 
scribed pyramid. 

Proofs of the Limit Statements of § 650. 

688. Let H denote the altitude, S and s the lateral areas, V and 
V the volumes, and B and b the areas of the bases, of the circum- 
scribed and inscribed pyramids, respectively ; also, the lateral area 
of the cone, V its volume, and B' the area of its base. 

1. We have, S B> S' B', (§ 687) 

.-. S+ (B-B')>Sf, 

Again, the total surface of the inscribed pyramid is < the total 
surface of the cone. (§ 684) 

.-. S' + Bf>s + b, or S'>s-\-(b-B'). 

Then, S {B - B')> S' > s + (b - B'). 

Now if the number of faces of the pyramids be indefinitely in- 
creased, B — B' and b — B' approach the limit 0. (§ 363, II) 

Also, the difference between the perimeters of the bases of the 
pyramids approaches the limit 0. (§ 363, I) 

Then, S ■\- B continually decreases, and « + 6 continually increases ; 
and the difference between them can be made less than any assigned 
value, however small. (§ 684) 

Then, S — s -{-{B — b) approaches the limit 0. 

But B-b approaches the limit 0. (§ 363, II) 

Whence, 8 — s approaches the limit 0. 

Then, 8' is intermediate in value between two variables, the differ- 
ence between which approaches the limit 0. 

Whence, the difference between either variable and 8\ that is, 
8-\- {B-B') - 8' *and 8' - s - (b - B'), approaches the limit 0. 

Then, 8 — 8' and 8' — s approach the limit 0. 

Whence, 8 and s approach the limit 8'. 

2. We have, V= B x JIT and v = 6 x J^. (§ 521) 
Whence, V - v = (B - b) x i H. 

Now if the number of faces of the pyramids be indefinitely increased, 
B — b, and therefore F— v, approaches the limit 0. (§ 363, II) 

But, V' is evidently > v, and < V, 
Then, V—V and V — v approach the limit 0. 
Whence, V and v approach the limit V, 
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PROOF OF THE LIMIT STATEMENT IN NOTE FOOT 
OF PAGE 374. 

689. Theorem. If a regular broken h*fi«, inscribed in an arc, 
be revolved about a diameter, not intersecting the 
arc, as an axis, and the subdivisions of the arc 
be bisected indefinitely, the area of the surface 
generated by the broken line approaches the area 
of the surface generated by the arc as a limit. 

Given regular broken line ABCD, inscribed in 
arc AD, revolving about diameter OM as an axis. 

To Prove that, if the subdivisions of arc AD 
be bisected indefinitely, area of surface generated 
by ABCD approaches area of surface generated by 
arc AD as a limit. 

Proof. Let A'B', B'O, and CD' be tangents || to AB, BC, and 
CD, respectively, points A', B', €', and D' being in radii OA, OB, 
OC, and OD, respectively, produced ; and let ^S', s, and 8* denote the 
areas of the surfaces generated by A'B'G'D*, and ABCD, and arc 
AD, respectively. 

Of the surfaces generated by arc AD, by ABCD, and by regular 
inscribed broken lines obtained by bisecting the subdivisions of the 
arc indefinitely, there must be one surface such that the areas of all 
the others are either equal to or < it. 

But no regular inscribed broken line can generate this surface. 

For if this were the case, by bisecting the subdivisions of the arc, a 
regular inscribed broken line would be obtained having the same pro- 
jection on the axis ; but the JL from O to each line would be greater, 
and hence the surface generated would be greater. 

(§ 665, and Note foot of p. 374.) 

Hence, surface generated by arc AD is > surface generated by 
ABCD ; that is, S' is > s. 

A^ain, of the surfaces generated by arc AD, by A'B'C^D^, and by 
regular circumscribed broken lines obtained by bisecting the sub- 
divisions of the arc indefinitely, there must be one surface such that 
tlie areas of all the others are either equal to or > it. 

But no regular circumscribed broken line can generate this surface. 

For if this were the case, by bisecting the subdivisions of the arc, a 
regular circumscribed broken line would be obtained in which the X 
from to each line would be the same ; but the projection on the axis 
would be smaller, and hence the surface generated would be smaller. 
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Hence, surface generated by arc AD is < surface generated by 
A'B'O'D' ; that is, /S' is < 8. 

Then, 8 - S' and 8' - s 2ocq < 8 - s. 

Now if the subdivisions of arc AD he bisected indefinitely, the 
difference between broken lines A'B'C'D' and ABGD approaches the 
limit 0. (Note foot p. 374.) 

Then, the difference between the projections ou OM ot A'B'C'D^ 
and ABGD approaches the limit 0. 

Also, the difference between the Js from O to A'B' and AB ap-^ 
proaches the limit 0. (Note foot p. 374.) ^ 

Then, the difference between the areas of the surfaces generated 
by A'B' CD' and ABGD, that \a, 8-s approaches the limit 0. (§ 666) 

Then, 8—8' and 8' — s approach the limit 0. 

Whence, 8 and s approach the limit 8'. 



PROOF OF THE LIMIT STATEMENT IN NOTE FOOT 
OF PAGE 377. 

690. Theorem. If a regular polygonal sector, inscribed in a 
sector of a circle, be revolved about a diameter, not crossing the sector, 
as an axis, and the subdivisions of the arc be bisected indefinitely, the 
volume of the solid generated by the polygonal sector approaches the 
volume of the solid generated by the sector as a limit. 

Given regular polygonal sector OABGD, inscribed in sector OADy 
revolved about diameter Oiif as an axis. (Fig. of § 689.) 

To Prove that, if the subdivisions of arc AD be bisected indefi- 
nitely, volume of solid generated by OABGD approaches volume of 
solid generated by sector OAD as a limit. 

Proof. Let A'B', B'G', and G'D' be tangents || to AB, BG, and 
CD, respectively, points A', B', G', and D' being in radii OA, OB, 
OG, and OD, respectively, produced ; and let V, v, and V denote 
the volumes of the solids generated by OA' B' G'D', OABGD, and 
.sector OAD, respectively. 

Then, V is evidently > v, and < V. 

Whence, V —V and F' — v are < F — r. 

Now if the subdivisions of arc AD be bisected indefinitely, the 
difference between the areas of OA' B' G'D' and OABGD, and there- 
fore F — V, approaches the limit 0. (Note foot p. 377.) 

Then, V— V and V' — v approach the limit 0. 

Whence, F and v approach the limit F'. 
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Angle, § 20. 

at the centre of a regular 

polygon, § 341. 
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§ 587. 
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Arc of a circle, § 142. 
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Extremes of a proportion, § 229. 
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Numerical measure, § 180. 
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tangent to a sphere, § 564. 
Point, § 4. 

of contact of a line tangent 

to a circle, § 149. 
of contact of a line tangent 

to a sphere, § 564. 
of contact of a plane tangent 
to a sphere, § 564. 
Points symmetrical with respect to 
a line, § 387. 
symmetrical with respect to 
a point, § 386. 
Polar distance of a circle of a 
sphere, § 576. 
triangle of a spherical tri- 
angle, § 590. 
triangles, § 592. 
Poles of a circle of a sphere, § 567. 
r Polyedral angle, § 452. 

Polyedron, § 461. 



Polyedron circumscribed about a 
sphere, § 564. 
inscribed in a sphere, 
§ 564. 
Polygon, § 118. 

circumscribed about a 

circle, § 151. 
inscribed in a circle, § 151. 
Postulate, § 15. 
Prism, § 466. 

circumscribed about a cylin- 
der, § 639. 
inscribed in a cylinder, 
§ 639. 
Problem, § 16. 

Projection of a line on a line, 
§ 276. 

of a line on a plane, 

§ 447. 
of a point on a line, 

§ 276. 
of a point on a plane, 
§ 447. 
Proportion, § 227. 
Proposition, § 16. 
Pyramid, § 502. 

circumscribed about a 

cone, § 648. 
inscribed in a cone, § 648. 

Quadrangular prism, § 469. 

pyramid, § 503. 
Quadrant, § 146. 
Quadrilateral, § 103. 

Radius of a circle, § 142. 

of a regular polygon, § 341. 

of a sphere, § 561. 
Ratio, § 180. 

Reciprocally proportional magni- 
tudes, § 281. 
Rectangle, § 106. 

Rectangular parallelopiped, § 474. 
Rectilinear figure, § 12. 
Re-entrant angle, § 121. 
Regular polyedron, § 536. 



INDEX TO DEFINITIONS. 



401 



Regular polygon, § 339. 
prism, § 471. 
pyramid, § 504. 
Rhomboid, § 105. 
Rhombus, § 105. 
Right angle, § 24. 

angled spherical triangle, 

§ 587. 
circular cone, § 653. 
cylinder, § 540. 
diedral angle, § 436. 
parallelopiped, § 474. 
prism, § 470. 

section of a cylinder, § 638. 
section of a prism, § 473. 
triangle, § 59. 

Scalene triangle, § 58. 
Scholium, § 15. 
Secant, § 149. 
Sector of a circle, § 147. 
Segment of a circle, § 147. 
Segments of a line by a point, § 250. 
Semicircle, § 147. 
Semi-circumference, § 146. 
Sides of a polygon, § 118. 

of a quadrilateral, § 103. 
of a spherical polygon, § 587. 
of a triangle, § 57. 
of an angle, § 20. 
Similar arcs, § 369. 

cones of revolution, § 556. 
cylinders of revolution, 

§ 550. 
polyedrons, § 527. 
polygons, § 252. 
sectora, § 369. 
segments, § 369. 
Slant height of a cone of revolu- 
tion, § 647. 
of a frustum of a cone 
of revolution, §647. 
of a frustum of a regu- 
lar pyramid, § 611. 
of a regular pyramid, 
§ 508. 



Small circle of a sphere, § 567. 
Solid, § 2. 

geometry, § 14. 
Sphere, § 561. 

circumscribed about a 

polyedron, § 664. 
inscribed in a polyedron, 
§ 664. 

Spherical angle, § 683. 

excess of a spherical tri> 

angle, § 632. 
polygon, § 687. 
pyramid, § 689. 
sector, § 664. 
segment, § 662. 
segment of one base, 

§ 662. 
triangle, § 587. 
wedge, § 617. 
Square, § 106. 
Straight line, § 7. 

divided in extreme 
and mean ratio 
externally, § 296. 
divided in extreme 
and mean ratio 
internally, § 296. 
oblique to a plane, 

§ 397. 
parallel to a plane, 

§397. 
perpendicular to a 

plane, § 397. 
tangent to a circle, 

§ 149. 
tangent to a sphere, 
§ 564. 

Straight lines divided proportion- 
ally, § 243. 
Subtended arc, § 147. 
Supplement of an angle, § 30. 

of an arc, § 190. 
Supplementary-adjacent 
§33. 
angles, § 30. 

Surface, § 2. 
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Surface of a material body, § 1. 

of a solid, § 2. 
Symmetrical polyedral angles, 
§ 455. 
spherical polygons, 
§591. 

Tangent circles, § 150. 
Tetiaedron, § 462. 
Theorem, § 15. 
Third proportional, § 230. 
Transversal, § 71. 
Trapezium,. § 104. 
Trappzoid, § 104. 
Triangle, § 57. 
Triangular prism, § 469. 

pyramid, § 603. 
Triedral angle, § 452. 
Tri-rectangular triangle, § 698. 

pyramid, § 629. 
Truncated prism, § 472. 

pyramid, § 505. 

Unit of measure, § 180. 

of surface, § 302. 

of volume, § 464. 
Upper base of a frustum of a cone 
§ 563. 



Upper nappe of a conical surface, 
§ 553. 

Variable, § 184. 
Vertex of a cone, § 563. 

of a conical surface, § 553. 
of a polyedral angle, § 462. 
of a pyramid, § 502. 
of a spherical pyramid, 

§ 689. 
of a triangle, § 60. 
of an angle, § 20. 
Vertical angle of a triangle, § 60. 
angles, § 28. 
diedral angles, § 428. 
polyedral angles, § 452. 
Vertices of a polyedron, § 461. 
of a polygon, § 118. 
of a quadrilateral, § 103. 
of a spherical polygon, 

§ 587. 
of a triangle, § 67. 
Volume of a solid, § 464. 

Zone, § 662. 

of one base, § 662. 
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